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PREFACE

Twis final volume of the Course of Theoretical Physics deals with physical kinetics,
in the wide sense of the microscopic theory of processes in systems not in
statistical equilibrium.

In contrast to the properties of systems that are in statistical equilibrium, the
kinetic properties are much more closely related to the nature of the microscopic
interactions in a particular physical object. This is the reason for the enormouns
variety in such properties and the considerably greater complexity of the relevant
theory. The choice of topics to be included in a general course of theoretical
physics thereby becomes less clear.

The scope of the book will be evident from the table of contents. Here we shall
add only a few remarks.

Much attention is given to the theory of gases, as the simplest branch, in
principle, of kinetic theory. Several chapters are concerned with plasma theory, not
only because of the intrinsic physical significance of this department of kinelic
theory, but also because many of the problems involved can be completely solved
and furnish an instructive illustration of the general methods of the kinetic theory.

The kinetic properties of solids are especially multifarious. In the selection of
material for the chapters in question, we naturally had to confine ourselves to the
most general subjects which exhibit the basic physical kinetic phenomena and the
methods of treating them. Here we must again emphasize that the book is part of a
course of theoretical physics, and does not set out to be a textbook of solid state
theory. .

There are two evident omissions from the book: the kinetics of magnetic
processes, and the theory of transport phenomena arising from the passage of fast
particles through matter. These omissions are due to lack of time, and we resolved
to accept them for the present edition, so as not to delay its publication any further.
We trust that, although the book thus does not contain all that it might, everything
in it will be found both interesting and useful.

This volume completes the programme laid down by Lev Davidovich Landau
more than forty years ago. The entire Course comprises the following ten volumes:

Vol. 1 Mechanics

Vol. 2 The Classical Theory of Fields

Vol. 3 Quantum Mechanics (Non-Relativistic Theory)

Vol. 4 Quantum Electrodynamics (formerly Relativistic Quantum Theory)
Vol. 5 Statistical Physics, Part 1

Vol. 6 Fluid Mechanics

ix



X Preface

Vol. 7 Theory of Elasticity

Vol. 8 Electrodynamics of Continuous Media
Vol. 9 Statistical Physics, Part 2

Vol. 10 Physical Kinetics

The position of Vol. 9 results from the fact that it makes considerable use of
material from fluid mechanics and macroscopic electrodynamics.

In the new series of Russian editions begun in 1973, Volumes 1, 2,3, 5,9 and 10
have so far appeared. Volume 7 can be reissued with only minor changes. Volume
4, previously published as Relativistic Quantum Theory, will lose the chapters on
weak and strong interactions and shortly be reissued as Quantum Electrodynamics.
Volumes 6 and 8, which have not been reissued for many years, require more
substantial revision and expansion; we intend to proceed to this in the near future.

We should like to express our sincere thanks to A. F. Andreev, R. N. Gurzhi, V.
L. Gurevich, Yu. M. Kagan, M. 1. Kaganov and I. M. Lifshitz, with whom we have
discussed matters treated in the book. We are also grateful to L. P..Gor’kov and A.
A. Rukhadze, who read the manuscript and made a number of comments.

November 1978 E. M. LiFsHiTzZ
L. P. Pitagevskii



NOTATION

Particle distribution function f (Chapters I-VI); momentum distribution function
always relative to d’p.

Occupation numbers of quantum states n(p) for electrons and N (k) for phonons
(Chapters VII and IX-XI); momentum distribution always relative to d*p/(2wh)’.

Collision integral C linearized collision integral I

Thermodynamic quantities: temperature T, pressure P, chemical potential w,
particle number density N, total particle number ¥, total volume ¥".

Electric field E, magnetic induction B; unit electric charge e (electron charge —e).

In estimates: characteristic lengths L; atomic dimensions and lattice constant d;
mean free path I; speed of sound u.

Averaging is denoted by angle brackets {...) or by a bar over a letter.

Three-dimensional vector suffixes are denoted by Greek letters a, B, - -

In Chapters III-VI:
Electron mass m, ion mass M.
Electron charge —e, ion charge ze.
Electron thermal velocity vy, = (T./m)"".
Ton thermal velocity vy = (T/M)'2,
Plasma frequency (0, = (47rN.e*fm)'2, Q; = (4w Niz%e* M)~
Debye length a, = (TJ47Ne)'?, u; = (TH4wNze)'", a > = a, *+ a7
Larmor frequency wg, = eBlmc, wg = zeB/Mc.

References to other volumes in the Course of Theoretical Physics:

Mechanics = Vol. 1 (Mechanics, third English edition, 1976).

Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition, 1975).

QM = Vol. 3 (Quantum Mechanics, third English edition, 1977).

RQT = Vol. 4 (Relativistic Quantum Theory, Part 1, English edition, 1971: Part 2,
English edition, 1974); to be reissued (see Preface).

SP 1=Vol. 5 (Statistical Physics, Part 1, third English edition, 1980).

FM = Vol: 6 (Fluid Mechanics, English edition, 1959).

TE =Vol. 7 (Theory of Elasticity, second English edition, 1970).

ECM = Vol. 8 (Electrodynamics of Continuous Media, English edition, 1960).

SP 2= Vol. 9 (Statistical Physics, Part 2, English edition, 1980).

All are published by Pergamon Press.

xi



CHAPTER I

KINETIC THEORY OF GASES

§1. The distribution function

Tais chapter deals with the kinetic theory of ordinary gases consisting of electric-
ally neutral atoms or molecules. The theory is concerned with non-equilibrium
states and processes in an ideal gas. An ideal gas, it will be recalled, is one so
rarefied that each molecule in it moves freely at almost all times, interacting with
other molecules only during close encounters with them. That is to say, the mean
distance between molecules, F ~ N ' (where N is the number of molecules per
unit volume), is assumed large in comparison with their size, or rather in com-
parison with the range d of the intermolecular forces; the small quantity Nd?~
(d/7)? is sometimes called the gaseousness parameter.

The statistical description of the gas is given by the distribution function f(t, q, p)
of the gas molecules in their phase space. It is, in general, a function of the
generalized coordinates (chosen in some manner, and denoted jointly by q) and the
corresponding generalized momenta (denoted jointly by p), and in a non-steady
state also of the time t. Let dv = dq dp denote a volume element in the phase space
of the molecule; dq and dp conventionally denote the products of the differentials
of all the coordinates and all the momenta respectively. The product fdz is the
mean number of molecules in a given element dr which have values of g and p in
given ranges dq and dp. We shall return later to this definition of the mean.

Although the function f will be everywhere understood as the distribution
density in phase space, there is advantage in expressing it in terms of suitably
chosen variables, which need not be canonically conjugate coordinates and
momenta. Let us first of all decide on the choice to be made.

The translational motion of a molecule is always classical, and is described by
the coordinates r = (x, ¥, z) of its centre of mass and by the components of the
momentum p (or the velocity v = p/m) of its motion as a whole. In a monatomic
8as, the motion of the particles, which are atoms, is purely translational. In
polyatomic gases, the molecules also have rotational and vibrational degrees of
freedom.

The rotational motion of a molecule in a gas is almost always classical too.t It is
described in the first place by the angular momentum vector M of the molecule.
For a diatomic molecule, this is sufficient. Such a molecule is a rotator turning in a
plane perpendicular to M. In actual physical problems, the distribution function

TThe condition for the rotation to be classical is k*/2I < T, where I is the moment of inertia of the

Molecule and T the temperature of the gas. This condition can be violated in ordinary gases only for
Ydrogen and deuterium at low temperatures.



2 Kinetic Theory of Gases

may be regarded as independent of the angle ¢ of rotation of the axis of the
molecule in this plane, all orientations of the molecule in the plane being equally
probable. This is because the angle ¢ changes rapidly as the molecule rotates, and
the result may be understood as follows.

The rate of change of ¢ (_the angular velocity of rotation of the molecule) is
¢ = = M/IL Its mean value () ~ ¢/d, where d is the molecular dimension and © the
mean linear speed. Different molecules have various values of ), distributed in
some way about . Thus molecules which initially had the same ¢ very soon
acquire different values; there is a rapid “mixing” with regard to angles. Let the
distribution of molecules in angle ¢ = ¢ (in the range from 0 to 27) and in £ at the
initial instant t = 0 be given by a function f(po, {}). We separate from it the mean
value independent of ¢:

f=FQ)+ (o, D),

_ 1 27
=5 " fen O des,

so that f'(¢o, (1) is a function periodic in ¢, with period 27 and zero mean. [n the
course of time, the free rotation of the molecules (¢ = Qt + ¢g) changes the distribu-
tion function:

fle, @, )= f() + f'(¢ — O1, O);

Inthe course of time, f’ becomes a more and more rapidly oscillating function of Q: the
characteristic period of oscillation AQ ~ 27/t, and becomes small in comparison with
Q even during the mean free time of the molecules between collisions. All observable
physical quantities, however, involve some averaging of the distribution function with
respect to {}; the contribution of the rapidly oscillating function f’ to such mean values
is negligible. This enables us to replace the distribution f(¢, () by the angle-averaged
function f(Q).

The above arguments are, of course, general ones, and apply to any rapidly
varying quantities (phases) which take values in finite ranges.

Returning to the rotational degrees of freedom of molecules, let us note that in
polyatomic gases the distribution function may also depend on the angles which
specify the fixed orientation of the axes of the molecules relative to the vector M.
For example, in molecules of the symmetrical-top type this is the precession angle
between M and the axis of the top, whereas the distribution function may again be
regarded as independent of the rapidly varying angles of rotation of the top about
its own axis and precession of this axis about M.}

The vibrational motion of the atoms within the molecule is practically always

1In the rotation of a spherical-top molecule, such as CH,, the two angles remain constant which deﬁpe
the orientation of the molecule relative to M (i.e. the direction of the angular velocity Q). In the rotation
of an asymmetrical-top molecule, a combination of angles remains constant which represents the
rotational energy Ew:= MZ2[2Ii+ M, 2L+ MZ[2L;, where Mi Mn M: are the components of the
constant vector M along the rotating principal axes of inertia of the molecule,



§1 The Distribution Function 3

guantized, so that the vibrational state of the molecule is specified by the ap-
propriate quantum numbers. Under ordinary. conditions (at not too high tem-
peratures), however, the vibrations are not excited at all, and the molecule is at its
ground vibrational level.

In this chapter we shall denote by I' the set of all variables on which the
distribution function depends, other than the coordinates of the molecule as a
whole (and the time t). We separate from the phase volume element dr the factor
dV = dx dy dz, and denote by dI' the remaining factor in terms of the variables
used (and integrated over the angles on which f does not depend). The quantities I’
have an important common property: they are integrals of the motion, and remain
constant for each molecule during its free motion (in the absence of an external
field) between successive collisions; but they are in general altered by each
collision. The coordinates x, y, z of the molecule as a whole vary, of course, during
its free motion.

For a monatomic gas, the quantities I' are the three components of the momen-
tum p = mv of the atom, so that dI' = d’p. For a diatomic molecule, I includes not
only the momentum p but also the angular momentum M; accordingly, dI" may be
expressed as

dT = 27 d*p M dM doy,, (1.1)

where doy is a solid-angle element for the direction of the vector Mt. For a
symmetrical-top molecule, the quantities I' include also the angle 6 between M and the
axis of the top; then

dl =47 d3p M? dM doyd cos 6

(one factor of 27 comes from integration over the angle of rotation of the top

about its axis, and another from integration over the angle of precessional rotation).
The integral

f(t,r,1)dIl' = N(t,r1)

is the spatial distribution density of gas particles; N dV is the mean number of
molecules in the volume element dV. Here the following comments are needed.
An infinitesimal volume element dV really means one that is not mathematically
but physically small, i.e. a region of space which is very small in comparison with
the characteristic dimensions L of the problem, but still large in comparison with
molecular dimensions. The statement that a molecule is in a given volume element

tThis expression can be derived by first writing
dr = d*p8(M. n) d*M do,
= d’pd(M cos 0)M? dM domd cos 6 de.

Where do,= d cos 6 dg is a solid-angle element for the direction of the molecule axis (0 being the angle

€lween this axis and M). The delta function expresses the fact that M has only two independent
l"mPOnenfs (corresponding to the number of rotational degrees of freedom of a diatomic molecule): M
S perpendicular to the molecule axis. Integration of this formula over d cos 0 do gives (1.1).

<



4 Kinetic Theory of Gases

dV therefore defines its position, at best, only to within distances of the order of its
dimensions. This is a very important point. If the coordinates of the gas particles
were specified exactly, then the result of a collision between, say, two atoms of a
monatomic gas moving in definite classical paths would also be entirely definite. If,
however, the collision is between atoms in a given physically small volume (as
always in the kinetic theory of gases), the uncertainty in the relative position of the
atoms means that the result of the collision also is uncertain, and only the
probability of one or another outcome can be considered.

We can now specify that the mean number density of particles refers to
averaging over the volumes of physically infinitesimal elements thus defined. and
correspondingly over times of the order of that taken by the particles to traverse
such elements.

Since the dimensions of the volume elements used in defining the distribution
function are large in comparison with the molecular dimensions d, the distances L
over which this function varies considerably must always be large also, in com-
parison with d. The ratio between the size of the physically infinitesimal volume
elements and the mean intermolecular distance ¥ may in general have any value.
There is, however, a difference in the nature of the density N determined by the
distribution function, according to the value of that ratio. If the element dV is not
large compared with F, the density N is not a macroscopic quantity: the fluctua-
tions of the number of particles present in dV are comparable with its mean value.
The density N becomes a macroscopic quantity only if it is defined with respect to
volumes dV containing many particles; the fluctuations in the number of particles
in these volumes are then relatively small. It is, however, clear that such a
definition is possible only if also the characteristic dimensions of the problem
L>F

§2. The principle of detailed balancing

Let us consider collisions between two molecules, one of which has values of I’
in a given range dI, and the other in a range dI';, and which acquire in the collision
values in the ranges dI” and dI'{ respectively; for brevity, we shall refer simply to a
collision of molecules with I' and I';, resulting in I and I'{. The total number of
such collisions per unit time and unit volume of the gas may be written as a product
of the number of molecules per unit volume, f(t,r,)dI’, and the probability that
any of them has a collision of the type concerned. This probability is always
proportional to the number of molecules I'y per unit volume, f(t.r.T)dI;, and to
the ranges dI” and dI'| of the values of I" for the two molecules after the collision.
Thus the number of collisions I', T, = I",T} per unit time and volume may be
written as

wl", T, T, T)ff dT dT, dI" dT; @D

here and henceforward, the affixes to f correspond to th0§e of their arguments
[: fi=ft,r, T, f'=f(,r, T, and so on. The coefficient W is a function of all its
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arguments .t The ratio of w dI" dI'{ to the absolute value of the relative velocity
y—v,; of the colliding molecules has the dimensions of area, and is the effective

collision cross-section:

do = wI, T, I, T dr' dr;. 2.2)

[v—w,

The function w can in principle be determined only by solving the mechanical
problem of collision of particles interacting according to some given law. However,
certain properties of this function can be elucidated from general arguments.§

The collision probability is known to have an important property which follows
from the symmetry of the laws of mechanics (classical or quantum) under time
reversal; see QM, § 144. Let I'T denote the values of the quantities obtained from I’
by time reversal. This operation changes the signs of all linear and angular
momenta; hence, if I'=(p,M), then I'" =(—p,—M). Since time reversal inter-
changes the states that are “‘before” and “after” the collision we have

wI, [T, L) =wT T, (2.3)

This relation implies, in a state of statistical equilibrium, the principle of detailed
balancing, according to which the number of collisions I',I'; »I",T| is equal, in
equilibrium, to the number I'", I';" > T'", T'". For, expressing these numbers in the
form (2.1), we have

w(l', T T, T)fofo dT dT, AT dT} = w(T'T, T\7; ', T{ ") fof o, ATT AT, T AT AT,

where fj is the equilibrium (Boltzmann) distribution function. The product of phase
volume dements dI" dT", dI” dT'} is unaltered by time reversal; the differentials on
the two sides of the above equation may therefore be omitted. Next, when ¢ is
replaced by —t, the energy is unchanged: ¢(I') = €(I'"), where €(T) is the energy of
the molecule as a function of the quantities I'. Since the equilibrium distribution
function (in a gas at rest as a whole) depends only on the energy,

fo(T') = constant x ¢~ <™IT, (2.4)

where T is the gas temperature, we have fo(I') = fo(I'"). Lastly, by the law of
Conservation of energy in the collision of two molecules € + €= €'+ €. Hence

fofor = fofor, (2.5)

and the above equation reduces to (2.3).

This assertion remains valid, of course, for a gas moving with a macroscopic

cuz;rhe cha.racterlstlcs of the iqitial (i) and final (f) states in w are written from right to left, w(f, i) as is
Omary in quantum mechanics.
iisltdshould be emphasized lmmed.lately_tl}at, although the free motion of molecules is assumed classical,
ally; _Oe? not ‘at all mean that their ColllSlo.l'l cross-section need not be determined quantum-mechanic-
i s In act, it usually must be so de.termlned. The whole of the derivation of the transport equation
ven here is independent of the classical or quantum nature of the function w.

Frtw_a



6 Kinetic Theory of Gases

velocity V. The equilibrium distribution function is then

fo(T') = constant X exp (— M) (2.6)

and equation (2.5) continues to be valid because of the conservation of momentum
in collisions: p+p:=p +pi.t

Note that (2.5) depends only on the form of the distribution (2.4) or (2.6) as a
function of I'; the parameters T and V may vary through the gas volume.

The principle of detailed balancing may also be expressed in a somewhat
different form. To do so, we apply not only time reversal but spatial inversion,
changing the sign of all coordinates. If the molecules are not sufficiently sym-
metrical, they become their stereoisomers on inversion, and they cannot be made
to coincide with these by any rotation of the molecule as a whole.f [n such cases,
inversion would mean replacing the gas by an essentially different substance, and
no new conclusions would be available as to its properties. If, however, the
symmetry of the molecule does not allow stereoisomerism, the gas remains the
same on inversion, and the quantities which describe the properties of a macro-
scopically homogeneous gas must remain unaltered.

Let I'"™" denote the set of quantities obtained from I' by simultaneous time
reversal and inversion. Inversion changes the sign of all ordinary (polar) vectors,
including the momentum p, but leaves unchanged the axial vectors, including the
angular momentum M. Hence, if I = (p, M), then I''"" = (p, —M). As well as (2.3),
we have the equation$

W(r’, r;; r7 l-‘l) = W(FTP, l-‘lTP 5 l"ITP’ F;TP )- (2-7)

Transitions corresponding to the functions w on the two sides of (2.3) are said to
be mutually time-reversed. They are not strictly direct and reverse transitions,
since I' and I'" are not the same. For a monatomic gas, however, the principle of
detailed balancing can also be expressed in relation to direct and reverse
transitions. Since the quantities I" are here just the three momentum components of
the atom, I' =T = p, and from (2.7)

w(p', pi; p- P = w(p. pi; p'- p1)- (2.8)

This is detailed balancing in the literal sense: each microscopic collision process is
balanced by the reverse process.

The function w satisfies one further general relation which does not depend on
the symmetry under time reversal, and which can be most clearly derived in

tEquation (2.6) is obtained from (2.4) by transforming the energy of the molecule from the frame of
reference Ko in which the gas is at rest to the frame K in which it moves with velocity V:
e)=e(@-p.V +‘%.m V’; see Mechanics (3.5).

1Stereoisomers exist for molecules that have no centre of symmetry and no plane of symmetry.

$1f the quantities T include also variables specifying the rotational orientation of the molecule, they
too must be transformed in a certain way in going to I'' or I''". For instance, the precession angle of a
symmetrical top is given by the product M. n, where un is the direction of the axis of the molecule; this
quantity changes sign both under time reversal and under inversion.
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quantum—mechanical terms, the transitions considered being be?wec.en states form—
ing a discrete series. These are states of a pair of mo.le'cules moving in a given ﬁnlte
volume. The probability amplitudes of various collgsm.n processes fprrpj} unitary
matrix $, the scattering matrix or S-matrix. The unitarity condition is $*S =1, or,

in explicit form with the matrix suffixes which label the various states,

E S+insnk = E Sﬁisnk = 6ik-
In particular, when i =k,

}nj [Sn]=1.

The square |S.[’ gives the probability of a collision with the transition i »n,t and
the above equation is simply the normalization condition for probabilities: the sum
of the probabilities for all possible transitions from a given initial state is unity. The
unitarity condition may also be written as SS™ = 1, with the opposite order of the
factors S and S*. We then have X, SiS¥, = &, and when i = k

2 ISul=1,

n
so that the sum of the probabilities for all possible transitions to a given final state
is unity. Subtracting from each sum the one term with n =i (transition without
change of state), we can write

2 1Sul =" 1Sul*
h n
This is the required equation. In terms of the functions w, it becomes

jw(F’, ;LY dF’dFi=Iw(F,F1;F’,Fi) dI” dr|. 2.9

§3. The Boltzmann transport equation

[%et Us now go on to derive the basic equation in the kinetic theory of gases,
Which is satisfied by the distribution function f(t,r, T).

If Clollisions between molecules were entirely negligible, each gas molecule would

c ) N .
O(l;nstltqte a closed subsystem, and the distribution function of the molecules would
ey Liouville’s theorem, according to which

dfldt = 0; 3.1

JfFor. large values of the time 1, |Swi]?

Probability per unit time: cf. RQT, §64.

?}?rmallze.d to one particle per unit volume,
€ quantity w dT dT', defined by (2.1).

is proportional to t, and division by t gives the transition
If .the wave functions of the initial and final particles are
this “probability” has the same dimensions (volume/time) as
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see SP 1, §3. The total derivative here corresponds to differentiation along the
phase path of the molecule, which is determined by its equations of motion.
Liouville’s theorem applies to a distribution function defined as the density in
phase space (i.e. in the space of variables that are canonically conjugate general-
ized coordinates and momenta). This of course does not prevent f itself from being
subsequently expressed in terms of any other variables.

In the absence of an external field, the quantities I' for a freely moving molecule
remain constant, and only its coordinates r vary; then

dfidt = afjot +v . Vf. 3.2

If, on the other hand, the gas is in, for example, an external field U (r) acting on the

coordinates of the centre of mass of the molecule (a gravitational field, say), then
[}

dfldt = af/at +v . Vf +F . of|ap, (3.3)

where F=— VU is the force exerted on the molecule by the field.

When collisions are taken into account, (3.1) is no longer valid, and the dis-
tribution function is no longer constant along the phase paths. Instead of (3.1), we
have

dfldt = C(f), 34

where C(f) denotes the rate of change of the distribution function by virtue of
collisions: dV dI' C(f) is the change due to collisions, per unit time, in the number
of molecules in the phase volume dV dI'. Equation (3.4), in the form

affot =—v . Vf+ C(f),

with dffdt taken from (3.2), gives the total change in the distribution function at a
given point in phase space; the term dV dI' v.Vf is the decrease per unit time in
the number of molecules in this phase space element because of their free motion.’

The quantity C(f) is called the collision integral, and equations of the form (3.4)
go by the general name of transport equations. Of course, the transport equation
becomes meaningful only when the form of the collision integral has been
established. We shall now discuss this topic.

When two molecules collide, their values of I are changed. Hence every collision
undergone by a molecule transfers it out of a particular range dI'; such collisions
are referred to as ‘“losses”. The total number of collisions I, I, »I",I'| with all
possible values of I';, I", I'{ and given I, occurring in a volume dV per unit time, is
equal to the integral

dv dl"jw(l"’, I T, TDff,dT, dT dTy.

There are also collisions (“‘gains’”) which bring into t!u? rang? dT’ molecules which
originally had values outside that range. These are collisions I',I{ -, T, again with
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all possible T, I, T and given I'. The total number of such collisions in the volume dV
per unit time is

av drf w(T,T,: T, T))f'fi dT, dI” dT';.

Subtracting the losses from the gains, we thus find that as a result of all collisions
the relevant number of molecules is increased, per unit time, by

dV dr f w'f'fl— wff)dT, dT” dT%,

where for brevity
w=w(,T;,T), w=wlT;T). (3.5)

We therefore have the following expression for the collision integral:
C(f)=f(w’f’f{—wffl)dl"1dF’dF{. (3.6)

In the second term in the integrand, the integration over dI"” dI'i relates only to w,
since f and f; do not depend on these variables. This part of the integral can
therefore be transformed by means of the unitarity relation (2.9). The collision
integral then becomes

C(h = [ wisfi-ff) dr, dr drs, 3.7)

in which both terms have the factor w'.}

Having established the form of the collision integral, we can write the transport
€quation as

oflot +v. Vf =Iw’(f;f{—ffl) dT, dT" dT}. (3.8)

Th1§ integro-differential equation is also called the Boltzmann equation; it was first
derived by Ludwig Boltzmann, the founder of the kinetic theory, in 1872.

_The equilibrium statistical distribution must satisfy the transport equation iden-
tlcall)f. This condition is in fact fulfilled. The equilibrium distribution is stationary
:‘:g (fln th}e ab§ence of an externa! field) uniform; the left-hand side of (3.8) is
o rlrit;hore blder}tlcally zero. The col!{Siop inte.gra'l al§0 is zero, since the integrand
also Ses ﬁy virtue of (2.5). The eql{lllbrlum distribution for a gas in an external field
lefur atis es the transport equation, 'of c':ourse. We need only recall that the

and side of the transport equation is the total derivative df/dt, which is

*The possibilit i ision i
of transf
StUeCkelberg (195);). sforming the collision integral by means of (2.9) was noted by E. C. G.
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identically zero for any function f that depends only on integrals of the motion;
and the equilibrium distribution is expressed solely in terms of the total energy e(I')
of the molecule, which is an integral of the motion.

In the above derivation of the transport equation, collisions were regarded as
essentially instantaneous and occurring at a particular point in space. It is therefore
clear that the equation allows us in principle to follow the variation of the
distribution function only over times long compared with the duration of collisions,
and over distances large compared with the size of the region in which a collision
takes place. These distances are of the order of the range of action d of the
molecular forces (and for neutral molecules, this is equal to their dimensions); the
collision time is of the order of d/v. Such values give the lower limit of distances
and times that can be dealt with by means of the transport equation; the origin of
these limitations will be considered in § 16. In practice, however, there is usually no
need (and no possibility) for such a detailed account of the behaviour of the
system, which would require, in particular, the specification of the initial conditions
(coordinates and velocities of the gas molecules) with the same accuracy, which is
impracticable. In actual physical problems, there are characteristic lengths L and
times T imposed on the system by the conditions of the problem (characteristic
gradient lengths for the macroscopic properties of the gas, wavelengths and periods
of sound waves propagated in it, and so on). It is then sufficient to follow the
behaviour of the system over distances and times small compared with these L and
T. That is, the physically infinitesimal volume and time elements need be small only
in comparison with L and T. The initial conditions of the problem are also averaged
over such elements.

For a monatomic gas, the quantities I' reduce to the three components of the
momentum p, and from (2.8) the functions w' in the collision integral can be
replaced by w = w'(p’, pi; p, p). Then. expressing this function in terms of the
differential collision cross-section do by wd’p’ d*p| = v,q do (Where v, =|v—vi|;
see (2.2)), we find

) = [ s fi= 1) do d’p. (3.9

The function w, and therefore the cross-section do defined by (2.2), contain
delta-function factors which express the conservation laws for momentum and
energy, as a result of which the variables p;, p’ and p; (for a given p) are not in fact
independent. However, when the collision integral is expressed in the form (3.9),
we can suppose that these delta functions have been removed by appropriate
integrations; then do will be the ordinary scattering cross-section, depending (for a
given v,.) only on the scattering angle.

For a qualitative treatment of transport phenomena in gases, the collision integral
is roughly estimated by means of the mean free path I, an average distance
traversed by a molecule between two successive collisions.T It has, of course, only
qualitative significance; even its definition varies according to which transport
phenomenon is under consideration.

tThis concept is due to R. Clausius (1858).
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The mean free path can be expressed in terms of the collision cross-section o
and the number density N of molecules in the gas. If a molecule travels a unit
distance in its path, it collides with the molgcules present in a volume 0'.(tha}t of a
Cylinder with cross-sectional area o and unit length), the number of which is oN.

Hence
I ~1/No. (3.10)

The collision cross-section o ~ d?, where d is the dimension of the molecule. With
N ~ 1/7. r being the mean distance between molecules, we find

1 ~F(Fld)* = d(Fld)’. 3.11H

Since in a gas 7 > d, the mean free path | >F.
The ratio 7~ 1/ is called the mean free time. For a rough estimate of the
collision integral, we can put

C(f)~—( ~fo)lr ~— @D ~ fo) (3.12)

By writing the difference f — f, in the numerator we have taken account of the fact
that the collision integral is zero for the equilibrium distribution function. The
minus sign in (3.12) expresses the fact that collisions are the mechanism for
reaching statistical equilibrium, i.e. they tend to reduce the deviation of the
distribution function from its equilibrium form. In this sense, 7 acts as a relaxation
time for the establishment of equilibrium in each volume element of the gas.

§4. The H theorem

A gas left to itself, like any closed macroscopic system, will tend to reach a state
of eq‘uilibrium. Accordingly, the time variation of a non-equilibrium distribution
functlon in accordance with the transport equation must be accompanied by an
Increase in the entropy of the gas. We shall show that this is in fact so.

The entropy of an ideal gas in a non-equilibrium macroscopic state described by
a distribution function fis

S= jf log(e/f) dV dT; 4.1
See SP 1, §40. Differentiating this expression with respect to time, we have

dS [ o e
e b (f log?> av dr

=- f log f g—{ dvdr. 4.2)

COSIEHFC the establishment of statistical equilibrium in the gas is brought about by
Islons of molecules, the increase in the entropy must arise from the collisional
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part of the change in the distribution function. The change in this function due to
the free motion of the molecules, on the other hand, cannot alter the entropy of the
gas, since this part of the change in the distribution function is given (for a gas in
an external field U(r)) by the first two terms on the right-hand side of the equation

aflot = —v . Vf —F . oflap + C(f).

Their contribution to the derivative dS/dt is

- Jlogf[—v. aflor—F . affopl AV dT" = J [v.d/or+F.a/opl(f log fle) dV dT.

The integral over dV of the term involving the derivative 9/dr is transformed by
Gauss’s theorem into a surface integral; it gives zero on integration through the
whole volume of the gas, since f =0 outside the region occupied by the gas.
Similarly, the term involving the derivative 8/dp, on integration over d’p, becomes
an integral over an infinitely distant surface in momentum space, and likewise gives
Zero. .

The change in the entropy is therefore expressed by

dSjdt = — J log f. C(f) dT aV. 4.3)

This integral can be transformed by a device which, with a view to later
applications, we shall formulate for the general integral [ ¢(I')C(f) dT", where ¢(I) is
any function of the quantities I'. With the collision integral in the form (3.6), we
write

J e(MC(f)dI'= J ew(T, T T, TDf'f1 d°T - J ew(', T T, T)ff, d°T,

where for brevity d‘T’ = dI" dT', dI" dT'j. Since the integration here is over all the
variables T, ', I, ', we can, without altering the integral, rename the variables in
any manner. Interchanging I',I'; and I"", I'{ in the second integral, we find

[ emecar= [-emwarir, ropsiar

Interchanging here I',I” and I'}, I}, taking half the sum of the resulting integrals,
and noting the obvious symmetry of w with respect to the two colliding particles,
we obtain the transformation rule

l ! rgrg!
[emcp ar=1[@+o- o= ehwrsiar. 44
In particular, [ C(f) dT" = 0: with C(f) here in the form (3.7), we have

[ewar- [ wisi= g0 acr=o. 4.5)
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Applied to the integral (4.3), the rule (4.4) gives
ds/dt = %I w'f'f1log (f'filff)) d°T dV
-1 I w'ff.x log x T dV,

where x = f'filff.. Subtracting from this equation half of the zero integral (4.5), we

convert it to

ds/dt = % J' w'ffi(x log x — x + 1) d°T dV. (4.6)

The function in the parentheses in the integrand is non-negative for all x >0; it is
zero when x = 1, increasing on either side of that point. By definition, the factors
w',f and f, in the integrand are also positive. We thus obtain the required result,

dS/dt =0, 4.7

expressing the law of increase of entropy; the equality occurs at equilibrium.¥
Note that, since the integrand in (4.6) (and therefore in (4.3)) is non-negative, not
only the whole integral (4.3) over dI' dV but also that over dI' alone is positive.
Thus collisions increase the entropy in each volume element of the gas. Thisdoes not,
of course,implythat the entropy itself increasesin every volume element, since it can be
transferred from one region to another by the free motion of the molecules.

§5. The change to macroscopic equations

The Boltzmann transport equation gives a microscopic description of the way in
which the state of the gas varies with time. We shall show how the transport
€quation can be converted into the usual equations of fluid mechanics, which give a
les§ detailed, macroscopic description of this time variation. The description is
valid when the macroscopic properties (temperature, density, velocity, etc.) of the
gas vary sufficiently slowly through its volume: the distances L over which they
Change appreciably must be much greater than the mean free path | of the
molecules.

It has already been mentioned that the integral

N(t,r)=Jf(t,r, I)dr (5.1)

is . c e . .
resthe Spatial distribution density of gas molecules; the product p=mN is cor-
Pondingly the mass density of the gas. The macroscopic velocity of the gas is

TThe Proof of the law of in
Was the fi

Boltzm

) 0 v crease of entropy by means of the transport equation is due to Boltzmann, and
St microscopic proof of that law. As applied to gases, the law is often called the H theorem, since
ann used the symbol H for the entropy.
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denoted by V (in contrast to the microscopic velocities v of the molecules); it is
defined as the mean

V=V=%J'vfdl“. (5.2)

Collisions do not alter either the number of colliding particles or their total
energy and momentum. It is therefore clear that the collisional part of the change in
the distribution function also cannot affect the macroscopic quantities in each
volume element of the gas—its density, internal energy, and macroscopic velocity
V: the collisional parts of the change in the total number, energy and momentum of
the molecules in unit volume of the gas are given by the zero integrals

JC(f)dl"=0, JeC(f) dl' =0, JpC(f) dl' =0. (5.3)

These equations are easily derived by applying to the integrals the transformation

(4.4) with ¢ =1, € and p respectively; the first integral is zero identically, the other

two are zero by virtue of the conservation of energy and momentum in collisions.
Let us now take the transport equation

v L wp=-cu 5.4

and integrate over dI” after first multiplying by m, p, or €. In every case, the right-hand
side is zero, and we have the equations

aplat + div pV =0, (5.5)
d(pVo)lot + oll,g/0xg = 0, (5.6)
d(Ne)/ot +divq=0. 5.7)

The first of these is the usual continuity equation of fluid mechanics, expressing the
conservation of mass of the gas. The second equation expresses the conservation
of momentum; the tensor Il is defined as

I, = f mv,vgf dT (5.8)

and is the momentum flux tensor; its component Il,; is the a-component of the
momentum transferred in unit time by molecules across unit area perpendicular to

the xg-axis. Lastly, (5.7) is the equation of conservation of energy; the vector g is
defined as

q=fevfdl", (5.9)

and is the energy flux in the gas.
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To reduce (5.6) and (5.7) to the usual equations of ﬂu.id mech.a.nics, however, we
have still to express Ilqg and q in terms of macroscopic quantities. It has already
peen mentioned that the macroscopic ('1escr1pt10r'1 of the gas presupposes
Sllff‘l(;i(:,ntly small gradients of its macroscopic Propertles. We can then suppose, as
a first approximation, that in each separate region of t.he_ gas thermal equ;llb.rlun? is
reached, whereas the gas as a whole is not in equilibrium. Thu.s'thfe dlstrlbupon
function f in each volume element is assumed tf’ be a local equilibrium functlor'l,
equal to the equilibrium function f, for the der'151ty, tem'pera.ture' anq Mmacroscopic
velocity that prevail in that volume element. This approxm.latlo.n implies the neg}ect
of all dissipative processes (viscosity and thermal copductlog) in tl'le gas. Equations
(5.6) and (5.7) then naturally reduce to those for an ideal fluid; this may be proved
as follows. .

The equilibrium distribution in a region of the gas moving as a whole with
velocity V differs from that in a gas at rest only by a Galilean transformation; on
changing to a frame of reference K’ that moves with the gas, we ob'tain the
ordinary Boltzmann distribution. The velocities v’ of the molecules in this frame
are related to those in the original frame K by v =v'+ V. We write

Hap = mN(vavp)
= mN{(V, + v ) (Vg + vp))
=mN (V, Vg +(vovp);
the terms V,vp and Vpo,, give zero on averaging over the directions of v, since all

directions of the velocity of a molecule in the frame K’ are equally probable. For
the same reason,

(vevp) = 08,53 (5.10)

the mean square of the thermal velocity is (v2) = 3T/m, where T is the temperature
of the gas. Finally, since NT is equal to the gas pressure P, we find

s = pV.V, + 8,4P, (.11

the familiar ex

tensor, equatio

In order to ¢
the fr

pression for the momentum flux tensor in an ideal fluid; with this
n (5.6) is equivalent to Euler’s equation in fluid mechanics (FM, §7).
ransform the integral (5.9), we note that the energy € of a molecule in
ame K is related to its energy €’ in the frame K’ by

e=€+mV.vV+imV2

Substity: . . _
Stituting this and v = v'+Vin g = Nev, we have

qg=NVEmV2+imv?+ ¢

=V(@pV?+ P + Ne),
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using (5.10) in averaging the product v'(V.v’). But Ne' is the thermodynamic
internal energy of the gas per unit volume; the sum Ne’ + P is the heat function W of
the gas per unit volume. Thus

q=V@EpVi+ W), (5.12)

in agreement with the known expression for the energy flux in the dynamics of an
ideal fluid (FM, §6).

Lastly, let us consider the law of conservation of angular momentum in the
transport equation. This law should apply exactly only to the total angular momen-
tum of the gas, made up of the orbital angular momentum of the molecules in their
translational motion and their intrinsic rotational angular momenta M; the total
angular momentum density is given by the sum

JrprdF+JMde. (5.13)

These two terms, however, have different orders of magnitude. The orbital angular
momentum of the relative motion of two molecules at a mean distance 7 apart is of
the order of moF, but the intrinsic angular momentum M ~ m#d, which is small in
comparison, since we always have d <F.

Naturally, therefore, the Boltzmann transport equation, which corresponds to the
first non-vanishing approximation with respect to the small quantity d/F, cannot
take account of the small changes in the orbital angular momentum due to the
exchange between the two parts of the total angular momentum (5.13). This has the
result that the Boltzmann equation conserves the total orbital angular momentum
of the gas: the equation [p C(f)dI' =0 which expresses the conservation of
momentum necessarily implies that

JrXpCU)dF=rXJpC(f)dF=0. (5.19)

The reason for this property is evident: since, in the Boltzmann equation, collisions
are regarded as taking place at a point, the sum of the orbital angular momenta of
the colliding molecules is conserved, as well as the sum of their momenta. In order
to derive an equation for the change in the orbital angular momentum, it would be
necessary to take account of terms of the next higher order in dfF, arising from the
fact that the molecules are at a finite distance apart at the time of collision.

However, the actual process of angular momentum exchange between the
translational and rotational degrees of freedom can be described in terms of the
Boltzmann equation by a relation of the form

AM/dt =JM C(f) dr, (5.15)

where I is the intrinsic angular momentum density of the molecules. Since the
sum of the intrinsic angular momenta of two molecules need not be conserved in a
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collision, the integral on the right of (5.15) is in general not zero, and gives the rate
of change of . If a non-zero angular momentum density is created in the gas by
some means, its subsequent relaxation is described by (5.15).

§6. The transport equation for a slightly inhomogeneous gas

In order to take account of dissipative processes (thermal conduction and
viscosity) in a slightly inhomogeneous gas, we must go to the next approximation
beyond that treated in §35. Instead of regarding the distribution function in each
region of the gas as just the local-equilibrium function f;, we shall now allow for a
slight deviation of f from fo, putting

f=fo+of, &f =—(ofolde)x(I) = foxIT, 6.1

where 8f is a small correction (<€ fo). The latter is conveniently represented in the
above form, with the factor —af/de separated; for the Boltzmann distribution, this
derivative differs from f, itself only by a factor 1/T. The correction §f must in
principle be determined by solving the transport equation linearized with respect to
the correction.t

The function ¥ must satisfy not only the transport equation itself but also certain
additional conditions. The reason is that f; is the equilibrium distribution function
corresponding to given values (in the volume element concerned) of the gas particle
number, energy and momentum densities, i.e. to given values of the integrals

[ar, [epoar, [pfoar. ©62)

The non-equilibrium distribution function (6.1) must yield the same values of these

Quantities, i.e. the integrals with f and fo must be the same. The function y must
therefore satisfy the contitions

Jfoxdr=0, Jfoxe dI'=0, Jfoxp dI' = 0. (6.3)

It must be em
equilibrium gas
Integrals (6.2).
IS In complete
further conditi

phasized that even the concept of the temperature in a non-

becomes determinate only when specific values are assigned to the

The concept becomes entirely rigorous only when the gas as a whole

eq}Jilibrium; to define the temperature in a non-equilibrium gas, a

et us et Ofn 1lsl necessary, which may b'e the spc?ciﬁcation of these values.

en the o of a transform the col!lslon integral in the transport equation (3.8).
nctions (6.1) are substituted, the terms not containing the small

COI‘reC H . egen o A . .
inte t110n X cancel, since the equilibrium distribution function makes the collision
gral zero. The first-order terms give

C(f)= foI)IT, 6.4)

tThi
his method of solving the transport equation is due to D. Enskog (1917).
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where I(x) denotes the linear integral operator
I(X):J w'falx'+ xi— x — x1) dT, dT” dT. 6.5)

Here we have used the equation fofo = fofti; the factor f, can be taken outside the
integral, since there is no integration over dT'.
The integral (6.5) is identically zero for the functions

X =constant, x =constantXe, x=p.dV, (6.6)

where 8V 1s a constant vector; this result for the second and third functions
follows from the conservation of energy and momentum in each collision. The
functions (6.6), which are independent of time and coordinates, therefore satisfy
the transport equation itself.

The origin of these solutions is simple. The transport equation is identically
satisfied by the equilibrium distribution function with any (constant) particle
density and temperature. It is therefore necessarily satisfied also by the small
correction

8f = (8fo/aN)SN = fo6NIN,

which arises when the density changes by 8N ; this gives the first solution (6.6).
Similarly, the equation is satisfied by the increment

of = (0fo/9T)ST,

which arises when T changes by a small constant amount 8T. The derivative afo/dT
is made up of a term constant X f, (arising from differentiation of the normalization
factor in fo) and a term proportional to efy; this gives the second solution (6.6). The
third solution expresses Galileo’s relativity principle: the equilibrium distribution
function must satisfy the transport equation in any other inertial frame. When we
change to a frame moving relative to the original one with a small constant velocity
8V, the velocities v of the molecules become v+ 8V, and the distribution function
therefore receives the increment

8F = (3foldv). 8V = — (fo/ T)p . &V,

corresponding to the third solution (6.6). The ‘“‘extra” solutions (6.6) are excluded
by applying the three conditions (6.3).

We shall transform the left-hand side of the transport equation in a general
manner, which covers both thermal conduction and viscosity. That is. we allow the
presence of gradients of all macroscopic properties of the gas, including the
macroscopic velocity V.

The equilibrium distribution function in a gas at rest (V= 0) is the Boltzman?
distribution, which we write as

fo=exp (“ = (F)) 6.7
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where p is the chemical potential of the gas. The distribution in a moving gas
differs from (6.7) only by a Galilean transformation of the velocity, as already
noted in §5. In order to write this function explicitly, we separate from the total
energy €(I) of the molecule the kinetic energy of its translational motion:

eD)=imo’ + €n; (6.8)
the internal energy e, includes the energy of rotation of the molecule and the

vibrational energy. Replacing v by v—V, we find the Boltzmann distribution in a
moving gas:

fo= exp(“ _Teim> exp(m—(;;_V)z>- (6.9)

In a slightly inhomogeneous gas, fo depends on the coordinates and the time, as a
result of the variation through the gas (and in the course of time) of its macroscopic
properties: the velocity V, the temperature T and the pressure P (and therefore ).
Since the gradients of these quantities are assumed small, it is sufficient (in this
approximation) to replace f by f, on the left of the transport equation.

The calculations can be somewhat simplified by noting the obvious fact that the
kinetic coefficients, our real subject of interest, do not depend on the velocity V. It
is therefore sufficient to consider any one point in the gas, and to choose the point
where V (but not, of course, its derivatives) is zero.

Differentiating the expression (6.9) with respect to time and then putting V=0,
we obtain

Ia_fo_[(a_#) _M_‘f(r)]ﬂ (3_# P 9V
fo ot aT /» T at " aP)T at TV

By the familiar formulae of thermodynamics,

(0uldT)p =—s, (8u/oP)r =1/N, p=w—Ts,

g};ere W, s and 1/N are the heat function, entropy and volume per gas particle.
nce
T ofo _e()—waoT 1 0P A
foot . T ot Na' '™ & ©.10)
Slmilarly
T _eM)—-w 1
fov.Vfo——T—v.\"T+ﬁv.\"P+mvavBVaB, (6.11)
here for brevity
13V, aV, .
Var =3 (G2t G2). Ve =div v 6.12)
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in the last term in (6.11), we have made the identical substitution
VU avﬁlaxa = vaUBVaB'

The left-hand side of the transport equation is found by adding the expressions
(6.10) and (6.11). All derivatives of macroscopic quantities with respect to time can
be expressed in terms of their spatial gradients by means of the equations of an
ideal (non-viscous and thermally non-conducting) medium; the inclusion of dis-
sipative terms here would lead to quantities of a higher order of smallness. At the
point where V = 0, Euler’s equation gives

avjot =—(1/p)VP = —(1/Nm)VP. (6.13)
At this same point, the equation of continuity gives aN/ot = — N div V, or

10N _10P 19T _ .
Not Pot Tar vV (6.14)

with the equation of state for an ideal gas, N = P/T. Lastly, the equation of
conservation of entropy, as/ot +V . Vs =0, gives ds/at =0, or

c 0T 1 9P _
T6t “Poat

(6.15)
with the use of the thermodynamic formulae
(8s/0T)p = ¢,/T, (8s/oP)r =~1/P,

¢, being the specific heat, again per molecule; the second of these formulae relates
to an ideal gas. Equations (6.14) and (6.15) give

1T _ 1 . LoP _ ¢ .
_= - 6.16
Ta = dvy, por=—odivy (6.16)
since for an ideal gas ¢, —c, = 1.
A straightforward calculation leads to the result
d r
aft° Vfo = i"{e( )T Y v VT + mo.vsV, B+——1——1F—)dw v} 6.17

1)

It must be emphasized that no specific assumption has so far been made about the
temperature dependence of the thermodynamic quantities; only the general equa
tion of state of an ideal gas has been used. For a gas with a classical rotation of
molecules, and vibrations not excited, the specific heat is independent of temr
perature, and the heat function ist

w=c¢pT. 6.18)

+The energy e(I') of the molecule is assumed to be measured from its lowest value; accordingly thé
temperature-independent additive constant in w is omitted.
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The last term in (6.17) can then be simplified; equating (6.17) and (6.4), we write
the transport equation in the final form

———Lﬁ(r); %l vis [mvavp — 8ap S((:F—)]Vap =1(x). (6.19)

In §87 and 8, this equation will be further studied with reference to thermal
conduction and viscosity. '
From the law of increase of entropy, it follows that a pressure gradient (in
the absence of temperature and velocity gradients) does not bring about dissipative
processes; cf. FM, §49. In the transport equation, this condition is necessarily
satisfied, as is shown by the absence of the pressure gradient on the left of (6.19).

§7. Thermal conduction in the gas
To calculate the thermal conductivity of the gas, we have to solve the transport
equation with a temperature gradient. Retaining only the first term on the left of

(6.19), we have

@%—"ﬂv.wﬂ(x). (7.1)

The solution is to be sought in the form
x=g.VT, (1.2)

where the vector g depends only on the quantities T, since a factor VT results on
both sides of (7.1) when this substitution is made. Since the equation must be valid
for any vector VT, the coefficients of this on the two sides must be equal, and so
We obtain for g the equation

yeloal g, (13)
;Vihicth does not involve VT (nor therefore any explicit dependence on the coor-
19F:) €s).

r"l;he function x must also satisfy the conditions (6.3). With y in the form (7.2), the
SUtWo of these are necessarily satisfied, as is evident from the fact that (7.3)

co i H . . . .
vegfa'“.s no vector parameters which might give the direction of the constant
of (70; Integrals [ fog dT" and [ foeg dT. The third condition imposes on the solution

) the further condition
ffov.gdr=0. 79

;f the transport equation has been solved and the function x is known, the
Tma] conductivity can be determined by calculating the energy flux, or rather its
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dissipative part that is not due simply to convective energy transfer, which we shall
denote by ¢'. In the absence of macroscopic motion in the gas, q' is equal to the
total energy flux q given by the integral (5.9). When f = fo. this integral is zero
identically, because of the integration over the directions of v On substitution of f
from (6.1), there thus remains

1
q=71—-J-VfoX€ dar

= —,;—.J-foev(g V1) dr,

or in components

Qo =~ Kopg 8T 3xg, Kop=— —,;—. J- foevogpdT. (7.5)

Since a gas in equilibrium is isotropic, there are no preferred directions in it, and
the tensor k. can only be expressible in terms of the unit tensor 8.4, i.€. it reduces
to a scalar:

= k& =1
Kopg = KOgB; K = 3Kgg.

Thus the energy flux is

q=—«VT, (7.6

where the scalar therinal conductivity is

K =—%J-foev.gdl". an

The transport equation necessarily makes this quantity positive (see §9): the flux q
must be in the opposite direction to the temperature gradient.

In monatomic gases, the velocity v is the only vector on which the function g
depends; it is therefore clear that this function must have the form

g = (v/v)g(v). (1.8)

In polyatomic gases, g depends on two vectors: the velocity v and the angular
momentum M. If the symmetry of the molecules does not allow stereoisomerism,
the collision integral, and therefore equation (7.3), are invariant under inversion;
the solution ¥ must be similarly invariant. In other words, x =g. VT must be a true
scalar, and, since the gradient VT is a true vector, so must be the function g. For
instance, in a diatomic gas, where the quantities I' are just the vectors v and M, the
function g(I') has the form

g=vg, +M(v.M)g,+(vxXM)gs, (79)
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where g1. g2, 83 are scalar functions of the scalar arguments v2, M2, (v . M)?; this is
the most general form of a true vector that can be constructed from the true vector
v and the pseudovector M.t

If, however, the substance is stereoisomeric, there is no invariance under
inversion: as already mentioned in §2, inversion then “transforms” the gas into
what is essentially a different substance. Accordingly, the function x may also
contain pseudoscalar terms, and the function g may contain pseudovector terms,
e.g. one of the form gM.

The condition for the above method of solving the transport equation (based on
the assumption that f is close to fo) to be valid can be ascertained by estimating the
collision integral from (3.12). The mean energy of a molecule is € ~ T, and so an
estimate of the two sides of (7.3) gives © ~ g/t ~ go/l, whence g ~ L. The condition
xIT ~g|VT|/T <1 (equivalent to 8f <fo) therefore signifies that the distances L
over which the temperature undergoes a considerable change ([VT|~ T/L) must be
large in comparison with . That is, a function having the form (6.1) constitutes the
leading terms in an expansion of the solution of the transport equation in powers of
the small ratio I/L.

An estimate of (7.7) with g ~1 gives

k ~ cNIy, (7.10)

where ¢ is the specific heat per molecule of the gas. This is a well-known
elementary formula in the kinetic theory of gases (cf. the last footnote to §11).
Putting | ~ 1/No, ¢ ~ 1 and & ~ V(T/m), we have

k ~ (Yo )V(TIm). (7.1D)

In this estimate, the cross-section o relates to the mean thermal speed of the
molecules, and in that sense is to be regarded as a function of temperature. As the
speed increases, the cross-section in general decrcases: accordingly, o is a
decreasing function of the temperature. When the temperature is not too low, the
gas molecules behave qualitatively as hard elastic particles which interact only
when they actually collide. This type of interaction corresponds to a collision
cross-section varying only slightly with the speed (and therefore with the tem-
perature). Under such conditions, k is approximately proportional to V' T.

At a given temperature, the thermal conductivity is seen from (7.11) to be
independent of the gas density, i.e. of the gas pressure. It must be emphasized that
this important property is not related to the assumptions used in making the
estimate, but is an exact consequence of the Boltzmann transport equation. It
arises because this equation takes account only of collisions between pairs of

molecules (for which reason the mean free path is inversely proportional to the gas
density).

The solution of the Boltzmann equation for a gas of rotating molecules was first discussed by Yu. M.
Kagan and A. M. Afanasev (1961).
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§8. Viscosity in the gas

The viscosity of a gas is calculated by means of the transport equation in the
same way as the thermal conductivity. The only difference is that the deviation
from equilibrium is due not to the temperature gradient but to the non-uniformity
of the gas flow as regards the macroscopic velocity V. [t is again assumed that the
characteristic dimensions of the problem L > 1.

There are, as we know, two kinds of viscosity, the corresponding coefficients
being usually denoted by 7 and {. They are defined as the coefficients in the
viscous stress tensor o, Which forms part of the momentum flux tensor:

H“‘; = P&,B + pV“VB - U;g, (8.])
olp = 21(Vop = 38up div V) + {85 div V, (8.2)
where Vg is defined by (6.12); see FM, §15. In an incompressible fluid, only the
viscosity n occurs. The “second viscosity” { appears in motion such that div V # 0.
It is convenient to calculate the two coefficients separately.
Omitting the temperature-gradient term from the general transport equation
(6.19), we can write
Mo vp(Vag — 38,5 div V) + [imo? — e(I)/c, ] div V = I(x), (8.3)
where the terms containing the first and second viscosities have been separated on
the left-hand side. In calculating the first viscosity, we have to assume that
div V = 0. The resulting equation can be identically rewritten as

1 (Uag — 38,507 Vg = [(x), (8.49)

where the two tensor factors on the left have zero trace.
The solution of this equation is sought in the form

X = 8op VaBr (8.5)

where g.s(I') is a symmetric tensor; since the trace V,, =0, by adding a term in 8,4
to g.s we can always ensure that g,, = 0, without altering x. The equation for g.s is

m (vavg ~ $8.50%) = I(gap)- (8.6)

The extra conditions (6.3) are necessarily satisfied.
The momentum flux is calculated from the distribution function as the integral
(5.8). The required part of this, namely the viscous stress tensor, is

ole=—(mIT) j vatefox AT = 1opys Vi ®.7)

Tugrs = = (I T) [ fovavggys dT. (8.8)
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The quantities mes,s form a tensor of rank four, symmetric in the suffixes a, 3
and v, 8 and giving zero on contraction with respect to the pair vy, 8. Because the
gas is isotropic, this tensor can only be expressed in terms of the unit tensor 5,5. An
expression satisfying these conditions is

Nepys = N BayOps + 8586y — 365351

Then o4 =21V, so that i is the required scalar viscosity coefficient. It is
determined by contracting the tensor with respect to the pairs of suffixes a, y and

B, 6:
n =—(m/10T) j Vutp8aafo AT (8.9)

[n a monatomic gas, g.s is a function only of the vector v. The general form of
such a symmetric tensor with zero trace is

8up = (quB - Z!(SHBUZ)R(U)x (8 lO)
with a single scalar function g(v). In polyatomic gases, the tensor g.g is composed
of a large number of variables, including the two vectors v and M. In the absence
of stereoisomerism, g,s can include only true tensor terms; in a stereoisomeric gas,
pseudotensor terms also are possible.
An estimate of the viscosity coefficient, similar to (7.10) for the thermal conduc-
tivity, gives a well-known elementary formula in the kinetic theory of gases,

n ~moNI; 8.11)

see the last footnote to §11. The thermometric conductivity and the kinematic
viscosity are found to be of the same order:

k/Nc, ~nf/Nm ~ ol. (8.12)
Putting in (8.11) I ~ 1/No and & ~ (T/m)"2, we obtain
7~ V(mT)o. 8.13)
Th<.3 description of the pressure and temperature dependence of  in §7 is entirely
valid for the viscosity 7 also.
In order to calculate the second viscosity coefficient, we must take the second
term on the left of the transport equation (8.3) to be non-zero:
Gmv?— eM)lc,1div Vv =I(x). (8.14)

We shall seek the solution in the form

x=gdivV (8.15)
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and obtain for g the equation
Imv?—e(M)fc, = I(g). (8.16)

Calculation of the stress tensor and comparison with the expression {8,g divV
gives the viscosity coefficient as

{=—(m]3T) I vigfo dl (8.17)

In monatomic gases e(I') = imv?, ¢, = 3/2, and the left-hand side of (8.16) is zero.
The equation I(g)=0 then shows that g =0, and therefore { =0. We reach,
therefore, the interesting conclusion that the second viscosity of monatomic gases
is zero.t

PROBLEM

Show that a gas of ultra-relativistic particles has zero second viscosity (I. M. Khalatnikov, 1955).

SOLUTION. The energy e of a relativistic particle in a frame of reference K in which the gas moves
with a (non-relativistic) velocity V is related to its energy €’ in the frame K’ in which the gas is at rest by

'=¢—~p.V, where p is the momentum of the particle in the frame K; this is the Lorenlz Irans-

formation formula with the terms above the first order in V omitted. The distribution function in the
frame K is fole — p. V), where fo(€’) is the Boltzmann distribution.

Considering only the viscosity, we can immediately assume that the gradients of all macroscopic
quantities are zero except that of the velocity V; then aV/at = 0, and the last term in (6.10) vanishes.f In
(6.11), the first two terms are also absent, and the third becomes

v.V(p. V)= v.pp dVeldx. = appVag:

the directions of v and p are the same, and so p.vs = pgva. The equations of continuity and entropy
conservation in the form used in §6 remain valid in the motion of a relativistic gas (with small velocities
V). The formulae (6.16) therefore remain valid also. The transporl equation thus becomes

(vapp — Bap€l € )Vap = 1(x).
In the second-viscosity problem, we must put Vap = 16.g div V, and then
(op —elco) div V = I(x).

In an ullra-rclativistic gas, v =c, € =cp, and the specific heal c. =3 (see SP |, §44, Problem); the
lefi-hand side of the equation, and therefore x, are then zero.

§9. Symmetry of the kinetic coefficients

The thermal conductivity and the viscosity are among the quantities which
govern relaxation processes in systems slightly departing from equilibrium. These
kinetic coefficients satisfy Onsager’s symmetry principle, which may be established

tIt must be emphasized that these gases are being treated in the approximation with respect to the
gaseousness parameter Nd® which corresponds to the Boltzmann equation (and in which 7 is in-
dependent of the density). In higher approximations (the subsequent terms in the “virial expansion™; see
§18), a non-zero viscosity { does appear. Another important point is the quadratic dependence of the
particle energy on the momentum; in a relativistic “monatomic™ gas, the second viscosily is not zero
(although it vanishes in another limiting case, the ullra-relativistic case; see the Problem).

tTo avoid misunderstandings, it may be mentioned that in a relativistic gas the pressure gradient
makes a contribution to the thermal-conduction energy flux; see FM, §126.
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in a general form without discussing specific mechanisms of relaxation. However,
in a specific calculation of kinetic coefficients from the transport equations, the
symmetry principle does not yield any extra conditions to be imposed on the
solution of the equations. In such a calculation the requirements of the principle
are necessarily satisfied. It is useful to see how this occurs.

In the general formulation of Onsager’s principle (see SP 1, §120), there appears
a set of quantities x, which describe the deviation of the system from equilibrium,
and a set of quantities “thermodynamically conjugate™ to these, X, = — aS/ox,
(where S is the entropy of the system). The relaxation process of a system slightly
departing from equilibrium is described by equations which determine the rates of
change of the x, as linear functions of the X,:

-x.a = Eb: 'Yathz- (9. l)

where the v, are the kinetic coefficients. According to Onsager’s principle, if x,
and x, behave in the same way under time reversal, then

‘Yalz = 'leu- (92)

The rate of change of the entropy is given by the quadratic form
S == 2 Kok = 2 YarXaXpe (9.3)
a a.b

The first of these expressions is often convenient for establishing the cor-
respondence between the X, and the X,.

For thermal conductivity, we take as the rates %, the components q/ of the
dissipative heat flux vector (at any given point in the medium); the suffix a is then
the same as the vector suffix a. The corresponding quantities X, are the derivatives
T 2T/ax,; cf. SP 2, §88. Equations (9.1) correspond to q.= — KopdT/3xg, so that
the kinetic coefficients vy, are the quantities T kg According to Onsager’s prin-
ciple, we should have K.z = Kpa.

Similarly, for the viscosity, we take as the X, the components o of the viscous
momentum flux tensor; the corresponding X, are — VT (the suffix a here
answering to the pair of tensor suffixes af8). Equations (9.1) correspond to o5 =
Tapys Vys, and the kinetic coefficients are Tn,a,5 According to Onsager’s principle,
we must have 7.g,6 = Tysap-

In the problems of thermal conduction and viscosity of gases, considered in §§7
and 8, the symmetry of the tensors k.g and 7). Was a necessary consequence of
the isotropy of the medium, independent of the solution of the transport equation.
We shall show, however, that it would also follow from this solution, independently
of the isotropy of the gas.

The procedure for problems of thermal conduction and viscosity in a slightly
inhomogeneous gas was to seek the correction to the equilibrium distribution
function in the form

X= 2 gD X., (9.4)
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obtaining for the functions g, equations of the form
L, =1(g). 9.5)
The quantities L, are components of the vector
Tle(M)~ ¢, Tv,
for thermal conduction, or the tensor

_T[mvavp - e_((:l") 8,,,;]

for viscosity; cf. (6.19). The solutions of equations (9.5) must satisfy the further
conditions

Jfo&:dr:o; Jfogue dar=0, Jfog‘,p dr=0.

With these condhions, the Kinetic coefficients vy,, can be written as the integrals

y R j foLags dT. 9.6)

The proof of the symmetry yu = v,. thus reduces to that of the equation

I foLagy dT = J foLuga dT. ©.7)

It is based on the property that the linearized operator I is “self-conjugate”, which
may be arrived at as follows.
Let us consider the integral

[ foot@rar = [ safon'otw+ wi- g =g @',

where (') and ¢(I') are any two functions of the variables I'. Since the integration
is over all the variables I',T';, I, '}, we can rename these in any way (as was done
in §4) without affecting the value of the integral. We make the change
I,T"&T,,T; and then in each of the two resulting forms the further change
I',T) < I",T. The sum of all four expressions gives

[ footw dr =3 [ fefalw(o + 0= wig' + oD + 40— + 401 °T; 9.8)

the notation w and w’ is as in (3.5). Let us now consider a similar integral in which
Y(I) and ¢(') are replaced by ¢(I'") and ¢(I'") respectively (without changing w
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and w'). With the change ['",T\",...—T,T,,... in this integral, and the principle of
detailed balancing (2.3), we have

[ rmremyar
= % I fofalw( + ) — w'(' + D@’ + 1) — (¢ + @) d°T, 9.9

where the equation fi(I'")=fy(I) has also been used. Expanding the square
brackets in (9.8) and (9.9), and comparing corresponding terms, we see that the two
integrals are equal. In making the comparison, it is necessary to take accoust of the
unitarity relation (2.9), which gives, for example,

j Foforw(W + Yo + @) d°T = j faforw' G + U)o + @1) AT

the relation (2.9) is applied here to the integration over the variables I and TI'j, on
which only w and w' depend in the integrand.
Thus we reach the equation

[ footy ar= [ ragce™ ar. (9.10)

If the principle of detailed balancing is valid in its simple form (2.8), w = w’, then
(9.10) reduces to a literal self-conjugacy of the operator I:

[ ety ar= [ forcerar, ©.11

where both integrals contain functions ¢ and ¢ of the same variables I'; this is
immediately evident when w = w’, from the expression (9.8).

Returning to the kinetic coefficients, we make in the first integral (9.7) the change
I'->T7, and note that

L. ==L,D), (9.12)

the upper and lower signs relating to viscosity and thermal conduction respectively.
We now use the relations (9.5) and (9.10). In the latter, we can integrate over I'" in
place of T'; this clearly does not affect the value of the integral. We have

[ fgtoar== [ fogs"1g0r ar”
== [ fog. (@) dr”

- I fogaTLa(T) dT™.
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Now, changing I -1 on the right-hand side, and using (9.12), we have the
required result (9.7).

The kinetic coefficients must also satisfy conditions which follow from the law of
increase of entropy; in particular, the “diagonal” coefficients y., must be positive.
Since the transport equation guarantees the increase of entropy, these conditions
are of course necessarily satisfied when the Kinetic coefficients are calculated from
that equation.

The increase of entropy is expressed by the inequality

- I log f C(f) dT > 0;
see §4. Substituting

f=f1+xIT). CH=UTHI(),

we have

——Ilogfo cH dl"—%[fo log(1+ X/ T)I(x) dT >0.

The first integral is identically zero; in the second integral, since x is small,
log(1+ x/T)= xIT, and so we find

"IfoXI(X)dr>0- (9.13)

This inequality ensures the necessary properties of the kinetic coefficients. In
particular, when x = g, it expresses the fact that v,, is positive.

§10. Approximate solution of the transport equation

Bccause of the complexity of the law of interaction of molecules (especially
polyatomic ones), which determines the function w in the collision integral, the
Boltzmann equation cannot really be even written down in an exact form for
specific gases. However, even with linearization and some simple assumptions
about the nature of the molecular interaction, the complexity of the mathematical
structure of the transport equation makes it generally impossible to solve in an
exact analytical form. Fairly efficient methods for the approximate solution of the
Boltzmann equation are therefore of particular significance in the kinetic theory of
gases. The principle as applied to a monatomic gas is as follows (S. Chapman 1916).

Let us first take the problem of thermal conduction. For a monatomic gas, the
specific heat ¢, = 5/2, and the linearized equation (7.3) becomes

_v(%_ sz) =1I(p), (10.1)
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where B = m/2T; the linear integral operator I(g) is defined by

Ig)= j j vforle +2 - g g) d'p: do, (10.2)

corresponding to the collision integral (3.9), and the equilibrium distribution func-
tion ist

fo(v) = (NBHm*m¥)e 8, (10.3)
An efficient method of approximately solving equation (10.1) is based on
expanding the required functions in terms of a complete set of mutually orthogonal

functions, which may with especial advantage be taken as the Sonine polynomials
(D. Burnett 1935). These are defined by%

5 l X =r
S,(x)=§ex dx

~x), (10.4)

where r is any number and s is a positive integer or zero. In particular,
SP=1, S'x)=r+1-x (10.5)

The orthogonality property of these polynomials for a given r and different s is
I eSS () dx =T(r+ s+ )8, /s L. (10.6)
0

We shall seek the solution of (10.1) as the expansion

&) = (BIN)v 2 ASBY. (10.7)

By omitting the term with s =0, we automatically satisfy the condition (7.4), the
integral being zero because the polynomials with s =0 and s 0 are orthogonal.
The expression in parentheses on the left of (10.1) is the polynomial S},(Br?, and
this equation therefore becomes

~ VSHBo) = (BIN) 3, A1) (10.8)

Multiplying both sides scalarly by vfo(v)S4(Br”) and integrating over d’p, we

*The distribution function is everywhere taken to be defined in momentum space. This, however, does
not prevent it from bemg expressed for convenience in terms of the velocity v = p/m.
1They differ only in normalization and affix numbering from the generalized Laguerre polynomials:

=

S=0 3

L7ss(x).
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obtain a set of algebraic equations

=

2—] ahszgslh 1= 1,2,-.., (109)

with
a == (BN [ fov - ST S5
= (B IAN?){vS}2, vSipn}, (10.10)
the notation being

{F.G}= I fo©}ole)|lv — v|A(FA(G) d'p d'p) do,

A(F)= F(V)+ F(v}) = F(v) = F(vy). (10.11)

There is no equation with I =0 in (10.9), since ag, = 0 because of the conservation
of momentum: AwSY;) = A(v) = 0. The thermal conductivity is calculated by sub-
stituting (10.7) in the integral (7.7). The condition (7.4) shows that this integral (with
€ = 1mv?) can be put in the form

k== [ fShatpodv g &*p
and the result is
Kk =5A,/4. (10.12)
The advantage of expanding in Sonine polynomials is shown by the simplicity of
the right-hand side of equations (10.9) and the expression (10.12).

The calculations are entirely similar for the viscosity. The solution of (8.6) is
sought in the form

8o = — (BN (0,05 —}0%600) 2 B.S(Bv?). (10.13)

Substitution m (8.6), multiplication by
fo(©)S5(Bv ) vave ~3078ap),
and integration over d°p leads to the set of equations
2 buB, =580, 1=0,1,2,..., (10.14)
s-0

where

bre = (B} IND{(vave —30%8.6)S%2.  (vae — 0%8.6)S3). (10.15)
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The viscosity is found from (8.9) as

1 =imBo. (10.16)

The infinite set of equations (10.9) or (10.14) is approximately solved by retaining
only the first few terms in the expansion (10.7) or (10.13), i.e. by artificially
terminating the set. The approximation converges extremely rapidly as the number
of terms increases: in general, retaining just one term gives the value of k or 7 with
an accuracy of 1-2%.F

We shall show that the approximate solution of the linearized transpor t equation
for monatomic gases by the above method gives values of the kinetic coefficients
that are certainly less than would follow from the exact solution of the cquation.

The transport equation may be written in the symbolic form

I(g)=1L, (10.17)

where the functions g and L are vectors in the thermal conduction problem, and
tensors of rank two in the viscosity problem. The corresponding kinetic coefficient
is determined from the function g as a quantity proportional to the integral

—Ifogl(g)d’p; (10.18)

see §9. The approximate function g, however, satisfies not equation (10.17) itself
but only the integral relation

[ rog1e) ¢ = [ soLg @, (10.19)

as is evident from the way in which the coefficients in the expansions of g are
determined.

The statement made above follows immediately from the ‘“‘variational principle”
whereby the solution of (10.17) gives a maximum of the functional (10.18) within
the class of functions that satisfy the condition (10.19). The validity of this
principle is easily shown by considering the integral

- I folg —9) (g — ¢) d’p,

wher.e g is the solution of (10.17), and ¢ any trial function that satisfies the
condition (10.19). This integral is positive, by the general property (9.13) of the
operator I. Expanding the parentheses, we write

- I folel(g) + oI (o) — oI (g) — gl (¢)} ’p.

1The convergence is,

diffusi however, somewhat less good in problems of diffusion. and especially of thermal
sion.
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Since for a monatomic gas the principle of detailed balancing is valid in the form
(2.8). the operator I has the self-conjugacy property (9.11).T Hence the integrals of

the last two terms in the braces are equal. Then substitution of I(g)= L gives
1

~ [ flat @)+ el (0) = 2012} &'p = - [ folgl (9) + o1 () ~ 2L} d'p >0.
Finally, transforming the integral of the last term by means of (10.19), we find

- Ifogl(g) &’p > —Ifocpl(qv) d’p,

as was to be proved.

There is a case that is of formal interest though having no direct physical
significance, namely a gas of particles interacting according to U = a/r*.1 This has
the property that the collision cross-section for such particles (determined by
classical mechanics) is inversely proportional to the relative speed v,, and so the
product v,qdo which appears in the collision integral depends only on the scattering
angle 6, not on v, The property in question is easily proved by dimensional
arguments: the cross-section depends only on three parameters, namely the con-
stant a, the particle mass m, and the velocity v,4, and from these we can form no
dimensionless combination, and only one combination v;M(afm)" having the
dimensions of area, which must therefore be proportional to the cross-section. This
property of the cross-section greatly simplifies the structure of the collision
integral, and it becomes possible to find exact solutions of the linearized transport
equations for the thermal conduction and viscosity problems. These solutions are
found to be just the first terms in the expansions (10.7) and (10.13).%

PROBLEMS||

ProBirm 1. Find the thermal conductivity of a monalomic gas, relaining only 1he first 1erm in the
expansion (10.7).

So1 UTION. With one 1erm of the cxpansion, equations (10.9) reduce 10 Ay = 15/4ay. To calculale 1the
integral (10.10) with | = s = 1, we express v, vi, v/, vi in terms of the velocily of the cenire of mass and
1he relative velocities of 1he 1wo atoms:

L [P
V=xv+v)=3v+vi),
Vid =V Vi, Vid=V —Vj,

I 2

vl vt =2V 4 v,

Ipd’pr=m*d*V d’va.

*1t musi be emphasized 1hal 1the variational principle as slated above is dependent on this, and is not
valid when the principle of detailed balancing has only ils most general form (2.3).

i The 1ransport properties of this gas model were first discussed by 1. C. Maxwell (1866).

§A detailed account of the 1heory for this case is given in §§38-40 of L. Waldmann’'s arlicle in
Handbuch der Physik 12, 295, 1958.

{Formulae (1)—(6) are due 10 Chapman and Enskog.
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A simple calculation gives
A(vS13) = A(Brv)= BIV. vieWla— (V. Vea)Veall.
Squaring and averaging over the directions of ¥, we obtain
BIvs— (v . via) Vi =3B 0 Vi sin® 6.

Integration over 47V* dV and over the directions of via (the latter reducing to a multiplication by 41r)
gives finally

T .2, d
an=1 B‘(Bl:’-ﬂ)mf f exp(—1BvZ)vIasin® 0 52 dr db; )
4 o Jo de
the thermal conductivity is

x =75/16a1.. (2)

PROBLEM 2. The same as Problem 1, but for 1the viscosity.
SOLUTION. We find in a similar manner

Bo=35/bw, m=5ml4bco.
In the integral (10.15) with | =s =0, -
A(vap —30°8u6) = tvet,abie.p = Vict,ablet ).
The square of this is
Yelasin® 6.
Integration over d'V and over the directions of v, shows 1hat b = ay,. so that
v = 4mx/15. 3

For a monatomic gas, the specific heat ¢, = 5/2; hence the ratio of the kinematic viscosity » = n/Nm to
the thermometric conductivity y = x/Ncp. called the Prandll number, is, in 1his approximation

vix =213 “4)

whatever the law of interaction of the atoms.t

PROBLEM 3. In the saine approximation, find 1he thermal conductivity and viscosity of a monatomic
gas when the atoms are regarded as hard elastic spheres with diameter d.

SOLUTION. The scattering of one sphere by another is equnvqlent 10 that of a point particle by an

impenetrable spliere of radius d: the cross-section is therefore do = (3d)’do. Calculation of the integral
(1) gives 1he resultst

75 T_066 |T

)4V wd” T Nm ®
VimT)=0.18 Y1) 6
n= T‘ d h)

#For a gas with the interaction law U = afr*, formulae (1)-(4) become exact, and lead to the values
xk=3.04T(ma) '*, 7=081T(mla)".
$To illustrate the rapidity with which successive approximations converge, it may be mentioned that

the inclusion of the second and third terms in the expansions (10.7) and (10.13) multiplies the
expressions (5) and (6) by (1 +0.015 +0.001) and (1 + 0.023 + 0.002) respectively.
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§11. Diffusion of a light gas in a heavy gas

The phenomenon of diffusion in a mixture of two gases will be studied here for
some particular cases which allow a fairly extensive theoretical analysis.

Let N, and N, denote the particle number densities of the two components of the
mixture, and let the concentration of the mixture be expressed by ¢ = N,/N, where
N = N, + N,. The total number density of particles is related to the pressure and
temperature by N = P/T. The gas pressure is constant throughout the volume; let
the concentration and the temperature vary along the x-axis (by allowing a
temperature variation, we include thermal diffusion in the problem).

Let us consider diffusion in a mixture of gases of which one (the “heavy” gas)
consists of molecules whose mass is much larger than that of the particles of the
other (the *light” gas). The latter will be assumed monatomic. Since the mean
thermal energy of translational motion is the same for all particles (at a given
temperature), the mean speed of the heavy molecules is much less than that of the
light ones, and they can be approximately regarded as being at rest. When a light
and a heavy particle collide, the latter may be assumed to remain fixed, while the
velocity of the light particle changes direction but remains unaltered in magnitude.

In this section we shall take the case where the concentration of the light gas (gas 1)
in the mixture is small. Then collisions between its atoms are relatively rare and we
may suppose that the light particles collide only with the heavy ones.t

In the general case of an arbitrary gas mixture, a separate transport equation has
to be set up for the distribution function of the particles of each component, the
right-hand side containing the sum of the collision integrals between the particles of
each component and those of that and every other component. In the particular
case under discussion, however, it is convenient to derive the simplified transport
equation ab initio.

The required equation is to determine the distribution function for the particles
of the light gas, which we denote by f(p, x). With the assumptions made, collisions
between light and heavy particles do not affect the distribution of the latter, and in
the diffusion problem this distribution can be taken as given.

Let 6 be the angle between the direction of the momentum p = m;v of a light
particle and the x-axis. It is evident from the symmetry of the conditions of the
problem that the distribution function will depend only on 6 (and on the variables p
and x). Let do = F(p, a) do’ denote the cross-section for collisions in which a light
particle with momentum p acquires a momentum p’ = mv’ directed into the solid-
angle element do’; a is the angle between the vectors p and p’ (whose magnitudes
are equal). The probability per unit path length that the particle undergoes such a
collision is N,do, where N, is the number density of heavy particles; the prob-
ability per unit time is found by multiplying by the speed of the particle: Npv do.

Let us consider particles in a given unit of volume having momenta in a given
range dp of magnitudes and directed into the solid-angle element do. The
number of such particles is f d’p = f(p, 6, x)p? dp do. Of these,

f(p, 6, x)p*dp do. NwF(p, a) do’

1The kinetic theory of this model was first developed by H. A. Lorentz (1905).
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particles per unit time acquire by collisions a momentum p’ directed into do’. Thus
the total number of particles whose momentum changes direction is

d’p [ Novf(p, 6, x)F(p, a) do’.
Conversely, of the particles in d*p' =p”dp’ do’,

f(p', 0, x)ptdp' do' . Nov'F(p’', a) do

acquire a velocity directed into do. Since p’ = p, the total number of particles that
acquire a velocity in d'p as a result of collisions is

&’p f Naof(p, 0", x)F(p, a)do’.

Thus the change in the number of particles in ¢’p is the difference

d’p. Ny [ F(p, a)lf(p, 6", x)—f(p, 6, x))do".
This must equal the total time derivative

d’p(dfidt) = d&’pv.Vf = d'p(3flox)v cos 6.

Equating the two expressions gives the required transport equation

v cos 0 af/ox = Nyv I Fp, )f(p,0".x)—f(p, 6, x)1do"=C(f).. (11.1)

The right-hand side is zero for any function f that does not depend on the direction
of p, and not only for the Maxwellian function f; as in the case of the Boltzmann
equation. This is because of the assumption that the magnitude of the momentum is
unchanged in the scattering of light particles by heavy ones: such collisions
evidently leave steady any energy distribution of light particles. In reality, equation
(11.1) corresponds only to the zero-order approximation with respect to the small
quantity m,/ni,, and energy relaxation occurs in the next approximation.

If the concentration and temperature gradients are not too large (these quantities

varying only slightly over distances of the order of the mean free path), f may be
sought as the sum

f = folp, x) + 8f (p, 6, x),

\.vhere of is a small correction to the local-equilibrium distribution function fo and is
linear in the gradients of ¢ and T. In turn, we seek 8f in the form

8f =cos 6. g(p, x). (11.2)

LSRN
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where g is a function of p and x only. In substituting in (11.1), it is sufficient to
retain the f, term on the left-hand side; in the collision integral, the f, term
disappears:

C(f)=gNyw f F(p, a)(cos 6’ —cos ) do;

the function g, which is independent of the angles, has been taken outside the
integral.

This integral may be simplified as follows. We take the direction of the momen-
tum p as the polar axis for the measurement of angles. Let ¢ and ¢’ be the
azimuths of the x-axis and the momentum p’ relative to this polar axis. Then

€os 8’ = cos 6 cos a +sin 0 sin a cos(p — ¢').

The solid-angle element do' = sin a dad¢’, since o is the polar angle for the
momentum p'. The integral of the term in cos(¢ —¢') gives zero from the in-
tegration over d¢’. The result is

C(f) = — Naoy(p)vg cos 8 = — Nyot (p)véf, (11.3)
where

o(p)=2m I F(p, a)(1—cos a) sin a da

=f(1—cosa)da (11.4)

is called the transport cross-section for collisions.
From (11.1), we now find

1 &
g(p,x)=~m£. (1L.5)

The diffusion flux i s, by definition, the flux of molecules of one component of
the mixture (in this case, the light component). It is calculated from the distribution
function as the integral

i=[fvr13p, (11.6)

or, since the vector i is along the x-axis,

i=J'cos 0.fv(13p=fcosze.gvd’p; (1L.7)
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the fo term disappears on integration over angles. Substitution of (11.5) gives

. fov cos? 9
= N,axf o) 4P

— 1 f ov
3Nﬂ aX ;
This expression may be written
L
i=- 3—1\7 P 9 (Nyolon},

where the averaging is over the Maxwellian distribution. Lastly, we use the
concentration ¢ = N}/N = N,/N, (since by hypothesis N,> N)), and replace N,
approximately by N = P/T. The pressure being constant, we find the result

3T - {C (v/m)}

- —%<v/u.>§—§—§ or =3 o | 5. (L)

This is to be compared with the phenomenological expression for the diffusion
flux,
kr

i=—ND(Vc+TVT) (11.9)

which defines the diffusion cocfficient D and the thermal diffusion ratio k;; the
product Dy = Dk; is the thermal diffusion coefficient (see FM, §58).1 Thus we find

D = (T3P )Xvloy). (11.10)
ky =T ?Tlog(v{;r') (1L.11)

In diffusion equilibrium in a non-uniformly heated gas, a concentration dis-
tribution is set up in which the diffusion flux i=0. Equating to a constant the
expression in the braces in (11.8), we obtain

¢ = constant X (11.12)

_T_
(vlor)

Assuming that the cross-section oy is independent of .the velocity, and noting that
)~ (Tym)'"?, we find that, in diffusion equilibrium of a mixture with a low

1The phenomenon of thermal diffusion was predicted by Enskog (1911) for precisely this model of a
£as mixture.
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concentration of the light gas, that concentration is proportional to VT, i.e. the
light gas is concentrated in the regions where the temperature is high.
The diffusion coeficient is, in order of magnitude,

D ~ #l, (11.13)

where © is the mean thermal speed of the light-gas molecules and [ ~ 1/No the
mean free path. There is a well-known elementary derivation of this formula. The
number of molecules of gas 1 passing across unit area perpendicular to the x-axis
from left to right per unit time is equal in order of magnitude to the product N7,
where the density N, must be taken at a distance [ to thc left of the area, i.e. at the
points from which the molecules reach that area without undergoing collisions. We
similarly find the number of molecules crossing the same area from right to left,
and the difference between the two numbers gives the diffusion flux:

i~Ni(x—1t—N(x+1v~—1vdN,/dx,

which gives (11.13).1

§ 12. Diffusion of a heavy gas in a light gas

Let us now consider the opposite limiting case, where the concentration of the
heavy gas in the mixture is small. In this case, the diffusion coefficient may be
calculated indirectly without using the transport equation, by finding the mobility
of the heavy-gas particles, regarding this gas as being in an external field. The
mobility b is related to the diffusion coefficient of the same particles by the familiar
Einstein’s relation

D =bT; (12.1

see FM, §59. y

The mobility is, by definition, the proportionality coefficient between the mean
velocity V acquired by a gas particle in the external field, and the force f exerted on
the particle by the field:

V = bf. (12.2)

The velocity V is determined from the condition that the force f balances the
resistance f, exerted on the moving heavy particle by the light particles; collisions
between heavy particles may be neglected, because there are relatively few of

tDiffusion, thermal conduction and viscosity are brought about by the same mechanism, namely direct
molecular transport. The thermal conduction may be regarded as a “diffusion of energy” and the
viscosity as a “diffusion of momentum”. We may therefore assert that the diffusion coefficient D, the
thermometric conductivity x = x/Nc, and the kinematic viscosity v = n/Nm are of the same order of
magnitude; this leads to the formulae (7.10) for the thermal conductivity and (8.11) for the viscosity.
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them. The distribution function of the light particles is Maxwellian:

_ N, mv?
fo—(Z’le|T)]lzexp - 2T )s

where m, is the mass of a light particle.

Let us consider one particular heavy particle with velocity V, and take coor-
dinates moving with that particle; let v denote the velocities of the light particles in
these coordinates. The distribution function of the light particles in these coor-
dinates is fo(v+ V); cf. (6.9). Assuming that V is small, we can write

fo(v+V)%fg(v)(l -m.v.V/T) (123)

The required resistance f, can be calculated as the total momentum transferred to
the heavy particle by light particles colliding with it per unit time. The frame of
reference is unchanged in a collision. The light particle carries momentum m,v;
after the collision, in which its momentum is turned through an angle a, it carries
away an average momentum m,v cos a. The average momentum transferred to the
heavy particle in such a collision is therefore mv(l1 — cos a). Multiplying this by the
flux of light particles with velocity v and by the cross-section do for such a
collision, and integrating, we obtain the total momentum transferred to the heavy
particle:

f,=m J-fo(v+V)vvm d’p,

again with the notation (11.4). When fy(v + V) is substituted in the form (12.3), the
first term gives zero in the integration over directions of v, leaving

nm

2
I, = —TJ-fo(L‘)V .vvoo d’p,

or, averaging over directions of v,
mlz 3 43
f, = 3T v J-fo(v)mv d’p
my 3
= ﬂNl 3T V(U[U )’

w.here the angle brackets again denote averaging over the ordinary Maxwellian
distribution. Lastly, since in this case N, > N3, we write N;= N = P/T, so that

m12P

=3

(O’[UJ)V.

Equating to zero the sum of the resistance f, and the external force f, we find from
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(12.2) the mobility b, and thence the diffusion coefficient
D =bT =3T*m?P{on’). (12.4)

To calculate the thermal diffusion in this case, it would be necessary to know the
distribution function of the light-gas particles in the presence of a temperature
gradient. The thermal diffusion coefficient therefore cannot be calculated in a general
form here.

In order of magnitude D ~ &/No, where v ~ V(T/m)) is, as in (11.13), the mean
thermal speed of the light-gas molecules. Thus the order of magnitude of the
diffusion coefficient is the same in each case:

D ~ T*?/gPm,"?, (12.5)

PROBLEM

Determine the diffusion coefficient in a mixture of two gases (one light and one heavy), regarding their
particles as hard elastic spheres with diameters dy and da.

SoLuTiON. The collision cross-section do = a(d; + d2)” dof 1671, and so the transport cross-section
o0 = im(di + ), equal in this case to the total cross-section ¢. The diffusion coefficient is

D= AT|(dy + d2) Pmy?,

where m; is the mass of a light particle and A is a numerical factor. When the concentration of the light
gas is small, a calculation from (11.10) gives

A =327y =0.68.
When the concentration of the heavy gas is small, (12.4) gives
A=32V(@2m)=06.

Note that the values of A in the two limiting cases are almost equal.

§13. Transport phenomena in a gas in an external field

The rotational degrees of freedom of molecules provide the mechanism whereby
an external magnetic or electric field can affect transport phenomena in a gas.t The
effect is of the same nature in the magnetic and electric cases; we shall first discuss
a gas in a magnetic field.

A rotating molecule has in general a magnetic moment, whose average value (in
the quantum-mechanical sense) will be denoted by p. The magnetic field will be
assumed so weak that uB is small in comparison with the intervals in the fine
structure of molecular levels.t We can then neglect the influence of the field on the

tThis mechanism was pointed out by Yu. M. Kagan and L.. A. Maksimov (1961), who also derived 1he
results given in this section.

tIn macroscopic electrodynamics, the mean value (over physically infinitesimal volumes) of the
magnetic field is called the magnetic induction and denoted by B. When the density of the medium is
low, as in a gas, the magnetization is negligible, and the vector B then coincides with the macroscopic
field H.
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state of the molecule, so that the magnetic moment is calculated for the un-
perturbed state. For fairly high temperatures, the case we shall consider, uB is
¢mall in comparison with T also: this enables us to neglect the influence of the field
on the equilibrium distribution function of the gas molecules.

The magnetic moment is parallel to the rotational angular momentum M of the
molecule, and may be written

p=yM. (13.1)

Classical rotation of the molecule corresponds to large rotationgl quantum num-
bers; we can then neglect in M the difference between the total angular momentum
(including spin) and the rotational angular momentum. The value of the constant
coefficient v depends on the nature of the molecule and the nature of its magnetic
moment. For example, with a diatomic molecule having non-zero spin S,

vy = (20/M)us, (13.2)

where pp is the Bohr magneton, and the number o =J—K 1is the difference
between the quantum numbers J of the total angular momentum and K of the
rotational angular momentum (o takes the values S, S—1,...,—S); in the
denominator, the difference between J and K is not significant: M =~ hJ = #K. In
(13.2) it is assumed that the spin-axis interaction in the molecule is small in
comparison with the intervals in the rotational structure of the levels (Hund’s case
b).t

In a magnetic field B, the molecule is subjected to a torque g X B. The vector M
is then no longer constant during the “free” motion of the molecule, but varies
according to

dM/dt = p X B = — yB X M: (13.3)

the vector M precesses about the direction of the field with angular velocity — yB.
The left-hand side of the transport equation thus has an added term (8ff6M) . M,
and the equation becomes

Q‘[- ._a—f- .a_fz
VSl EyMxB o= C(f). (13.4)

The variables I' on which the distribution function depends must also include the
discrete variable o, which determines the value of the magnetic moment, if there is
such a variable, as in (13.2).

In problems of thermal conduction and viscosity, we again take a distribution
close to the equilibrium one, and express it as

f=f(l+x/T). (13.5)

tFormula (13.2) follows from the exact formula for case b, derived in QM, § 113, Problem 3, on taking
the limit of large J and K with a fixed difference J — K. The contribution of the orbital angular
momentum A is then negligible, being of the next order of smallness in 1/J.
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We shall first show that a term in 3fo/dM does not occur in the transport equation.
Since f, depends only on the energy e(I') of the molecule, and 3e/dM is equal to the
angular velocity €}, we have

yMXB. 3fo/ M = yM X B . Q af,/de. (13.6)

For molecules of the rotator and spherical-top types, M and Q are parallel, and the
expression (13.6) is zero identically. In other cases, it becomes zero after averaging
over the rapidly varying phases, the necessity for which has been explained in § 1.
When molecules of the symmetrical-top or asymmetrical-top type rotate, there is a
rapid variation both of the direction of the axes of the molecule itself and of that of
its angular velocity . After the averaging mentioned, Q can retain only the
component Qy along the constant vector M, and for this component the product
M.BX!)M =0

The remaining terms in the transport equation are transformed in the same way
as in §7 or §8. For instance, in the thermal conduction problem we find the
equation

—-—Le(r);cTv.VTz—nyB-:—l’\(,[H(x). (13.7)

The solution of this equation is again to be sought in the form y = g. VT, but there
are now three vectors v, M, B, not two, available to construct the vector function
g(I'). The external field creates a distinctive direction in the gas. The process of
thermal conductior therefore becomes anisotropic, and the scalar coefficient k has
to be replaced by . thermal conductivity tensor k.s, Which determines the heat flux
by

Ga = — Kag aTlaxp. (13.8)

The tensor kg 1s calculated from the distribution function as the integral

as == [ focvag T’ (13.9)

cf. (7.5).
The general form of a tensor of rank two depending on the vector B is

Kag = KBgp + k1babp + K245,y (13.10)

where b= B/B, e, is the antisymmetric unit tensor, and k, ki, kz are scalars
depending on the field strength B. The tensor (13.10) obviously has the property?

Kap(B) = Kga(—B). (13.11)

+This property expresses the symmetry of the kinetic coefficients in the presence of a magnetic field.
In the present case. it necessarily follows from the existence of only the one vector b from which the
tensor k.g €an be constructed.
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The expression (13.10) corresponds to the heat flux
q=—kVT —kb(b.VT)~ «,VT X b. (13.12)

The last term is what is called an odd effect, changing sign with the field.

The integral term I(y) on the right of (13.7) is given by (6.5). The integrand
contains the function fo, which is proportional to the gas density N. Separating this
factor and dividing both sides of the equation by it, we find that N appears only in
the combinations B/N with the field and VT/N with the temperature gradient. It is
therefore clear that the function fox = fog. VT will depend on the parameters N
and B only through the ratio B/N; the integrals (13.9) will also depend only on this
quantity, and therefore so will the coefficients k, ky, k; in (13.12). The density N is
proportional (at a given temperature) to the gas pressure P. Thus the thermal
conductivity of a gas in a magnetic field depends on the field and the pressure only
through the ratio B/P.t

When B increases, the first term on the right of (13.7) increases, but the second
term is unchanged. It is therefore clear that as B — =« the solution of the equation must
be a function depending only on the direction (not the magnitude) of the field, and
this function must make identically zero the term M xB. ax/oM in the equation:
accordingly, the coefficients «, ki, k; tend to constant limits independent of B, as
B0,

The treatment of the viscosity of a gas in a magnetic field is similar. The
corresponding transport equation is

e — IO — X
. SnB)VaB 160 = yM>B 215 (13.13)

(mUﬂUB -

cf. (6.19). The solution is to be sought in the form x = g.s V. Instead of the two
viscosity coefficients n and {, we must now use a tensor 7., of rank four which
determines the viscous stress tensor

Tap = Mapys Voss (13.14)

by definition, the tensor mM.p, 18 symmetric in the pairs of suffixes a, § and v, &.
With the known function , its components are calculated as

Tapys = = J- mu,vafogys dl. (13.15)

The viscosity tensor thus found will necessarily satisfy the condition

Napys(B) = Nysap(— B), (13.16)

which expresses the symmetry of the kinetic coefficients.
With the vector b = B/B (and the unit tensors 8,5 and e.s,), we can construct the

1The change in the thermal conductivity of a gas in a magnetic field is called the Senfileben effect.
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following independent tensor combinations having the symmetry properties of
naB'yB:

(1) 80,055 + BatBoy

(2) ugbys,

(3) Baybgbs + 8ybabs + Basbgby + Sgsbaby,
(4) 8aBb'yb8 + SbeabB; (13.17)
(S) babgb,bs,

(6) bayBgs + bayBas + basBay + sy,

(7) baybabs + bpybebs + basbeb, + bgsbob,,

where bag = — bga = €ugyb,. In all these combinations except (4), the property (13.16)
follows automatically from the symmetry with respect to the pairs of suffixes a, 8
and v,8; in (4), the two terms are combined in order to satisfy the condition
(13.16).1

In accordance with the number of tensors (13.17), a gas in a magnetic field in
general has seven independent viscosity coefficients. These may be defined as the
cocfficients in the following expression for the viscous stress tensor:

0lp =21 (Vg — 380p div V) + £8,5 div V
+104(2Vag — 8ag div V + 8,5V 5b,bs ~ 2V b, by
~2Vp,bobo + bbg div V + babg Vb, bs)
+ 21 Vaybybg + Vg bibe — 2bobgV 5b,by)
+ 03 Vaybpy + Viybay = Visbaybsbs — V,sbgybabs)
+ 20 Vyobaybgbs + V,5bp,babs) + {1(8ag Vysbybs + bobg div VY, (13.18)

V.g is defined in (6.12). This is so constructed that m, 1,. - ., 74 are coefficients of
tensors which give zero on contraction with respect to the suffixes a, 8; £ and ¢,
are cocfficients of tensors with non-zero trace, and may be called second viscosity
coefficients. Note that they contain not only the scalar div V but also V. sb,bs. The
first two terms in (13.18) correspond to the usual expression for the stress tensor,
so that i and { are the ordinary viscosity coefficients.

The tensors ka.g and nag,; must be true tensors, since they satisfy the condition of
symmetry under inversion. The abandonment of this condition (for a gas of
stereoisomeric material) would therefore not lead to the presence of any new
terms.

Such abandonment would, however, bring about new effects, with a heat flux gV’
due to the velocity gradients and viscous stresses o"™ due to the temperature
gradient. These cross-effects are described by the formulae

Gy = CrapVaps  Oaf” = — Oap., 0T/ 3x,, (13.19)

t1t is unnecessary to write down combinations of terms with two factors beg: since the product of two
tensors e.s, reduces to products of tensors 8. such combinations would reduce to those already
included in (13.17).
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where Cyqp and a.g , are tensors of rank three symmetric in the pair of suffixes
separated by the comma. With %, and X, chosen as in §9, the kinetic coefficients
v and oo are Tc,qs and T?agg,. Onsager’s principle thus shows that in the
presence of a magnetic field we must have

Taaﬁ. 'y(B) = C'y. aB(— B) (13.20)
The general form of such tensors is
Oop,y = O1bobeb, + azb 8.5 + A3(babgy + bpbay) + as(ba,bg + bg,b.). (13.21)

All the terms here are pseudotensors, and so the relations (13.19) with these
coefficients are not invariant under inversion.

Let us now briefly consider transport phenomena in a gas in an electric field. We
take a gas consisting of polar molecules (i.e. having a dipole moment d) of the
symmetrical-top type. In an electric field, a polar molecule is acted on by a torque
d x E, so that the transport equation contains a term

M. offoM=d xE. af/oM.

The direction of d is along the axis of the molecule and is unrelated to that of the
rotational angular momentum M. However, as a result of averaging with respect to
the rapid precession of the top’s axis about the direction of the constant vector M,
there remains in the above term only the component d along M, and it becomes

yM X E. af| oM. (13.22)

where vy = od/M; the variable o (the cosine of the angle between d and M) now
takes a continuous series of values from —1 to +1. The expression (13.22) differs
from the corresponding term in the magnetic case only in that B is replaced by E.
Thus all the above transport equations and the conclusions drawn from them remain
valid.t

There is, however, a difference arising from the fact that the electric tield E is « true
vector, not a pscudovector, and is unaffected by time reversal. For this reason,
Onsager’s principle for the thermal conductivity and viscosity tensors is here
expressed by

K--B(E) = Kga (E), nuByB(E) = T]y&.p(E), (13.23)

instead of (13.11) and (13.16). Correspondingly, k= 0 and 13 = 5, =0in (13.10) and
(13.18) (where now b = E/E).% On the other hand, cross-effects are possible not only
in a stereoisomeric gas, for which (13.21) is fully valid, but also in a gas of non-
stereoisomeric molecules: the expression (13.21) with a,=0 is then a true tensor.

tDiatomic molecules rotate in a plane perpendicular to M: hence o = 0 for a diatomsc polar molecule.
In such a case the effect of the electric field on the motion of the molecules appears in the transport
equation only in the quadratic approximation with respect to the field.

$In a gas of non-stereoisomeric molecules, the absence of the terms 1n k-~ 3. 7« in an electric field is
also required by the condition of invariance under inversion.
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§ 14. Phenomena in slightly rarefied gases

The dynamical equations of motion of a gas, including thermal conduction and
internal friction, contain the heat flux ¢' (the dissipative part of the energy flux q)
and the viscous stress tensor o, (the dissipative part of the momentum flux Il).
These equations acquire real meaning when q' and olg have been expressed in
terms of the temperature and velocity gradients in the gas. However, the usual
expressions linear in these gradients are just the first terms of expansions in powers
of the small ratio I/ of the mean free path to the characteristic dimensions of the
problem (called the Knudsen number K). If this ratio is not very small, it may be
reasonable to make corrections based on the terms of the next order of smallness in
I/L. Such corrections arise both in the equations of motion themselves and in the
boundary conditions on these equations at the surfaces of bodies in the gas flow.

The successive terms in the expansions of the fluxes ¢’ and os are expressed
by means of the spatial derivatives of temperature, pressure and velocity, of
various orders and raised to various powers. These terms must in principle be
calculated by going to ‘further approximations in the solution of the transport
equation. The zero-order approximation corresponds to the local-equilibrium dis-
tribution function f, and the dynamical equations of an ideal fluid. The first-order
approximation corresponds to the distribution function f = fo(14- x'/T) considered
in §§6-8, and the Navier-Stokes equations of fluid dynamics,and the equation of
thermal conduction. In the second-order approximation, the distribution function is
to be sought in the form

f=f0[l+%x“’+%x‘2'] (14.1)

and the transport equation is to be linearized with respect to the second-order
correction x™?. The resulting equation is

T (o )fo_X_m T3
fo(at+v'v T Yhal

1
—TZJ- Wlfﬁl[X“)Ile’—X(”Xl“)] drl dF' dI“f :%I(XQ))’ (142)

where I is again the linear integral operator (6.5). The symbol do/dt signifies that the
time derivatives of macroscopic quantities which appear as a result of differentiat-
ing fox™IT are to be expressed in terms of spatial derivatives by means of the
zero-order equations of fluid dynamics (Euler’s equations). The symbol 8,/dt
signifies that the time derivatives are to be eliminated by means of the first-order
terms in the Navier-Stokes equations and the equation of thermal conduction (the
terms containing 7, { and k).

We shall not write out all the numerous terms in q' and o.g that arise in the
second approximation and are called Burnett terms (D. Burnett, 1935). In many
cases these terms make a contribution to the solution that is small in comparison
with the corrections in the boundary conditions, to be discussed below. In such
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cases, the inclusion of corrections in the equations themselves would be an
unjustifiable exaggeration of the attainable accuracy. We shall merely consider
some typical correction terms and make estimates of them for motions of various
kinds.

First of all, let us note that the small parameter K = I/L is related in a certain way
to two parameters which describe the fluid motion, namely the Reynolds number R
and the Mach number M. The Reynolds number is defined as R ~ VL/v, where V is
the characteristic scale of velocity of the flow and v the kinematic viscosity; the
Mach number M~ V/u, where u is the speed of sound. In a gas, the order of
magnitude of the speed of sound is the same as the mean thermal speed ¢ of the
molecules, and the kinematic viscosity v ~ I&. Hence R ~ VL/IE, M~ V/i and the
Knudsen number

K ~M/R. (14.3)

Hence it is clear that the condition K <1 for the flow to be governed by the linear
equations of fluid dynamics imposes a limitation on the relative order of magnitude
of R and M. Let us first consider “slow’ motions, with

R=<1, M<l. (14.4)

Let us take any of the Burnett terms in the viscous stress tensor containing the
product of two first derivatives of the velocity, for instance

2 BVa BV .
Lo —ﬁaxy, (14.5)
the coefficient pl° (where p is the gas density) is an order-of-magnitude estimate.
This term gives a contribution o ~ pI? VL to o.s. The order of magnitude of the
principal (Navier—Stokes) terms in the viscous stresses is

"~ aViax ~ ple VIL,
and the ratio

a?/g® ~1VILF ~I'R/L%.

Since R 1, we see that the terms (14.5) give a correction to the viscous stresses
whose relative order is S(I/L)?; the correction in the boundary conditions (see below)
gives much larger corrections (~I/L) to the motion.

The corrections are even smaller that arise from terms of the formf

pl* aT oT

m2l ax, dxg’ (14.6)

if the temperature gradients are those which result from the motion itself; this
follows because the characteristic temperature differences AT ~ TVu? If,

tTerms of this kind in the viscous stresses were first discussed by Maxwell (1879).
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however, temperature differences are imposed from outside (e.g. by heated bodies
immersed in the gas), the Burnett terms of the form (14.6) may cause a steady
motion with characteristic velocities determined by the equilibrium equation

PSR N
BXB ((TQB + G“B) axa.

An estimate of the speed of this motion is
V ~ AT ILmiT? (14.7)

(M. N. Kogan, V. S. Galkin and O. G. Fridlender 1970). In making the estimate, it
must be remembered that the Laplacian of the temperature can be expressed, by
means of the thermal conduction equation div (kVT) =0, in terms of the square of
the temperature gradient, and that the motion is caused only by the non-potential
part do'B/ax; of the force; the potential part is balanced by the pressure.

Similar considerations apply to the correction terms in the heat flux ¢'. It is
impossible to construct a second-order correction term from the derivatives of the
temperature alone; the first such correction term (after —«kVT) is constant X VAT
(where A is the Laplacian operator), and thus is of the third order. The terms which
include velocity derivatives as well as temperature derivatives, such as

(p’/m)divV . VT,

again give corrections of relative order 1*/L%
Let us now go on to “fast” motions, with

R>»1|, M=l (14.8)

In such cases, the gas motion takes place in two regions: the main volume, where
the viscous terms in the equations of motion are unimportant, and a thin boundary
layer, in which the gas velocity decreases rapidly.

Let us consider, for example, the flow of gas past a flat plate, taking the direction
of flow as the x-axis. The thickness & of the boundary layer on the plate is

8 ~ (xv] V)2~ (x15/ V)'2,

where x is the distance from the leading edge; see FM, §39. The characteristic
dimension for the variation of the velocity in the x-direction is given by the
coordinate x itself, and that in the y-direction, perpendicular to the plate, is given
by the thickness & of the boundary layer. Here, by the equation of continuity,
V, ~ V,8/x. The principal term in the Navier—Stokes viscous stress tensor is

Oxy ~pvaV,/dy ~pilV/8.

Among the Burnett terms in o}, however, there is none containing (3V,/dy)?; it is
easily seen that the derivatives aV./dxz do not yield a tensor of rank two quadratic
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in them whose xy-component contains that square. The largest terms in % can
only be those of the form

pl?(aV/dy) div V ~ pI*V?x8.

Their ratio to o) is /o™ ~ 1V/x5 ~ (I/8)?, which is again of the second order.

We shall now show that the correction terms in the conditions at gas-solid
boundaries yield effects of the first order in /L. It follows that appreciable
consequences of the rarefaction of the gas occur near solid surfaces.

In non-rarefied gases, the boundary condition at the surface of a solid is that the
temperatures of the gas and the solid are equal. In reality, however, this is an
approximate condition, and applies only if the mean free path may be regarded as
infinitesimal. When the finite mean free path at the surface of contact between a
solid and a non-uniformly heated gas is taken into account, there is a difference of
temperatures, which falls to zero, in general, only when there is complete thermal
equilibrium and the gas temperature is constant.t

Near a solid surface (at distances from it that are small, but not too small), the
temperature gradient of the gas may be assumed constant, so that the temperature
varies linearly with the distance. In the immediate neighbourhood of the wall,
however, at distances ~I, the temperature variation is in general more complex and
its gradient is not constant. The continuous curve in Fig. 1 shows the approximate
form of the gas temperature near the surface.

However, this true form of the temperature in the vicinity of the wall, which
relates to distances comparable with the mean free path, is not important when
considering the temperature distribution throughout the gas. As regards the tem-
perature distribution near a solid wall, we are mainly concerned with only the
straight part of the curve in Fig. |, which extends to distances large compared with

/|

78T
!

g

Y

FG. 1.

tIn referring to the temperature of a gas in regions whose size is of the order of the mean free path, it
is necessary, strictly speaking, to define what is meant by temperature. In the present case it will be
defined in terms of the mean energy of the molecules at a given point in the gas, the function which
determines the temperature from that mean energy being taken as the same as for large volumes of gas.
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the mean free path. The equation of this straight line is determined by its slope and
by the intercept on the ordinate axis. We are thus concerned not with the actual
discontinuity of temperature at the wall, but with the discontinuity that results
when the temperature gradient is assumed constant near the wall at all distances
down to zero, as shown by the broken line in Fig. 1. Let 8T denote this
extrapolated temperature discontinuity, defined as the gas temperature minus the
wall temperature (the latter being arbitrarily taken as zero in Fig. 1).

When the temperature gradient is zero, so is the discontinuity 8T. Hence, for
fairly small temperature gradients,

8T = gaTlon; (14.9)

the derivative is taken along the normal to the surface into the gas. The coefficient
g may be called the temperature discontinuity coefficient. If the gas temperature
increases into the volume (8T/an >0), we must also have 8T >0, and so the
coefficient g is positive.

Similar effects occur at the boundary between a solid wall and a moving gas.
Instead of “*sticking” completely to the surface, a rarefied gas maintains a small but
finite velocity near it, and slips along the surface. As in (14.9), we have as the speed
of slip

vo=£9V/on, (14.10)

where V, is the tangential component of the gas velocity near the wall. Like g, the
slip coefficient ¢ is positive. The same comments apply to vy as were made
regarding the temperature discontinuity 8T given by (14.9). This speed is, strictly
speaking, not the actual speed of the gas at the wall itself, but the speed
extrapolated on the assumption of a constant gradient dV,/on in the layer of gas
along the wall.

The coefficients g and £ have the dimensions of length, and are of the same order
of magnitude as the mean free path:

g~ £€~1 (14.11)

The temperature discontinuity and the slip speed themselves are consequently
quantities of the first order in I/L. To calculate the coefficients g and &, it would be
necessary to solve the transport equation for the distribution function of the gas
molecules near the surface. This equation would have to take account of collisions
between the gas molecules and the wall, and it would therefore be necessary to
know the law governing their scattering in such collisions.

If the broken line in Fig. 1 is continued to intersect the abscissa axis, it makes an
intercept of length g. Thus we can say that the temperature distribution in the
presence of a temperature discontinuity is the same as if there were no dis-
continuity but the wall were moved back a distance g. The same applies to the slip,
with the wall moved back a distance & Of course, with these changes only the
first-order terms in g or £ should be retained in the solutions of problems in fluid
mechanics. Since taking account of the temperature or velocity discontinuities is



§14 Phenomena in Slightly Rarefied Gases 53

equivalent to moving the boundaries by distances of the order of I, the resulting
corrections in the solutions are of the order of 1d/dx ~ I/L, i.e. of the first order in
/L.

As well as the above corrections to the boundary conditions, there are other
effects of the same order in I/L, which in many instances are more important, since
some qualitatively new phenomena occur.

One of these is a movement of gas near a non-uniformly heated solid surface,
called thermal slip. It bears some analogy to thermal diffusion in a mixture of gases.
Just as, in the presence of a temperature gradient in a gas mixture, collisions with
molecules of the other gas create a flux of particles, so in this case a flux results
from collisions with the non-uniformly heated wall by molecules in a thin layer of
gas at the wall, whose thickness ~1

Let V, denote the tangential velocity acquired by the gas near the wall as a result
of thermal slip, and V,T the tangential component of the temperature gradient. In
the first approximation, we can suppose that V, is proportional to V,T, i.e. for an
isotropic surface

V,=puV,T. (14.12)

The coeflicient p must be proportional to the mean free path, since it i1s due to
particles in a gas layer of that thickness. Then clearly, from dimensional arguments,
u ~ I/mo. Expressing the mean free path in terms of the collision cross-section and
the gas density, we have | ~ |/[No ~ T/oP, and, finally,

- T
p \/m. (14.13)

The sign of p is not determined by thermodynamic requirements; experimental
results show that usually g >0.

One further first-order effect is the presence in a moving gas of an additional
surface heat flux (i.e. restricted to a layer at the wall with thickness ~1) qlur,
proportional to the normal gradient of the tangential velocity:

q'surf = (Pavl/an, (14. 14)

with the dimensions energy/length X time.

The coefficients i and ¢ are connected by a relation which follows from
Onsager s principle. To derive this, let us consider the ‘“‘surface™ part of the rate of
increase of entropy S, due to the motion of the gas at the wall and taken per unit
area of the wall surface. This quantity consists of two parts. The presence of the
heat flux g, contributes — T 2ql,+. V T; cf. the corresponding expression for the rate of
increase of entropy due to a bulk heat flux (FM, §49; SP 2, §88). Secondly, the wall
Past which the gas is flowing is subject to a frictional force —1d V,/dn perunit area. The
¢energy dissipated per unit time is equal to the work done by this force, —nd Vi /an . V,,
End division by T gives the contribution to the rate of increase of entropy. ['hus we

ave

- 1 1 Al
S\url’ T’ qud VT — T T)V, n'. (1415)
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We now take as the X, in the general statement of Onsager’s principle (§9), the
vectors

1 BV,

1
Xl =?ZV;T, X2=7;‘a—n.

A comparison of (14.15) with the expressions (9.3) shows that the corresponding
quantities X, are the vectors

iI = q;url'i i2 = 'nvl

The “‘equations of motion” (9.1) are the relations (14.12) and (14.14); writing these
as

= TpX:, = TIIJ-TZXh
we obtain the required relation

¢ =Tnu (14.16)

(L. Waldmann 1967).

PROBLEMS

Prosr.EM 1. Two vesscls containing a gas at different temperatures Ty and T: are connected by a
long tube. As a result of thermal slip, a pressure difference is established between the gases in the two
vessels (the thermo-mechanical effect). Determine this difference.

SoLu110N. The boundary condition at the surface of the tube for Poiseuille flow under the influence
of the pressure and temperature gradients, with allowance for thermal slip, is v = pdT/dx at r=R
(where R 1s the tube radius and the x-axis is along the length of the tube). We find in the usual way (see
FM, §17) the velocity distribution over the tube cross-section:

e VAP pe o, AT
v= 411dx(R r)+pdx.

The mass of gas flowing through a cross-section of the wbe per unit time is
T
- (1)
dx
where p is the gas density. In mechanical equilibrium Q =0, whence

dP _8qyp dT

dx R® dx’
Integration over the whole length of the tube gives the pressure difference:
P2~ Py = (89p/R})(T2— Th)

(if T:— T\ is fairly small, n and p may be taken as constants). An estimate of the order of magnitude of
the effect by means of (14.13) and (8.11) gives

SPIP ~ (I*IRM)STIT.
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The velocity distribution over the tube cross-section when Q = 0 is

2r dT
v= M(‘E[—I)F;.

The gas flows along the walls in the direction of the temperawre gradient (v > 0), and near the axis of
the tube it flows in the opposite direction (v <0).

PROBLEM 2. Two tubes of length L and different radii (Ry<R:) are joined at their ends; the
junctions are maintained at different temperatures (72> T), the difference being small. As a result of
thermal slip, a circulatory motion of gas is established in the tubes. Find the total gas flow through the
tube cross-sections.

SOLUTION. Dividing (1) in Problem 1 by R* and integrating along a closed contour formed by the two
tubes, we have

» R°RY
Q = B’{‘—F(Tz - Tl)(Rzz -~ Ry) E:ITR—IJ

The flow takes place in the direction shown in Fig. 2.

h

A
FiG. 2.

PrOBLEM 3. Determine the force F acting on a sphere of radius R immersed in a gas where a
constant temperature gradient VT = A is maintained.
SoLUTION. The temperature distribution within the sphere is given by

3ks
T= P Arcos 8,

where «; and x: arc the thermal conductivities of the sphere and the gas; r and 6 are spherical polar
coordinates with the origin at the centrc of the sphere and the polar axis along A (see FM, § 50, Problem
2). Hence we find for the temperature gradient along the surface of the sphere

1aT Ika .
o2 6.
R a8 x|+2szsm

The laminar flow of the gas resulting from the thermal slip is determined only by the one vector A
_The corresponding solution of the Navicr—Stokes equation may therefore be sought in the same form as
in the problem of liquid flow past a sphere moving in it (see FM, §20):

b

V= -

A+n(A.n) 3n{A.n)— A
a p + rf s

where n = r/r; the additive constant in v is omitted, since we must have v = 0 as r —» x. The constants a
and b are found from the conditions

. =0, ve=(uW/R)aT/o8 at r=R;
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their values are
a = b/R* = = 3k:Rptf2( ks + 2x2).
The force on the sphere is
F=8manA :— 12anuRexVTI(k1 + 2k2).

For the surface effects considered in these Problems to be in fact small compared with the volume
cffects. the temperature must vary only slightly over the radius of the tube in Problems 1 and 2. and
over the radius of the sphere in Problem 3.

PROBLEM 4. Two vessels joined by a long tube contain gas at the same temperature and at pressures
P; and P-. Determine the heat flux betwcen the vessels which accompanies Poiseuille flow in the tube
(the mechano-caloric effect).

SOt UTION. According to (14.14) and (14.16), the heat flux along the walls of the tube is

q’ = 2Rl = 27RTop dV/[dr.
From the condition of mechanical equilibrium of the liquid in a steady flow. we have
7Ry dVldr = xR° dPldx = wR*(P:— Py)/L.
Hence, finally.

q' = aR*Tu(P:- Pp/L.

§15. Phenomena in highly rarefied gases

The phenomena discussed in § 14 are no more than correction effects associated
with higher powers of the ratio of the mean free path ! to the characteristic
dimensions L of the problem; this ratio was supposed still small. If the gas is so
rarefied, or the dimensions L are so small, that /L =1, the equations of fluid
dynamics become completely inapplicable, even with corrected boundary con-
ditions.

In the general case of any l/L, it is in principle necessary to solve the transport
equation with specified boundary conditions on solid surfaces in contact with the
gas. These conditions depend on the interaction between the gas molecules and the
surface, and relate the distribution function for particles incident on the surface to
that for particles leaving it. If this interaction amounts to scattering of molecules
without chemical transformation, ionization, or absorption by the surface, it is
described by the probability w(I”, I')dI” that a molecule with given values of T
strikes the surface and is reflected into a given range dI”; the function w is
normalized by the condition

[w(r',r') ar =1. (15.1)

With this function, the boundary condition for the distribution function f(I)
becomes

[ w(l, Dn.vf(Ddl=—n.v f(I") with n.v'>0. (15.2)
n.v<0
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The integral on the left multiplied by dI" is the number of molecules incident
on unit area of the surface per unit time and scattered into a given range dI';
the integration is taken over the range of values of I" that corresponds to molecules
moving towards the surface (n being a unit vector along the outward normal to
the surface of the body). The expression on the right of (15.2) is the number of
molecules leaving unit area of the surface per unit time. The values of I on each
side of the equation must correspond to molecules moving away from the surface.

In equilibrium, when the temperature of the gas is the same as that of the body,
the distribution function must have the Boltzmann form for both the incident and
the reflected particles. Hence it follows that the function w must satisfy identically
the equation

f w(", Dn.ve M dl=—p.v e*M, (15.3)
n.v0

which is obtained by substituting in (15.2) f(I') = constant X exp(— €/ T,), with T, the
temperature of the body.

In the general formulation described, the solution of the problem of highly
rarefied gas flow is of course very difficult. The problem can, however, be more
simply stated in the limiting case where the gas is so highly rarefied that I/L > 1.

A large class of such problems relate to situations where a considerable mass of
gas occupies a volume large compared with the dimensions L of solid bodies
immersed in the gas, and also compared with the mean free path L. Then collisions
of molecules with solid surfaces are comparatively rare, and are unimportant
relative to collisions between molecules. If the gas itself is in equilibrium, with
temperature T>, we can assume under these conditions that the equilibrium is not
destroyed by the immersed body. There may be any temperature difference
between the gas and the body. The same is true of the macroscopic velocities.

Let 7= T,— T, be the difference between the temperature of the gas and that of
some part df of the surface of the body, and V the velocity of the gas relative to the
body. For non-zero 7 and V there is heat exchange between the gas and the body,
and a force is exerted on the body by the gas. Let q be the dissipative heat flux
from the gas to the body, and let F— Pn denote the force per unit area acting along
the outward normal n at each point on the surface of the body. The second term
here is the ordinary gas pressure; F is the additional force under consideration, due
to 7 and V. The quantities g and F are functions of 7 and V, and are zero when
these are zero.

If 7 and V are sufficiently small (= with respect to the temperatures themselves of
the gas and the solid, V with respect to the thermal velocity of the gas molecules),
then g and F can be expanded in powers of 7 and V as far as the linear terms. Let
F, and V, denote the components of F and V along the normal n; F, and u, their
tangential parts, which are vectors having two independent components. Then the
€xpansions mentioned are

q=aT+BVm Fn=w+8Vm thovly (15'4)

Where a, B, v, 8, 0 are constants (or rather functions of temperature and pressure),
Characteristic of any given gas and solid material. The “scalar” quantities q and F,
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cannot, by symmetry, contain terms linear in the vector V.. For the same reason,
the expansion of the vector F, does not contain terms linear in the ‘“‘scalars” 7 and
Vo

The quantities a,8 and @ are positive. For example, if the gas temperature
exceeds the body temperature (7 >0), heat will pass from the gas to the body, and
the corresponding part of the flux g will be positive; hence a > 0. Next, the forces
F, and F; due to the gas flow relative to the body must be in the same direction as
V. and V,; hence 8 >0 and 6 >0. The sign of the coefficients B and y does not
follow from general thermodynamic considerations, although in practice they seem
to be usually positive. There is a simple relation between them which is a
consequence of the symmetry of the kinetic coefficients.

To derive this relation, we calculate the time derivative of the total entropy of
the system comprising the gas and the body in it. A quantity of heat q df is gained
by the body from the gas in unit time through each surface element df. The
increment in the entropy S, of the body is

Si=$@md,

where the integration is over the whole surface of the body.

To calculate the increase in the entropy of the gas, we take coordinates such that
the gas is at rest at the position of the body; then the velocity of each point on the
surface is —V. In order to demonstrate the required relation, we shall suppose that
the shape of the body may vary during its motion; then the velocities V of various
points on its surface are arbitrary independent variables. From the thermodynamic
relation dE = TdS — P dV, the change in the entropy of the gas per unit time 1s

Sy = (E2+ P2V T,
quantities with the suffix 2 relating to the gas. The derivative E, is, by the
conservation of the total energy of the system, minus the change in the energy of
tie body. This change is made up of the quantity of heat § qdf and the work
$— V. (F — Pn) df done on the body. Thus we find as the change in the energy of the

gas

E;= f (=q+F,V,+F, -V, ~ P;V,) df.

The change in the gas volume is equal to minus the change in the volume of the
body:

V= f V., df.
The change in the entropy of the gas is therefore

s'2=l§(—q +F,V, +F..V,) df.
T
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Adding the derivatives of S; and S, and then putting (for small 7) T, = T,= T, we
finally have as the rate of change of the total entropy of the system

§= f[‘”+FV +E-V ]df (15.5)

We take as the quantities X, X2, X3, X4 in the general formulation of Onsager’s
principle (§9) respectively q, F, and the two components of the vector F: at any
given point on the surface of the body. To find the corresponding quantities X,, we
compare (15.5) with the general expression (9.3) for the rate of change of the
entropy, and see that X,, X,, X;, X, are respectively ~4/T? —V,JT and the two
components of the vector ~V,/T at the same point. The kinetic coefficients (i.e.
those in the relations (9.1)) are

yn=aT? vu=8T, yu=vyu=0T,
=BT, ya=vT"
The symmetry yi2 = vy thus gives the required relation:
B =T (15.6)

Moreover, from the condition that the quadratic form (9.3) is positive (S > 0). we
have the inequalities a, 8, 8 > 0 already mentioned, and also the inequality

Tad > B>

To calculate the coefficients in (15.4), we need to know the specific form of the
law of scattering of gas molecules by the surface of the body, expressed by the
function w(I", I') defined above. As an example, let us derive a formula which in
principle allows a to be calculated.

The energy flux from the gas to the body is given by the integral

q= f (€ — €)uew(I”, D)f () dT dI, (15.7)

taken over the ranges v, <0, vy >0, since an amount of energy € — €' is transferred
to the wall at each collision of a molecule with the wall.

Let us transform this expression by means of the principle of detailed balancing,
according to which, in equilibrium, the number of transitions I > I in the scatter-
ing of molecules by the wall is equal to the number of transitions I"™ - I'". This
means that

w(l”, D)[ul exp(*‘T“ﬁ) = w(I™, ')} exp(“ == ); (15.8)
1 1

in equilibrium, the temperatures of the gas and the wall are equal.
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In (15.7) we rename the variables of integration: I'= ['", I"— I'". Half the sum of
the two resulting expressions gives

q =% J- (e — G')e"ITI[W(r', l")|u,|e -dTy _ w(IT, F'T)]v,'(le“"”’] drdr.

Lastly, substituting w(I'", I"") from (15.8) and then expanding the integrand in
powers of the small difference 7 = T,— T\, we find that g = a7, where
r—e)

a=#f(e—e')1|u,|w(r',r)exp(—T—)drdr' (5 <0, vl>0); (159)

the subscript is omitted from the temperature T;= T..

The distribution function for molecules scattered from the wall depends on the
specific nature of their interaction with the wall. There is suid to be complete
accommodation if the molecules reflected from each surface element of the body
have (whatever the magnitude and direction of their velocity before the impact) the
same distribution as in a beam leaving a small aperture in a vessel containing gas at
a temperature equal to that of the body. Thus, with complete accommodation, the gas
scattered by the wall reaches thermal equilibrium with it. The values of the
coefficients in (15.4) may reasonably be compared with those for complete ac-
commodation. In particular, energy exchange between the gas molecules and the
solid wall is usually described by the accommodation coefficient, defined as the
ratio alay, where ay corresponds to complete accommodation. In actual cases,
complete accommodation is not usually achieved, and the accommodation coefficient
18 less than unity.

The fact that aq is in fact the greatest possible value is easily shown as follows.
Let us view the entropy S in (15.5) somewhat differently: not as the total entropy
of the body and the gas together, but as the entropy of the body together with just
the gas molecules that reach the surface of the body in a time At. For this system,
reflection of the molecules with complete accommodation denotes a transition to a
state of complete equilibrium, and its entropy therefore takes the maximum
possible value. Accordingly, the change of entropy AS = SAt accompanying this
transition will also be a maximum.? That is, for complete accommodation the
quadratic form (9.3) must be a maximum for any given values of the X, (i.e. of 7,
V. and V,). Denoting the corresponding values of the coefficients y, by the suffix
zero, we can write this condition as

a";la 12+2(B‘7’; é) TV, + 8"; 8 V.24 0"; 8 v2so.
From this, there follow the inequalities
a>a, §>8, 6,>0, ]
(15.10)

T (o — a)(8— 8)> (Bo— B)-

tImportant points in this argument are that the body (which acts as a ‘“heat reservoir”) may be
regarded as in equilibrium throughout the process, and that the entropy of an ideal gas depends only on
the distribution law for its molecules. not on the law of interaction between them.
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Let us consider the outflow of a highly rarefied gas from a small orifice with
linear dimensions L. In the limit I/L> 1, this process is a very simple one. The
molecules will leave the vessel independently, forming a molecular beam in which
each molecule moves at the speed with which it reached the orifice. The number of
molecules leaving the orifice per unit time is equal to the number of collisions per
unit time between molecules and a surface with area s equal to that of the orifice.
The number of collisions per unit wall area is P/(2amT)'"?, where P is the gas
pressure and m the mass of a molecule; see SP 1, §39. Thus the mass of gas
leaving per unit time is

Q = sPV(m{2=T). (15.11)

If two vessels containing gas are joined by an orifice, for I < L in mechanical
equilibriumn the pressures P, and P, of the gases in the two vessels are equal,
whatever their temperatures T, and T, If 1> L, the condition of n-cchanical
equilibrium is that the numbers of molecules passing through the oiifice in each
direction are equal. By (15.11), this gives

PV T, = Py/V T (15.12)

Thus the pressures of rarefied gases in two communicating vessels will be different,
and proportional to the square roots of the temperatures (the Knudsen effect).

So far we have discussed phenomena in a large mass of highly rarcfied gas in
equilibrium by itself. Let us now briefly consider phenomena of another type,
where the gas itself is not in equilibrium, for instance in heat transfer between two
solid plates heated to different temperatures and immersed in a rarefied gas, the
distance between them being small compared with the mean free path. Molecules
moving in the space between the plates undergo almost no collisions with one
another; after reflection from one plate, they move freely until they strike the
other. When scattered by the hotter plate, the molecules gain some er<rgy from it,
and then transfer some of their energy to the cooler plate when they reach it. The
heat transfer mechanism in this case thus differs essentially from that of ordinary
conduction in a non-rarefied gas. It may be described by a heat transfer coefficient
K, defined (by analogy with the ordinary conductivity) so that

q=«x(T,—T)/L, (15.13)

where g is the amount of heat transferred per unit area of the plates per unit time,
T\ and T, the temperatures of the plates and L the distance between them. The
value of k may be estimated in order of magnitude by means of (7.10). Since
collisions between molecules are now replaced by collisions of molecules with the

plates, the mean free path I must be replaced by the distance L between the plates.
Thus

k ~ LEN ~ PLIV(mT). (15.19)

The heat transfer coefficient in a highly rarefied gas is proportional to the pressure,
In contrast to the conductivity of a non-rarefied gas, which is independent of the
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pressure. It should be emphasized, however, that « here is not a property of the gas
alone: it depends also on the specific conditions of the problem, namely the
distance L between the plates.

A similar effect is the ‘“‘viscosity” of a highly rarefied gas, which occurs, for
example, in the relative motion of two plates in it (again with L <1). The viscosity
coefficient 7 must here be defined so that

F =qV/L, (15.15)

where F is the friction force per unit area on the moving plate and V the relative
speed of the plates. Replacing the mean free path I in (8.11) by the distance L, we
have

n~miNL ~ LPV(m|T), (15.16)

i.e. the viscosity of a rarefied gas is likewise proportional to the pressure.

PROBLEMS
PrROBLEM 1. At the initial instant 1 =0, a gas occupies the half-space x <0. Neglecting collisions,
determine the density distribution at subsequent instants.
SorLuTION. If collisions are neglected, the transport equation reduces to
affar +v. affar =0,
the general solution being f = f(r - vi, v). With the given initial condition, we have
fo=fov) for ve>xf1, f=0 for v, <x1,

where fo is the Maxwellian distribution. The gas density is
N, x) =f f I, folvym’® du, duy dv,
—x J-= Jxlr

=1N0[| —4’(% \/fmf)]

2 ' o
wO=7 [, ¢ a,

and Ny is the initial density. Since collisions have been neglecied, these formulae are actually valid only
in the range |x| <1

PROBLEM 2. Determine the force acting on a sphere of radius R moving in a rarcficd gas with
velocity V.

SoLuTioN. The total resistance to the motion of the sphere is

where

F = - (4af3)VRY(5 + 26).

ProBLEM 3. Determine the specd of movement. in a rarefied gas, of a light plane disc whose sides are
heated to different temperatures Ti and Ta.

SO1LUTION. The speed V of the disc (in the direction perpendicular to its plane) is found from the
condition that the total forces acting on the two sides of zero. It moves with the cooler side forwards at a
speed given (when T2> Ti) by

V = y(T:- T)I28.
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PrOBLEM 4. Calculate the value ap of the coefficient a corresponding to complete accommodation.

SOLUTION. The amount of energy contributed per unit time by molecules colliding with unit area of
the surface of a body is f fav«e dI', where fz is the Boltzmann distribution function with the temperature
T of the gas, € is the energy of a molecule and the x-axis is perpendicular to the surface. The amount of
energy carried away by the same molecules is found (in the case of complete accommodation) simply by
replacing T2 by the temperature Ti of the body. The heat flux is

q =I(f:—h)w; dr,

the integration over v, being from 0 to =. The energy of the molecule is written as € = €im + 3mv?, where
& 18 the internal energy. The value given by calculation for each integral is

f fevr dT = p(Em+2T) = p(E +3T) = bT(c, +3),

where € = ¢.T is the mean energy of a molecule and » = P/V(2rmT) the number of molecules striking
unit area of the surface per unit time. The heat g is equal to the difference between the energies of the
molecules arriving and leaving in equal numbers, ie. for the same v. The value obtained for the
coefficient in g = a(T2— Th) is

P e+
=V @amt) (¥

the difference T2— T is assumed small, and so we put Ti=Ta=T.

PROBLEM 5. The same as Problem 4, but for the coefficients 8 and .

SOLUTION. The normal component of the momentum contributed per unit time by the molecules
striking unit area of the surfacc of the body is half the gas pressure. Expressing the pressure in terms of
v, we have

P = vV (immT).

The difference between the values of this quantity at the temperature T, and T> for the same v gives the
additional force F,. caused by the temperature difference. If T:— T\ is small, we find

yo= P/4T.

For B, in accordance with (15.6), o= P/4.

PROBLEM 6. The same as Problem 4, but for the coefficients 8 and 6.

SOLUTION. We take coordinates in which the body is at rest and the gas moves with velocity V. the
x-axis being normal to the surface and the xy-plane containing vV The distribution function in these
coordinates is

f = constant X exp{— %—% [(ve — Vi)' + (vy — Vy): + v_.I]}.
With complete accommodation, the reflected molecules have a distribution function with V=0: 7 is
assumed to be zero.

To calculate the tangential force F;, we put V; =0. The total y-component of momentum contributed
by molecules reaching the surface of the body is

f muyo.f dI'=mV, vadI‘= mvV,p,

the integration over v, being always from 0 to =. The y-component of momentum carried away by these
molecules is zero. Thus Fy, = mvVy, and so

8o=vm = P\ (m[2#T).
Now let V,#0, V, =0. As far as the first order in V. we have

f = fo+ Vi(mu,/ T)fo.
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where fo is the distribution function with V= 0. The number of molecules colliding with unit area of the
surface per unit time is

B FAPT S
v Ux V@amT) " 2T

The x-component of momentum contributed by these molecules is
f mulf dT =3P + PViV(2mfnT).

The molecules reflected from the bounding surface have the distribution function with V, =0, nor-
malized so that the integral f fo. dI' is equal to the number v of incident molecules determined above.
The x-component of momentum carried away by these molecules is

—wV@amT)=—3P =PV (7mf2T).

T'he normal force additional to the pressure is Fx = 8oV,, where
n
s=P \/Z;T—T (2+2m) =304 + 7).

PROBLEM 7. Assu ming complete accommodation, determine the temperature of a plate moving in its
own rlane with speed V in a rarefied gas.

SOLUTION. Proceeding as in Problem 4, we have for the energy contributed v(c, T2+ 3Ta+mV? ), dnd
for that carried away vTi(c. +2). Equating these gives

Ti— Ta=mVQ2cc + 1).

PrOBLEM 8. Determine the quantity of gas flowing per unit time through the cross-section of a
cylindrical tube of radius R as a result of pressure and temperature gradients. The gas is so rarefied that
the mean free path I » R.t There is complete accommodation in collisions of molecules with the tube
walls.

SOLUTION. Thc speed distribution of the molecules reflected from the wall with complete accom-
modation is v,f d" P where f is the Maxwecllian distribution function and the x-axis is perpendicular to
the surface. If 9 is the angle between the velocity of a molecule and the x-uxis, we find that the
distribution of the reflected molecules with respect to their directions of motion (whatever their speed)
is

(vl ) cos 3 do.

this function being normalized so as to give v on integration over all solid angles on one side of the
plane.

We take the z-axis along the axis of the tube, and the origin in the cross-section considered.
Molecules last reflected from various parts of the tube surface pass through this cross-section. Of those
scattered by an element df of the wall surface at a distance z, the ones that pass through the
cross-section concerned are those reflected in directions lying in the solid angle subtended by this
cross-section at the relevant point on the surface of the tube; their number is thus df. v f cos 3 do/w,
with integration over the angle range mentioned.

This integral is evidently the same for all points lying at the same distance from the cross-section
concerned. The total number of molecules passing through this cross-section per unit time is therefore
obtained by replacing df by the annular surface element 27R dz and integrating along the whole length
of the tube; multiplying also by the mass m of a molecule, we get the mass flow rate of the gas through a

cross-section of the tube:
=2mR f v(f cos & do) dz.

The number v, being a function of pressure and temperature, varies along the tube. If the lengthwise
gradients of pressure and temperature are not too great, we can write

v(z) = v(0) + z[dvldz]:~0

tGas flow of this type is called free-molecular flow.
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The integral containing v(0) is evidently zero, and so
Q =27R[dvldz];:-0 f f z cos 9 do dz.

To carry out the integration, we take coordinates r and ¢ in the plane of the cross-section considered,
r being the distance of a variable point A* from a fixed point O on the circumference of the
cross-section, and ¢ the angle between OA" and the radius of the cross-section (Fig. 3). A molecule

Zz -
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FiG. 3.

reflected from the wall at a point A on the same generator as O and then passing through A* must have a
velocity at an angle 9 to the normal to the tube surface at A such that

r cos ¢

s = .
[«oL ) v(-’:‘l’—llj
The solid-angle element may be written

do:rdrdzp z
rrzZ Ve + 2y

the area r dr dy is projected on the plane perpendicular to the line AA’, and the result is divided by the
square of the length of that line. The integration is carried over the region —%TrSLPSzTr, 0s<r=<
2R cos ¢, — o<z <, and the result is

Q = B7R’B)dvldz.
Finally, putting v = PV (2rmT). we obtain

_477R3 P> Py
Q=L V(Z”'")(Vﬁ_Vﬁ)'

where the difference in parentheses is between the values of P/V T over a length L of the tube; the
replacement of the derivative by the difference is allowable because , and therefore this derivative, are
Constant along the tube.

PROBLEM 9. Assuming complete accommodation, find the frictional force between two solid planes at
a distance apart L < {, moving at relative speed V and having temperatures Ti and Ta.

SQLUTION. Let plane 1 (at temperature Ti) be at rest, and plane 2 be moving at speed V in the
x-direction, and let the y-direction be from plane 1 to plane 2. Molecules with speeds vy >0 and vy <0

are reflected from planes 1 and 2 respectively; with complete accommodation, their distribution functions
are

f=a 2N ex (—ﬂ) for vy>0
Q2mamT)™ P\72T, or =0

f 2N, exp(— m(v~ V)

=(27-rmTJm TR ) for v, <0,
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where N, and N, are the corresponding number densities of particles; the total density N = Ni+ Na.
The condition of zero total flux in the y-direction gives

NiVT =N:VTa

A pressure P = Ni1Ti + NaTz acts on each plane, and the frictional force per unit area is

Fa=-F= me vf d’p
vy >0

= VN:V(2mTalm)
= VNVQ@mla)TiT" (T + T.'P).

If Ti=T:=T, then
Fy=-Fi= VP\V(m[2%T).

in agreement with (15.15) and (15.16).

PROBLEM 10. Assuming complete accommodation, determine the heat transfer coefficient x between
two plates with almost equal temperatures Ti and T2

SOLUTION. With complete accommodation, the molecules incident on plate 1 have an equilibrium
distribution with temperature T:. The energy flux from plate | to plate 2 is therefore g = ao(T2— Th).
Taking ao from Problem 4 and determining « from (15.13), we find

ool = (e, +)
K= o= (2mnT)(" e

in accordance with the estimate (15.14).

PrOBILEM 11. Determine the gas density on the axis behind a circular disc of radius R <, moving in
a gas with a velocity —V much greater than the mean thermal speed vr of the atoms.

SOLUTION. When V » vr, the particles reflected from the rear surface of the disc are unimportant
(except for a narrow region near that surface; see below). The problem is a matter of the “shadow” of
the disc in the incident flow. In coordinates for which the disc is at rest (and the gas is moving with
velocity V), in the absence of the disc the distribution function would be

_ No _mv— vy
fo(v)—mmcxp{ —2T }

In the prescnce of the disc, the number density of gas particles on the z-axis (Fig. 4) is
N(z)=2m f f fo(v)p® sin O d9 dp.
o Jag

where 9 is the angle between v and the z-axis, and 9o the angle subtended by the radius of the disc at
the point of observation on the z-axis (tan 8¢ = R/z; particles with 8 < 3y are cut off by the disc).
Integration, with the condition V > vr, gives

_Nof m \"r* _m _ 2 22 }
N(z)= v (27TT) J; exp{ 2T[(v V cos do) + V' sin” o] fv dv

2

= No cos do exp{— ';‘T/

sin’ 1?0}
=N z ex {_sz R? }
‘VRF )P 2T R 2

where N is the gas density far from the disc. The integration over dp is carried out with the assumption
that cos d¢> v1/V; it can be shown that this inequality is also the condition for particles reflected from
the rear face to be negligible.
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FiG. 4.

§16. Dynamical derivation of the transport equation

Although the derivation of the transport equation given in §3 is satisfactory from
the physical point of view, there is considerable interest in ascertaining how the
equation can be derived analytically from the mathematical formalism of the
theory, i.e. from the equations of motion of the gas particles. Such a derivation has
been given by N. N. Bogolyubov (1946). The value of the method lies also in the
fact that it affords a regular procedure for deriving in principle not only the
Boltzmann equation but also the corrections to it, i.e. the terms of higher orders in
the small “‘gaseousness parameter”—the ratio (d/r)’, where d is the molecular
dimension (range of action of molecular forces) and r the mean distance between
the molecules. The derivation given below relates to a monatomic gas in purely
classical terms, i.e. on the assumption that not only free motion but also collisions
of the gas particles are describable by classical mechanics.

We start from Liouville’s theorem regarding the distribution function for the gas
as a whole, as a system of N particles. This function, in 6.V-dimensional phase
space, is denoted by f“Nt, 7,7, ..., 7x), where 7, is the set of coordinates and
momentum components for the ath particle: 7, = (rs, p.). The function is assumed
normalized to unity:

J-f"‘ W T Te e 7)Y dry . dae =1, dr, = dx,dpa

The **one-particle™ distribution function which appears in the Boltzmann equation
is obtained by integrating f* over all dr, but one:

O, 1) = J- fdr,. .. dry; (16.1)

the function f" also is normalized to unity, and we shall retain the notation f
(without superscript) for the distribution function normalized to the total number of
particles: f = Nf".

It has been noted in SP 1, §3, that Liouville’s theorem arises as a consequence
of the equation of continuity in phase space which must be satisfied by the
distribution function for a closed system:

Ay A i
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With Hamilton’s equations

fo= 0H/3p., pa=—0Hldr, (16.3)
this gives
afu') N {af(-ﬂ) i 3f(‘\_) N } df(.‘\"l
a . o . =4 _ = 16.4
at +,,Z, ar, TatGp. P a0 (16.4)

where the i, =v, and p, are assumed to be expressed in terms of 7, 7:,... by
means of equations (16.3). Equation (16.4) expresses the content of Liouville’s
theorem.

We write the Hamiltonian function for a monatomic gas in the form

H=3 P, > Ulra—ri. (16.5)

a=<A\ 2m b la=N
Here it 1s assumed that there is no external field, and that the interaction between

the gas particles reduces to the sum of their pair interactions.? Equation (16.4) then
becomes

L‘A)Jr $ {i\_) _ M M}:o (16.6)
at a=1 aru ¢ 8pu b<a ar(l ’

where U, (a# b) denotes U (jr, — 1))

Let us now integrate this equation over dr, ... dry. Then, of all the terms in the
sum in (16.6), only those remain which involve differentiation with respect to p; or
ri; the integrals of the other terms are transformed into integrals over infinite
surfaces in momentum or coordinate space, and are zero. Thus we have

af (e, 7) afit, 7)) U 3f N, 71, 1)
+v - = |2
at ar; ar, d Pi

d7y, (16.7)

where f? is the two-particle distribution function normalized to unity, i.e. the
integral

2, ’fh’fz):J-f('\)d’fs---d’fv; (16.8)

the factor X in (16.7) takes account of terms that differ only in the nomenclature of
the variables of integration; strictly speaking, the number of such terms is ¥ —1,
but this is very large and may be replaced by .

Similarly, integrating (16.6) over dzs. .. d7y, we obtain

af(Z) + ) 3f(2) + af(z) 3 UlZ 8f(2) 3 U12 3f(2)
at ' oan

af® Uy of™® aUz,]
- g -7, 4 con 6.9

Nf[apl dry  dp: 0n drs, (16.9)
where f(t, 7., 75, 73) is thé three-particle distribution function.

1The latter assumption constitutes a model, but it does not affect the result in the first approximation
(which corresponds to the Boltzmann equation): in this approximation, only pair collisions of particles
occur, in which other (non-pair) interactions play no part.
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Continuing in this way, we should obtain an almost infinite (& being very large)
sequence of equations, each expressing f™ in terms of f**". All these equations
are exact in the sense that no assumption has been made in them as to the
rarefaction of the gas. To obtain a closed set of equations, the series has to be
terminated in some way by making use of the condition that the gas is rarefied. In
particular, the first approximation in this method corresponds to terminating the
series already at the first equation, (16.7), in which the two-particle function f? is
expressed approximately in terms of f. This is done by using the rarcfaction of
the gas. by means of equation (16.9).

Returning to this equation, we shall first of all show that the integral on the
right-hand side is small. The function U(r) is noticeably different from zero only
within the range of action of the forces, i.e. when r < d. Hence, in both parts of the
integral in (16.9), the integrations over coordinates are in practice on.y over the
region |rs— 1l <d or Jrn—r:=d, ie. over a volume ~ d*. Since in an iantegration
over the whole volume of the gas, ¥ ~ANF, we should have [ f®dr;=f?, we
obtain the estimate

_\ffis_’.__wu d+ ~__8U(r)i‘2)d_3
“lap er T 8 ap, 7

From this we see that the right-hand side of (16.9) is small in the ratio (d/7)’ relative
to the terms containing dU/dr on the left-hand side, and may therefore be
neglected. The terms on the left constitute the total derivative df*®/dt, in which ry,
2, P1, p2 are regarded as functions of time which satisfy the equations of motion
(16.3) with the two-body Hamiltonian

p’ Py’
HZETn‘+2—m+ U('l‘l—l'zl).

Thus we have

df(t, 7y, m)ldt = 0. (16.10)

So far, all the transformations of the equations have been purely mechanical
ones. To derive the transport equation, of course, some statistical assumption is
also necessary. This may be formulated as the statistical independence of each
pair of colliding particles, which has essentially been assumed in deriving the
transport equation in § 3 (where the collision probability was written in the form (2.1),
proportional to the product ff;). In the method under consideration, this statement
acts as the initial condition for the differential equation (16.10). It creates the
asymmetry in relation to the two directions of time, and as a result the irreversible
transport equation is derived from the equations of mechanics invariant under time
feversal. The correlation between the positions and the momenta of tie gas
Particles arises only as a result of their collisions and extends to distances
~d. Thus the assumption of the statistical independence of colliding particles is
filso the source of the fundamental limitations as regards the distances and time
Intervals allowed by the transport equation, already discussed in §3.

PR,
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Let t, be some instant before the collision, when the two particles are still far
apart (Jrjo— rx| > d, where the suffix zero denotes the values of quantities at that
instant). The statistical independence of colliding particles means that at such an
instant to the two-particle distribution function is the product of two one-particle
functions f. Hence the integration of (16.10) from t, to t gives

2, 71, 72) = FOto, 1100 (to, T20)- (16.11)

Here 70 = (ri0, p1o) and 720 = (r, pn) are to be understood as those values of the
coordinates and momenta which the particles must have at the instant to in order to
acquire the necessary values 7= (r, p;) and 7= (r3, p2) at the instant t; in this
sense, 70 and 75 are functions of 7, 7; and t — to (only ry and ry depend on t —tg;
the values of p,g and py relate to particles moving freely before the collision, and
do not depend on the choice of t — to).

Let us now return to (16.7), which is to become the transport equation. The
left-hand side already has the required form; we shall now be concerned with the
integral on the right, which is ultimately to become the collision integral in the
Boltzmann equation. Substituting in this integral f® from (16.11) and changing on
both sides from f' to f = Nf", we write

aft, 7y) Jof@t, 1) _
it Lty an L=C(),

where

c(f)= f ‘7—5:—’ : 5% {f(to, 710)f (to, T20)}d>- (16.12)

Only the range |r; — ;| ~ d, i.e. the region in which the collision occurs, is important
in the integral (16.12). In this range, however, we can neglect (in the first ap-
proximation, which is being considered here) the coordinate dependence of f,
which varies appreciably only over distances L, the characteristic dimensions of
the problem, which are certainly large in comparison with d. The final form of the
collision integral will therefore be unaltered if, in order to simplify somewhat the
analysis and the formulae, we take the case of spatial homogeneity, i.e. assume that
f is independent of the coordinates. It may be noted immediately that the explicit time
dependence through rig(t) and ry(t) then disappcars from the functions f(fo, pio) and
f (o, p20)-

We can transform the integrand in (16.12) by using the fact that the expression in
the braces is an integral of the motion (and appeared as such in (16.11)); in-
dependently of this, it is obvious that pyy and pj, the values of the momenta at a
fixed instant t,, are by definition integrals of the motion. Using also the fact
mentioned above that they contain no explicit dependence on the time t, we have

Edf £ (to, pro)f (to, p20)

d
.0 _8Up 0 9Up 9 =0. (16.13
A P e T apz)f(fo,l)m)f(fo,l)zo) 0. (16.13)
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From this, we express the derivative with respect to py in terms of those with
respect to ry, r2 and p,, and substitute in (16.12). The term containing the derivative
alap: disappears when the integral is transformed to a surface integral in momen-
wm space. We then find

C(f(t, pl)) = J’Vrel * %{f(to, pm)f(to, pz())} d3X dspz, (16. 14)

with the relative velocity of the particles v,y = v, — v, taking into account the fact
that po and px (and therefore the whole expression in the braces) depend on ry and
r» only through the difference r = r, —r:. Replacing r = (x, y, z) by cylindrical polar
coordinates z, p, ¢ with the z-axis along v,,, We have v,y . 3/3r = v,48/3z, and the
integration over dz converts (16.14) intot

C(f(t, p) = [ [ tor Pro)f (o, Pr0)] =0 dp dp P (16.15)

We now use the fact that py and py are the initial (at time ;) momenta of
particles which at the final instant ¢ have momenta p; and p.. If at the final instant
s=z,—2,=—o00, it is clear that at the initial instant the particles were “‘even
further™ apart, i.e. there has been no collision. In this case, therefore, the initial and
final momenta are the same:

Po=p1, Pn=p; for z=-—e,

If 2=+, pjo and px act as the initial momenta for the collision which gives the
particles momenta p, and p,; in this case, we write

Pu=pilp), po=pip) for z=+=

These are functions of the coordinate p, which acts as the impact parameter for the
collision. The product

pdpdy = do

is the classical collision cross-section.

Lastly, it is to be noted that the explicit dependence of the functions f(to, py) and
f(to, p20) ON to can be replaced in this approximation by a similar dependence on 1.
The validity of (16.11) requires only the inequality t — fo > d/ b to be satisfied: at the
instant t,, the distance between the particles must be large in comparison with the
range d of the forces. The difference t —to, however, may be so chosen as to
satisfy also the condition t —to <1/, where | is the mean free path; the ratio I/7,
which is the mean free time, is just the characteristic quantity that determines the

1The limits z = + o are to be understood as distances large compared with d, but small compared with the
mean free path [; if they were taken literally, the result would be zero, since f =0 outside the region
occupied by the gas. This has arisen because in going from (16.12) to (16.14) we used equation (16.13), which
1s valid only until the particlcs in question undergo their next collisions.
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periods of possible time variation of the distribution function. The change in this
function during the time t — t, will then be relatively small and may be neglected.
From these considerations, we obtain the final form of the integral (16.15):

C(f(t,p)) = J- {f(t. pOF(L, p2) — f(t. pIf (L, P}vra do 7P, (16.16)

which agrees with the Boltzmann collision integral (3.9).

§ 17. The transport equation including three-particle collisions

To find the first correction terms to the Boltzmann equation, we must go back to
the points in § 16 where terms were neglected, and increase the accuracy of the
calculations by one further order of magnitude relative to the gaseousness
parameter. First of all, terms containing the triple correlation f® were omitted in
(16.9), and three-atom collisions were thereby left out of consideration. Moreover,
in converting the collision integral (16.12) to the final form (16.16), we neglected the
variation of the distribution function over distances ~ d and times ~ d/v; the pair
collisions were thereby regarded as ‘‘local” events occurring at a single point. We
must now take both these corrections into account: three-particle collisions, and
the “‘non-localness™ of pair collisions.

In the first approximation, the sequence of equations was terminated at the
second equation, which relates f® and f®. In the second approximation, we must
go to the third equation, which relates f® and f, omitting the f terms in the same
way as the f* terms were omitted in (16.9) in the first approximation. The equation
then becomes

df(t, 71, 72, T3)/dt = 0, (17.1)

corresponding to the earlier equation (16.10) for f®; the variables 7, 73, 73 in (17.1)
are assumed to vary with time according to the equations of motion in the
three-body problem; a pair interaction between particles is again assumed.t With
the statistical independence of the particles before the collision, the solution of
17.1) is

£, 74, 72 73) = F N0, T10)f (0, T200f (2o, T30)- (17.2)

The quantities ty, 7,0 (a =1,2,3) here have the same sense as in (16.11); 7,0=
7a0(t, to, 71, T2, 73) are the values of the coordinates and momenta which the particles
must have at the instant f, in order to reach the specified points 7y, 72, 73 in phase
space at the instant t. The only difference from (16.11) is that 7,0 = (rg0, Pao) are now

tIn contrast to the first approximation (cf. the first footnote to § 16), this assumption now places some
limitations on the generality of the treatment, since in three-body collisions there could be an effect of
three-body interactions, i.e. terms of the form U(r:— ri, r~— r1) in the Hamiltonian, which do not reduce
to pair interactions.
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the initial coordinates and momenta in a three-body problem, which will be
supposed solved in principle.t

To write down and transform the subsequent formulae, it is convenient to define an
operator S123 whose effect on a function of the variables 7, 72, 73 (pertaining to the
three particles in the three-body problem) is to change these variables according to

Fa _)l_-a = ra0+(pu0l'n)(t - t()),
- (17.3)
Pa =>Pa = Pao-

Similarly, the operator S;, will make this change in functions of the variables 7, and
72 which pertain to the two particles in the two-body problem. An important
property of the transformation (17.3) is that for times t —t;3 d/o it is no longer
time-dependent: for such t — ty, the particles are far apart and move freely with
constant velocities vqo = p.o/m, the values of the ry, vary with time as constant
—vaot — to), and the time dependence in (17.3) disappears. Moreover, if there were
no interaction between the particles, the transformation (17.3) would reduce to an
identity: in motion that is free at all times, the right-hand sides are identically equal
to the left-hand sides. For the same reason, if one of the particles, say partlcle 1,
does not interact with pdrtlcles 2 and 3, then S;3= Sy: the operators S;; and Sp
then reduce to unity. It is therefore evident that the operator

6123=S123_S|2‘S13_§zs+2 (17.4)

is zero if any one of the three particles does not interact with the other two, i.e. this
operator separates from the functions the part that is due to the interaction of all
three particles (whereas the three-body problem also includes, as particular cases,
pair interactions, with the third particle in free motion).

With the operator Sy, (17.2) becomes

UL, 71, 72 T9) = S'mf”)(f, to, Tl)fm(f, to, Tz)f“)(f, to, 73), (17.5)
where

£t 1o, 7) = f"(to, x = p(t — to)/m, p); (17.6)
the shift of the argument r in f compensates that due to the operator S .
The two-particle distribution f® is obtained by integrating the function f® with

respect to the variables 73, and integration with respect to 7, and 7; gives the
distribution function f:

£, 74, 72) = [ £, 71, 12, 73) ds, (17.7)

f“)(t, T]) = J’f‘s)(t, T1, T2 ‘1‘3) de d'r;. (17.8)

tIn practice, of course, an analytical solution of the three-body problem can be given onlv in a few
Cases such as that of hard spheres.
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The object of the subsequent calculation is to eliminate f from these two
equations, with f® from (17.5), and so express f® with the necessary accuracy in
terms of f*. Then, substituting this expression in (16.7), which is itself exact, we
arrive at the transport equation sought.

To carry out this programme, we first of all transform the integral (17.8),
expressing the operator Sp; in (17.5) in terms of Gy, by (17.4). With the equations

J-f“’(t, to, 7) d7 = J-f("(to, 7)d7r =1,
J- Suf(t, to, )f O, to, 72) d7i dry =1,

which are obvious from the conservation of the total number of molecules, we
obtain

O, 7)) = £, to, T) + 2 I {(S2— DFAL, to. 7)FNH, to, 7)}dT2
+ J- {Glzzf“)(f, to, Tl)f”)(t’ to, Tz)fm(‘, to, T3)} d7; d7s. 17.9)

This equation can be solved for f" by successive approximation, bearing in mind
that S~ 1 is of the first order of smallness, and G1» of the second order; compare
the estimate of the right-hand side of (16.9). In the zero-order approximation,
F¢, to, 1) = £, 71). In the next two approximations,

Ft g, 1) = £, 7)) — 2 J- {(S2— DF e, 7)1, 72)}d72

- J- {G 23— 48— l)(gu +8n- 2Vt TIF (L, ) £, 79} d7a

It now remains to substitute this expression in (17.5) and then in (17.7), retaining
only the terms that are not above the second order of smallness, ~ (S~ 1)* or
~ Giy3. The final result is

£t 71, 1) = Suf (. 1), ) + [ {Rinf 8, 7O, 7)1, 73)} ds, (17.10)

where
Rpy= §123—§12§13_§12§23+ Sn. (17.11)

It should be emphasized that the order of the S operators in their products is
significant. The operator $128, for example, first changes the variables 7y, 12, 73>
71, T2(72, T3), T3(72, 73), the functions 7, ;(7,, 73) being determined from the equations
of motion of the interacting particles 2 and 3; the variables 7,7, 7; are then
subjected to the transformation 7y, 74, T3-> 74(71, T2), T2(71, T2), 73, where now the
functions 7, s(7, 7;) are determined by the problem of the motion of a pair of
interacting particles | and 2.
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Next, substituting (17.10) in (16.7) and changing everywhere from the functions
f to f = N, we have the transport equation in the formt

ftt,m) . of(t 1)

or v S =0+ o), (17.12)
where
gt 70 = [ 522 (S ufte, e, m) ds (17.13)
C(S)(f(t Tl)) - NI 3U12 9 {ﬁluf(t, Tl)f(t, Tg)f(t, 1'3)} de d’f}. (17. 14)
ap

The first of these is the pair collision integral, and the second is the three-body
collision integral. Let us consider their structure in more detail.

In both integrals, the integrands involve functions f taken at different points in
space. In the pair collision integral, the effect of this ‘“‘non-localness” is to be
separated as a correction to the ordinary (Boltzmann) integral. To do so, we expand
the functions f, which vary only slowly (over distances ~d), in powers of r;—r;.

Since these functions in the integrand are preceded by the operator S, let us
first consider the guantities Sor; and Spr, into which that operator transforms the
variables r; and r.. The centre of mass 3(r;+r) of the two particles moves
uniformly in the two-body problem; the operator $;; therefore leaves this sum
unchanged. We can thus write

Siarr = $1b(ry + 1) +300,— 12))
=1+ — 1) — 38p(r: — 1),
Siry = 11 4+3r— 1) 43S0 — ).
Now, expanding the functions
Sif(t, v, p1) = £(t, Sy, pio)s
Sllf(t- r, p2) = f(t, Spry, P20)

in powers of r, —r) as far as the first-order terms, we obtain

CO(f) = C*(f) + C,(f), (17.15)
where
G r, pi)) = f ‘9;:]” : ail{f (t, x1, po)f(t, x2, P} dz, (17.16)

CAt, 1y, pi) = 5 [ . 2 {(l'z £) 7 £t 1 PfC, 2, )

d "
+ [f(f, I1, pio) Ef(f, r1, p20) — f(t, 11, po) %l‘f(‘, r, Pm)] S — 1)) dry;

(17.17)
the differentiation with respect to r; is taken at constant py or pa.

tThe way 1o derive the correclion Icrms 1o the Bollzmann equalion was pointed out by N. N.
Bogolyubov (1946). These lerms were firsl brought 10 their final form by M. S. Green (1956).
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The integral (17.16) is the same as (16.12);t it has been shown in §16 how this
integral is reducible to the ordinary Boltzmann form by carrying out one of the
three integrations with respect to spatial coordinates.

Let us now consider the three-body collision integral (17.14). To include “non-
localness’ in this integral would be to go beyond the assumed accuracy, since the
integral itself is a small correction. Hence, in the arguments of the three functions
f, all the radius vectors r;, r;, r; are to be taken as the same r;, and moreover we
must assume that the operator R;y; does not act on these variables at all:}

CH(f(t.r1, p)) = % [ Uz, i:)l {Rinf(t,xy, pf(t, s, p)f (6, 11, pa)} dradry. (17.18)

Let us next examine in somewhat more detail the structure of the operator R, in
order to elucidate the nature of the collision processes covered by the integral
(17.18).

First of all, the operator Ry, like G,n in (17.4), is zero if any one of the three
particles does not interact with the others. However, the processes for which
Ri» # 0 include not only three-body collisions in the literal sense, but also com-
binations of several pair collisions.

In genuine three-body collisions, three particles come simultaneously into the
“sphere of interaction”, as shown diagrammatically in Fig. 5a. But the operator Rz
is also different from zero for *“three-body interactions’” which consist of three
successive pair collisions, one pair colliding twice; Fig. 5b shows diagrammatically
an example of such a process, for which Si1=1, so that ﬁ133=§123—.§12.§23.§
Moreover. the operator R 25 also takes account of cases where one (or more) of the
three collisions is “imaginary”, i.e. occurs only if the influence of one of the real
collisions on the path of the particles is ignored. An example is shown in Fig. 5S¢,

(@) (b) (c)

Fig. 5.

th differs in thal 1o 1s replaced by 1 in the arguments of the functions f, but the righi-hand equation
(16.13) is then still valid, since the dependences on ry, r2, pi, p: enler only through pie and pz, which are
integrals of the motion,

1l should be siressed, 1o avoid misundersianding, 1hat lhese simplifications do not imply that the
inlegrand no longer depends on r; and r3; a dependence on Lhese variables still occurs Lthrough the S
operalors. which transform the momenla pa inlo functions pa(ri, rz, r3, pi, p2, p3).

§The operalor Rip, unlike Gz, is zero for a sequence of two collisions. For inslance, in a process
consisting of collisions 2-3 and [-2, we should have Sz = $1282, S =1, and so Rin=0.
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where the collision 1-3 would occur only if the path of particle 3 were unaffected
by its collision with particle 2;t for this process, Sin= 818 but §3%# 1, so that
Rin=—SiSis+ Sp.

In the same kind of way as the integral C¢® was transformed in § 16, one of the
six integrations with respect to coordinates in the three-body collision integral can
be carried out; the interaction potential U,; then no longer appears explicitly in the
formulae.i

§18. The virial expansion of the kinetic coefficients

It was shown in §87 and 8 that the thermal conductivity and the viscosity werc
independent of the gas density (or pressure) because only pair collisions of
molecules were taken into account. For such collisions, the collision frequency, i.e.
the number of collisions undergone by a given molecule per unit time, is propor-
tional to the density N, the mean free path | x I/N, and since n and « are
proportional to NI they are independent of N. The values no and k, thus obtained
are, of course, only the first terms in expansions of these quantities in powers of the
density, called rvirial expansions. In the next approximation, there is already a
density dependence in the form

k = kol + aNd®, =7 = nol+pNd’), (18.1)

where d is a parameter of the order of molecular dimensions, and « and B are
dimensionless constants. These first corrections have a twofold origin reflected in
the correction terms C™ and C,” in the transport equation. Three-body collisions
(whose frequency is proportional to N?) decrease the mean free path. The non-
localness of the pair collisions makes possible a transfer of momentum and energy
across a certain surface without its actually being crossed by the colliding particles:
the particles approach to a distance ~d and then separate, remaining on opposite
sides of the surface. This effect increases the momentum and energy fluxes.

The solution of the problem of thermal conduction or viscosity with the more
accurate transport equation (17.12) is to be based on the procedure as already
described in §36-8. We seek the distribution function in the form f = fo(1 + x/T),
where f, is the local-equilibrium function, and x/T ~ /L is a small correction. The
three-body collision integral C®, like C¢™, is zero for the function f,. We must
therefore retain the x term in it, and so the integral C® is, relative to the
Boltzmann integral C®, a correction of relative order ~(d/7)’. In the integral C,®,
however, which contains spatial derivatives of the distribution function, it is
sufficient to take f =fo, and in this sense the term C,® should be taken to the
left-hand side of the equation, where it gives a correction of the same relative order
~(dIF). Thus the two additional terms C® and C,” in the transport equation give
Contributions of the same order.§

THaving regard 1o the sense of aclion of the S operalors, we musl follow the paths of lhe particles
backwards in lime.

”h? Iransformation is carried oul in a paper by M. S. Green (Physical Review 136, AS05, 1964).
g §This argument clears up any misapprehension which might arise because the integral Ci*” conlains

CTivatives af/ar ~ f/L. which are not found in C™, as a resull of which the two lerms might appear 1o give
corrections of different orders of magnitude.
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For reference, the results of solving the more accurate transport equation for the
thermal conductivity and the viscosity of the gas, with the model of hard spheres
(diameter d) are

K = k(1 + 1.2Nd%), = =ny(1+0.35Nd?, (18.2)

where ko and 7 are the values obtained in §10, Problem 3 (J. V. Sengers 1966).1

By making further corrections to the transport equation (arising from four-body
collisions, etc.), it would in principle be possible to determine also the subsequent
terms in the virial expansion of the kinetic coefficients. It is important to note,
however, that these terms will involve non-integral powers of N; the functions
k(N) and n(N) are found to be non-analytic at the point N = 0. To elucidate the
origin of this behaviour, let us consider the convergence of the integrals occurring
in the theory (E. G. D. Cohen, J. R. Dorfman and J. Weinstock 1963).

We take first the integral in (17.10), which determines the contribution of
three-body collisions to the two-particle distribution function. The type of con-
vergence of the integral is different for the different kinds of collision process
covered by the operator R,2. Let us use as an example the process as in Fig. 5b.

The integration is over the phase volume dr; with given phase points 7, and 7,.
As the variable in the last integration we leave the distance r; of particle 3 (at time
t) from the point where the collision 2-3 occurred. Before this last integration, the
integrand will contain the following factors: (1) the volume element ry dr; for the
variable r3; (2) if we follow the motion of particle 3 backwards in time, it will be
clear that the direction of its momentum p; must lie in a certain solid-angle element
for the collision 3-2 to occur, namely the angle subtended by the region of collision
at the distance rs, giving a factor d*/ri%; (3) another such factor arises from the
further limitation on the possible directions of the momentum p; imposed by the
condition that the *‘recoiling” particle 2 enters the sphere of collision with particle
1. Thus we get an integral of the form [ drsy/rs?, which is to be taken from r;~d to
=, and we see that it converges. Similarly, it can be shown that for collision
processes of other types the convergence of the integral is even more rapid.

The contribution of four-body collisions would be expressed in (17.10) by an
intcgral of similar form, taken over the phase space of particles 3 and 4, again for
given 1, and 1.

Let us consider a four-body collision of the kind shown in Fig. 6. We leave as the
last variable of integration the distance r; from particle 4 (at time t) to the 4-3
collision point. The difference from the preceding estimate arises because the phase
point 73 (at time t) is not specified, unlike the point 7, in the integral corresponding
to Fig. 5b. The position of the collision 4-3 js therefore also not fixed; it may occur
anywhere in a cylindrical region with diameter ~d and axis along p; (shown by the
broken lines in Fig. 6). Accordingly, the solid angle subtended by this region at a
distance ry is ~d/rs, instead of d*/r;? as in the previous case. The integral is
therefore of the form [ dr,/rs, and so diverges logarithmically at the upper limit.
Cutting off the integral at some distance A, we obtain a contribution to the function

tThe calculations, which are exceedingly laborious, are given by Sengers in Lectures in Theoretical
Physics, Vol. IXC, Kinetic Theory (ed. by W. E. Brintin), Gordon & Breach, New York, 1967.
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FiG. 6.

f® which contains the large logarithm log(A/d). This logarithm appears cor-
respondingly in the correction to the transport coefficients, which is proportional not
to (Nd*)? but to (Nd*? log(A/d).

The presence of divergent terms signifies that the four-body collisions cannot be
wreated separately from those of all higher orders (five-body, etc.). For the diver-
gence shows that large r, are important, but even when r;~ 1 particle 4 can collide
with some particle 5, and so on. The way 1o remove the divergence is thus clear: in
the expression for f(t, 7, 72) we must take account of terms relating to collisions
of all orders, retaining in each order the most rapidly divergent integrals. Such a
summation can be carried out, and has a foreseeable result: the arbitrarily large
parameter A in the logarithm is replaced by the order of magnitude of the mean
free path, I ~ 1/ N4~}

Thus the expansion of the transport coefficients has the form

K = ko[l + a, Nd* + a,(Nd*) log(1/Nd*) + . . ], (18.3)

and similarly for 7.

§19. Fluctuations of the distribution function in an equilibrium gas

The distribution function determined by the transport equation, denoted in §§ 19
and 20 by f, gives the mean numbers of molecules in the phase volume element
d*cdT; for a gas in statistical equilibium, f(I') is the Boltzmann distribution
function f, (6.7), independent of time and (if there is no extemnal field) of the
coordinates r. It is natural to consider the fluctuations of the exact microscopic
distribution function f(t,r,T) as it varies with time in the motion of the gas
particles under their exact equations of motion.%

We define the correlation function of the fluctuations as

(8f (t1, x1, T)6f (L2, 12, T)), (19.1)

tSee K. Kawasaki and 1. Oppenheim, Physical Review 139, A1763, 1965.
1This 1opic was first discussed by B. B. Kadomisev (1957).
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where 8f = f—f. In an equilibrium gas, this function depends only on the time
difference t = t, — t,; the averaging is taken with respect to one of the times t; and
t,, with a fixed value of their difference. Since the gas is homogeneous, the
coordinates r; and r» also occur in the correlation function as the difference

=r —r;. We can therefore arbitrarily take t; and r, as zero, and write the
correlation function as

(8f(t, r, T')6£(0,0, 7). (19.2)

Since the gas is isotropic, the dependence of this function on r in fact reduces to a
dependence on the magnitude r.

If the function (19.2) is known, integration of it gives the correlation function of
the particle number density:

(8N(t, r)5N (0, 0)) = [ (5£(t, r, T)5£(0, 0, T} dT, dT. (19.3)

For distances r that are large compared with the mean free path I, the density
correlation function may be calculated by the hydrodynamic theory of fluctuations
(see SP 2, §88), but at distances <l a kinetic treatment is needed.

It is immediately evident from the definition (19.1) that

(&f(t, r, T18f(0, 0, T))y = (8f(—t,~r, T'2)8f(0, 0, T'y)). (19.4

The correlation function also has a more profound symmetry which corresponds to
that of the equilibrium state of the system under time reversal. The latter process
replaces a later time t by an earlier one —t, and also replaces the values of T by the
time-reversed ones I'". The symmetry in question is therefore expressed by

(8f(t, r, T)8£(0,0, T2)) = (8 (—t, x, T, ")5f (0,0, T,")). (19.5)

When t = 0, the function (19.2) relates the fluctuations at different points in phase
space at the same instant. But the correlations between simultaneous fluctuations
are propagated only to distances of the order of the range of molecular forces,
whereas in the theory under consideration such distances are regarded as zero, so
that the simultaneous-correlation function vanishes. It should be emphasized that
this result is due to the equilibrium nature of the state relative to which the
fluctuations are considered. We shall see in §20 that simultaneous fluctuations also
are correlated in the non-equilibrium case.

In the absence of correlation at non-zero distances, the simultaneous-correlation
function reduces to delta functions, whose coefficient is the mean square fluctua-
tion at one point in phase space; cf. SP 2, §88. In an ideal equilibrium gas, the
mean square fluctuation of the distribution function is equal to the mean value of
the function itself (see SP 1, §113); thus

(8£(0,x, T)8f(0,0, T)) = f(T)8(x)8(; — Ty). (19.6)
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The non-simultaneous correlation between fluctuations at different points occurs
even in the theory which neglects molecular dimensions. That this correlation
necessarily arises is evident from the fact that particles which participate at a
certain instant in fluctuations at some point in phase space will already be at other
points at any subsequent instant.

The problem of calculating the correlation function for t# 0 cannot be solved in
a general form, but can be reduced to the solution of particular equations. To do so,
a proposition is needed from the general theory of quasi-steady fluctuations; see SP
1, §8118 and 119.

Let x,(t) be fluctuating quantities (with zero mean values). It is assumed that, if
the system is in a non-equilibrium state with values of x, beyond the limits of their
mean fluctuations (but still small), the process of relaxation of the system to
equilibrium is described by linear “equations of motion™

Xg = — %: AabXp (19.7)

with constant coefficients A,. Then we can say that the correlation functions of the
x, satisfy similar equations

2 (xa 0% ) == DhantmOxO), >0, (19.8)

with ¢ a free suffix. Solving these equations for t >0, we then find the values of the
functions for t <0 from the symmetry property

(xa(0)x,(0)) = {x(=1)x, (0)), (19.9)

which follows from the definition of the correlation functions.

In the present case, the equations of motion (19.7) are represented by the
linearized Boltzmann equation for the small addition 8f to the equilibrium dis-
tribution function f. Thus the correlation function of the distribution function must
satisfy the integro-differential equation

(& +w 3=~ L7 1 TDEF0,0,TH=0 for >0, (19.10)

where [, is a linear integral operator acting on the variables I'y in the function
following it:

Iigm) = f w(ly, T; T4, Tfigi+ f'g'— figy— fgl dT dT, dT. (19.11)

The variables T, in (19.10) are free variables. The initial condition for the equation
15 the value (19.6) of the correlation function for t = 0; that for t <0 is then given
by (19.4), the condition (19.5) being automatically satisfied by the result. The
fo‘rmulae (19.10), (19.11) and (19.4) constitute a set of equations sufficient in
principle for a complete determination of the correlation function.
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What is usually of interest is not the correlation function itself but its Fourier
transform with respect to coordinates and time, denoted by (8f,8f2).x, where the
suffixes 1 and 2 refer to the arguments I'; and I';:

(5 18f2)on = K dt f (8 (t, r, T8 (0, 0, Ta)ye 10 dx, (19.12)

the spectral function or spectral correlation function of the fluctuations. If a
fluctuating function is expanded as a Fourier integral with respect to time and
coordinates, the mean value of the products of its Fourier components is related to
the spectral correlation function by

(3fuk(T1)8f (T2} = (27)*8(e + ")8(K + K')(8f18f2)unc (19.13)

cf. SP 1, §122.

It is easy to derive an equation which in principle allows a determination of the
spectral function of the fluctuations without previous calculation of the space-time
correlation function. Dividing the range of integration with respect to t in (19.12)
into two parts, from —o to 0 and from 0 to =, and using (19.4), we have

(8f18f 2o = (8f18f2) R + (8f281) 04, (19.14)
where

(5182 = [ " ar [ (5 (t, r, T)8£(0, 0, Ta)ye~ -0 x. (19.15)

[}

To the cquation (19.10) we apply the one-sided Fourier transformation (19.15). The
terms containing derivatives with respect to t and r are integrated by parts, using
the facts that the correlation function must tend to zero as r - 2 and as t - o0, and must
be given by (19.6) when t = 0. The required equation is then found to be

[i(k . vi — @) = [,1(8f,8f2) & = F(T)8(T, - T). (19.16)

If we are interested in the fluctuations of the gas density, and not in those of the
distribution function itself, it is appropriate to integrate equation (19.16) over dI'y:

[ik . v — w)— [1(6f(D)EN)ER = F(D). (19.17)

The spectral function (8N?),, sought is found from the solution of this equation by
a single integration, not a double one as in (19.3).

Another method of finding (6N 7). is based on the relation between the density
correlation function and the generalized susceptibility with respect to a weak
external field of the form

U(t, 1) = Uge'™ Y, (19.18)
see SP 2, §86.1 If this field causes a density change
8Nk = alw, K) Uk, (19.19)

tThis relation exists only in the equilibrium case.
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then from SP 2 (86.20) the spectral correlation function of the density is, in the
classical limit,

(6N i = @T]w) im a(w, k). (19.20)

Let 8f(t,r) be the change in the distribution function due to the same field: it
satisfies the transport equation

3 B U of -
m 5f +v al_Sf = [ &f.

The Fourier components of 8f(t,r,T) are written

forD) = XD Uiy

in which the external field is separated as a factor. Then the equation for y.x is
[itk.v— )= IxadD) = ik . 3f/3v. (19.21)

The solution of this equation gives the required spectral correlation function by a
single integration:

(8NYuk = 2T/ w) im f Xo(D)dI' (19.22)

PROBLEMS

PROBLEM 1. Determine the densily correlation funclion in 2 monatomic gas in equilibrium, neglec-
ling collisions.

SOLUTION. For a monalomic gas, the quantities I' are the three components of the momentum p. The
solution of (19.10) for I; =0 is

(3f(1.x. p3f(0. 0, p2)) = F(p)&(r — vit)8(p1 — p2).
and iis Fourier component 1s
(3f18f2)ex = 2mf (P)B(p1 — P2)B(0 — K . wa).
Integration of 1hese expressions with the Maxwellian funclion § gives as the densily correlation function
(SN(1. r)8N(0,0) = N(m/2n Tyt exp(— mr*[2TtY), §))
(3N ?)ux = (NIKY 2| T)"” exp(— me*2TkY). )
PROBLEM 2. The same as Problem I, bul for a collision integral in the form fig = ~g/r with a

conslani time 1.

SOLUTION. Equation (19.16) reduces 1o an algebraic equation, from which we determine (8f15f)' .
and then find from (19.14)

(B3 = T P 51 - B )
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The presence of even a small number of collisions changes 1he asymplotic behaviour of the spectral
correlation funclion of the density al high frequencies, w > k#, i.e. for fluclualions with a phase velocity
much greater than the thermal speed of the molecules: in this limit,

(6N).k = 2N/100%, 4

i.e. the correlation funclion decreases with increasing frequency according 1o a power law, inslead of
exponentially as in (2).

§20. Fluctuations of the distribution function in a non-equilibrium gas

Let a gas be in a steady but non-equilibrium state with some distribution function
f(r.T) which satisfies the transport equation

v. dflar = C(f); (20.1)

the function f may deviate greatly from the equilibrium distribution function fo,
and so the collision integral C(f) is not assumed linearized with respect to the
difference f — fo. The steady non-equilibrium state has to be maintained in the gas
by external interactions: the gas may, for example, contain a temperature gradient
supported by external sources, or it may execute a steady motion (which does not
consist in a motion of the gas as a whole).

Let us seek to calculate the fluctuations of the distribution f(t,r, ') relative to
f(r,T). These fluctuations will again be described by a correlation function (19.1), in
which the averaging is carried out in the usual way with respect to time for a given
difference t =t,—t,, and the correlation function depends only on t. Since the
distribution f(r, I') is not uniform, however, the correlation function now depends on
the coordinates ry and r. separately, and not only on their difference. The property
(19.4) becomes

(8£1(1)8£2(0)) = (8fx(—1)8£1(0)), (20.2)

where fi(t) = f(t,r;, '), £2(0) =f(0, rz, T3).

The relation (19.5) involving time reversal does not apply in general in the
non-equilibrium case.

The correlation function of the distribution function again satisfies the equation
(19.10):

(Z+vi 52~ E Jermaton =, (203)

where I, is the linear integral operator (19.11), which acts on the variables I',.1 The
problem of the initial condition on this equation, i.e. the form of the single-time
correlation function, is considerably more complex than in the equilibrium case,
where it was given simply by (19.6). In a non-equilibrium gas, the single-time
correlation function is itself determined from a transport equation whose form can

TThe use of this equalion in the non-equilibrium case is due 10 M. Lax (1966).
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be established by using the relation between the correlation function and the
two-particle distribution function f'* defined in §16. In a steady state the function
FO%r;, Iy; 1, 1), like f(r,T), does not depend explicitly on the time.

To derive this relation. we note that. since the volume dr = dx dT is infinitesi-
mal, it cannot contain more than one particle at a time.t Hence the mean number
f dr is also the probability that a particle is in the element dr (the probability that
there are two particles in it at once being a quantity of a higher order of smallness).
It follows that the mean value of the product of the numbers of particles in the two
elements dm and d1, is equal to the probability of simultaneously finding one
particle in each of them. For a given pair of particles this is the product fi dr, dr,,
by the definition of the two-particle distribution function. Since a pair of particles
can be chosen from the (very large) total number of particles in N(& ~ 1) = N
ways, we have

(fidn, . fadry = N ? _’EL' dr, d,.

The equation {f,f-) = A2 thus obtained relates, however, only to different points
in phase space. The passage to the limit r, Iy —r», I, makes it necessary to take
into account that, if d7; and d7, coincide, an atom in d7, is also in d7,. A relation
which allows for this is

(fif) = N+ F1600 — )8 —T): (20.4)

when it is multiplied by drdr; and integrated over some small volume A7, the first
term on the right gives a small quant_i[y of the second order, « (A7)*, and the term
containing the delta functions gives f A7, a first-order quantity. Thus we have

((,er))= o

as it should be, since as far as first-order quantities there can only be either no
particle or one particle in the small volume Ar.
Substituting (20.4) in the definition of the single-time correlation function

(8£1(0)8f2(0) = {F1O)fO)) — fif,

we obtain the required relation between it and the two-particle distribution func-
tion:

(8£1(0)8f(0)) = N f R — fifa+ f18(r — r)8(Iy = ) (20.5)

In an ideal gas in equilibrium, the two-particle distribution function reduces to the
product % = f,f,/¥% and (20.5) reduces to (19.6). In any case, f{? tends to this
product as the distance between the points 1 and 2 increases, so that

(6f,(0)8f,(0)) ~0 as |r| - r1| -0, (20.6)
tThe derjvation which follows is a paraphrase of the argument in SP 1, §116,

L I
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The two-particle distribution function satisfies a transport equation analogous to
the Boltzmann equation, which could be derived from equation (16.9) for f* in the
same way as the equation for the single-particle function was derived from (16.7).1
Here, however, we shall give a derivation of the equation for f analogous to that
of the Boltzmann equation in §3, based on intuitive physical arguments.

We take as the unknown function not f® itself but the difference

o(r, Tiyre, T) = KB - fifa, (20.7)

which tends to zero as |r;— ;)| —; it is the correlation function (20.5) without the
last term. This quantity is small in the usual sense of fluctuation theory, namely of
the order of 1/X in comparison with fife.

In the absence of collisions, the function ¢ satisfies an equation which simply
expresses Liouville’s theorem—the constancy of f™ along the phase trajectory of a
pair of particles:

df® _de _ 3¢ _
T @V e tnyi=o. (20.8)

The change in ¢ as a result of collisions is due to processes of two kinds.

Collisions of particles 1 and 2 with any other particles, but not with each other,
cause the appearance, on the right of (20.8), of terms I + T, where I, and I, are
the linear integral operators (19.11) acting on the variables I'y and I'; respectively.

Collisions between the particles 1 and 2 play a special role, causing a simul-
tancous “jump” of both particles from one pair of points in phase space to another
pair. Exactly the same arguments as were used in the derivation of (3.7) give on the
right of (20.8) a term 8(r; ~ r2)C1(f), where

Culf) = [ w(ly, Iy T4, TG - Fof) dT s (20.9)

in this integral, fluctuations may be neglected. The factor 8(r, —r,) expresses the
fact that particles undergoing collisions are at the same point in space.
Thus we have finally the equation

LN L AP VS «F 1
Vi 8r|+v2 s L — L = 8(r; — r)CrAf)- (20.10)

Solution of this equation gives, in accordance with (20.5), the function which acts
as the initial condition for equation (20.3) at t = 0.§

_ tIn§ 17 equation (16.9) was used only for aspecific purpose, namely to eliminate f* from 1he equation for

tA further integration of (20.9) over dTI, yiel;k the ordinar Bolizmann collision integral.
§This result js due to S. V. Ganisevich, V. L. Gurevich and R. Katilyus (1969) and to Sh. M. Kogan
and A. Ya. Shu'man (1969).
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without the right-hand side, the homogeneous equation (20.10) has the solution

¢ = faldfor + faBfo,

(20.11)
) (N o
Bfo=222 BN+ AT +200- AV,

corresponding to arbitrary small changes in the number of particles, the tem-
perature, and the macroscopic velocity in the equilibrium distribution fo.

This “spurious” solution is, however, excluded by the condition that ¢ —0 as
|ry — 12| > Hence, in the equilibrium case, when the integral C), is identically zero,
equation (20.10) gives ¢ =0, and we return to the initial condition (19.6).

The right-hand side of (20.10), 1.e. the pair collisions between particles in given
states ') and I';, may thus be regarded as the source of the single-time correlation
of fluctuations in a non-equilibrium gas. By causing a simultaneous change in the
occupation numbers of the two states, pair collisions generate a correlation
between these numbers. In the equilibrium state, owing to the exact compensation
of direct and reverse pair collisions, this mechanism has no effect and there are
no single-time correlations.

If the distribution f is independent of the coordinates r (as may happen when the
deviation from equilibrium is maintained by an external field), we can consider
fluctuations of the distribution function averaged over the whole volume of the gas,
i.e. of the function

£ Ty = % f ft.r, 1) d*x, (20.12)

which we denote by the same letter f but without the argument r. The correspond-
ing correlation function satisfies an equation that differs from (20.3) in not having a
term containing the derivative with respect to the coordinates:

(;:*F' a"’ )(Sf(t )&, I)=0 for t>0; (20.13)

on the left-hand side, a term has been added which arises from the force F acting
on the particles in the external field. The single-time correlation function

(8£(0, T1)8f(0, T2)} = N2FO(T, T3) - FA')F (I + f—‘—" (I~ T)

=o(), 1)+ f—g@ 8y -Ty (20.14)

satisfies the equation

[F, aip. +F % —(h+ iz)]cp(l“,, %) = Co(e(T, T). (20.15)
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If the gas is in a closed vessel, this equation is to be solved with the additional

condition that expresses a fixed value (without fluctuations) of the total number of
particles in the gas:

f (8£(0,1')8f(0, 1)y dI'y = f {8f(0, T))8f(0, I'2)) dT, = 0. (20.16)

This condition must be satisfied in the equilibrium case also, but it is not satisfied
by the expression [f(I')/¥18(I", — I'2) which corresponds to the correlation function
(19.6). The correct expression is obtained by making use of the arbitrary choice
(20.11); with the appropriate value of the parameter AX,

(870, T8F(0, ) = 5 IS — ) = A= FI) (T, (20.17)

This correlation function includes a term which does not contain a delta function.



CHAPTER 11

THE DIFFUSION APPROXIMATION

§21. The Fokker-Planck equation

A CONSIDERABLE class of transport phenomena is constituted by processes in
which the mean changes of quantities (on which the distribution function depends)
in each event are small in comparison with their characteristic values. The
relaxation times for such processes are long in comparison with the times of the
individual events which constitute their microscopic mechanism; in this sense, they
may be called slow processes.

A typical instance is the problem of momentum relaxation of a small admixture
of a heavy gas in a light one, the latter being regarded as itself in equilibrium.
Because of the low concentration of heavy particles, therr collistons with one
another may be neglected, and only those with the particles of the light gas
considered. When a heavy particle collides with light ones, however, its momentum
undergoes only a relatively small change.

We shall refer to this specific example, and derive the transporf equation satisfied
in such cases by the momentum distribution function f(t,p) of the impurity
particles.

Let w(p, q)d’q denote the probability per unit time of a change p—>p— q in the
momentum of a heavy particle in an individual collision with a light particle. Then
the transport equation for the function f(t, p) is

oft, ot = [ (w(p + g f 1. p + @) = w(p., QF 1 PN @1.1)
where the right-hand side is the difference between the numbers of particles per
unit time that enter and leave a given momentum space element d’p. According to
the hypotheses used, the function w(p, q) decreases rapidly with increasing q, and
so the most important values of q in the integral are those which are small

compared with the mean momentum of the particles. This allows the following
expansion to be used in the mtegrand:

wip+q,qQf(t.p+ @ =w(p, Qf(t,p) + q-aiPW(p, qQf(t, p)
32
+1 GuGp mw(p’ Of (t,p).

The transport equation then becomes

H_ 8 (75,9
3—{ = E{A‘J +E(Baﬂf)}, (21.2)

89
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where
~ 1
A= [aw®.0 ¢, Bu=3[aame o da 1.3

Thus the transport equation is now a differential (not integro-differential) equation.
The quantities A, and B,; may be symbolically written as follows to show their
significance more clearly:

A=Y qd8t, Bog=2, q.qsl26t, (21.4)

where the summations are over the (large) number of collisions that occur in the
time 5t.

The expression on the right of (21.2) is the divergence in momentum space,
— 88,/ pa, Of the vector

se=—Adf _Ef)—ﬁ(Bupf)

= — Aof — Bogdfl apg (21.5)
A, = A, + 8B4l dpg.

Thus equation (21.2) is, as it should be, an equation of continuity in momentum
space, and so the number of particles is automatically conserved in the process.
The vector s is the particle flux density in momentum space.

According to equations (21.4), the coefficients in the transport equation are
expressible in terms of the average characteristics of the collisions, and in this
sense their calculation 1s a purely mechanical problem. In fact, however, there is no
need to calculate the A, and B, individually; they can be expressed in terms of
one another by means of the condition for the flux to be zero m statistical
equilibrium. In the present case, the equilibrium distribution function is

f = constant X exp(—p¥/2MT),

where M is the mass of the heavy gas particles and T the temperature of the light
gas. Substitution of this expression in the equation s = 0 gives

MTA, = Bogps. (21.6)

Thus the transport equation becomes

ﬂ%ﬂ:az [ "‘*(MT“ f)] @17

The coefficients in the first two terms of the expansion of the collision integral
are of the same order of magnitude; the reason 1s that the averaging of the first
powers of the quantities g, in (21.4), whose sign is varnable, involves a greater
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degree of cancellation than the averaging of quadratic expressions. The later terms
of the expansion are all small in comparison with the first two.

The only vector on which the coefficients B,; can depend is the momentum p of
the heavy particles. If the velocities p/M of these particles are on average small
compared with those of the light particles, they may be regarded as immobile in
collisions; tn this approximation, the B are independent of p. Thus the tensor B.g
reduces to a constant scalar B:

Bag = B, =é f q’w(0,q) d’q, (21.8)
and equation (21.7) becomes
f _po. (_L _ﬂf_)
at~ Bap \mt! *ap) (21.9)

There 1s a formal similarity between (21.7) and the equation of diffusion in an
external field, which is especially evident from the form (21.9). The diffusion
equation 18

dclat = div(DVc — beF),

where c is the impurity concentration, F the force exerted on the impurity particles
by the external field, D the diffusion coefficient, and b the mobility. The processes
described by (21.9) may be referred to as diffusion in momentum space, with B
acting as the diffusion coefficient; the relation between the coefficients in the two
terms on the right of (21.9) is analogous to the familiar Einstein relation D = bT
between the diffusion coefficient and the mobility (FM, §59).

The transport equation i the form (21.2), with the coefficients defined in terms of
the averaged characteristics of the elementary events by means of (21.4), is called
the Fokker-Planck equation (A. D. Fokker 1914; M. Planck 1917). The specific
properties of the vanables p, as the momenta of the particles have played no part
m the dertvation given. It is therefore clear that an equation of the same form is
valid also for the distribution function f with respect to other variables, provided
that the conditions on which the proof 1s based are satisfied: the relative smallness
of the change in the quantities in each event, and the linearity with respect to f of
the integral operator which expresses the change in the function resulting from
these events.

As an example, let us take the case of a light gas forming a slight impurity in a
heavy gas. In collisions with heavy particles, the momentum of a light particle
changes greatly in direction but only shightly in magnitude. Although equation (21.7)
is mvalid under these conditions for the distribution function of the impurtty gas
particles with respect to the momentum vector p, a sinilar equation can be set up
for the distribution with respect to the magnitude p only. If the distribution
function is, as before, taken relative to the momentum space element dp, so that
the number of particles having the value of p in a range dp is f(t, p). 4wp’dp, the
Fokker-Planck equation is valid for the function 47p’f in relation to dp:

i(ﬂi)=i{ 2 KB 2}
ot " ap pr+Bapfp ,
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or

Tl v{avot), (21.10)

where
B =%2(8p)2/51. QLI

The expression in the braces is the radial flux s in momentum space. It must reduce
to zero the case of the equilibriumn distribution

f = constant X exp(—p?/2mT),
where m 1s the mass of a light particle and T the temperature of the heavy gas.

This condition gives a relation between A and B, and the transport equation (21.10)
thus becomes

3 1 a(p?
5{=_? (gpS), s=—B(Frf+ f) 21.12)
PROBLEMS

PROBLEM 1. Determine the diffusion coefficient in momentum space (B in equation (21.9)) for an
admixture of a heavy gas in a light one, assuming the speeds of the heavy particles to be small coinpared
with those of the light ones.

SOLUTtON. As shown in the text, under the conditions stated the momentum transfer may be
calculated by assuming the heavy particle to be fixed and neglecling the change in its energy in the
collision. The change in the momentum of the heavy particle is then calculated as the equal change in
that of the light particle: (Ap)® = 2p”(1 —cos a), where p' is the momentum of the light particle and & the
angle through which it is scattered. Hence

2(apy =8l f 2p"(1 - cos @)Nv' do,

where N is the number density of light gas particles, and we have finally
B =(N3m)Xp“a),

where a: = f(1 — cos @) do is the transport cross-section, and the averaging is taken over the light gas
particle distribution.

PROBLEM 2. Use the Fokker-Planck equation to determine the mobility of a heavy particle in a light
gas.

SOLUTION. When an external field is present, a term F. af/ap is added to the left-hand side of (21.9),
F being the force acting on the particle. Assuming this force to be small, we seek a steady solution of the
equation in the form f = fo+ 8f, where fo is the Maxwellian distribution and 8f < fo. The equation for &f
is then ~

BE&E' (?38;{ Mt o ) ag'

Hence

B ('38‘{ +B Sf) = Ff.
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and so 8f = foF . p/ B. The mobility b is the coefficient in the equation

\'f=f6f.v d’p =bF.
A calculation of the integral gives

b= TIB=3mTIN(ap®).

in agreement with (12.4).

§22. A weakly ionized gas in an electric field

Let us consider an tonized gas in a uniform electric field E. This field perturbs the
equilibrium distribution of free electrons i the gas and causes an electric current in
it. We shall derive the transport equation which governs the electron distribution.t
If the ionization is weak, the electron (and i1on) density in the gas i1s small. Hence
only collisions between electrons and neutral molecules are important; those
between electrons and ions or other electrons may be neglected. We shall also
assume that the mean energy acquired by the electrons in the electric field is (even
in a strong field: see below) insufficient to excite or ionize the molecules; the
collisions between electrons and molecules may then be regarded as elastic.

Because of the large difference between the electron mass m and the molecule
mass M, the mean speed of the electrons is much greater than that of the
molecules. For the same reason, the electron momentum changes its direction
greatly m a colliston, but its magnitude only slightly. Under these conditions, the
colliston ntegral in the transport equation falls into the sum of two parts which
represent the changes in the number of particles in a given element of momentum
space due to the change in the magnitude and in the direction of the momentui.;
the first part may be expressed in the Fokker-Planck differential form.

Because of the symmetry about the direction of the field, the distribution
function depends on only two variables (apart from the time): the magnitude p of
the momentum, and the angle @ between p = mv and the direction of E (which we
take as the z-axis). The transport equation for the function f(t, p, 8) has the form%

d 1
d-ee LN [ep o) -fwpode, @2
where
—_pfbsyof _1 2
s= B(Tf+8p), B =23 OpY/at

The first term on the right of (22.1) corresponds to the right-hand side of the
Fokker—-Planck equation (21.12). The second term is the collision mntegral with

*The theory given in §22 is due to B. I. Davydov (1936). The fimiting expression (22.18) was earlier
derived by M. J, Druyvesteyn (1930).

hﬂ“ this book, e always denotes a positive quantity, the absolute magnitude of the unit charge. The
charge on the electron is therefore —e.
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respect to the change in direction of the momentum. In this integral, the molecules
may be regarded as immovable (N being their number density); the number of
collisions undergone by an electron per unit time and changing the direction of the
momentum from 8 to 8' (or vice versa) is Nv do, where do is the cross-section for
scattering of an electron by a molecule at rest, which depends on p and on the
angle a between p and p’; we assume that the cross-section is already averaged
over the orientations of the molecule.

We shall consider a steady state with a time-independent distribution function,
and accordingly the term af/dt in (22.1) will be omitted.

To calculate B, we use the equation

(V - V)Z — (vl . vl)z’

which expresses the constant magnitude of the relative velocity of the two particles
in an elastic collision; v, V and v, V' are the initial and final velocities of the electron
and the molecule. The change in the velocity of the molecule is small compared with
that of the electron (AV = — mAv/M); hence, after expanding the above equation, we
can put V=V’ Then

V. (v—v)=vi— v = 2vAy,
where Av = v — v’ 1s a small quantity. Thus
(8p)* = m*(Bv)’ = (M’ [V)[(V. v + (V. ¥)' = 2V . W)V . V)].
The averaging of this expression is carried out in two stages. First, we average over
the (Maxwellian) distribution of the molecular velocities V. Because of the 1sotropy
of this distribution, (V,Vp) = l&,ﬁ(Vz), and (V) = 3T/M. We therefore have
(Ap) = (M TIMv)(v? + v — 2v . V') = (2m*T/M)(1 — cos a). (22.2)

We must now average over the collisions undergone by the electron per unit time;
this 1s done by integrating over Nv do. The result is

B = Nm?va, T/M = pmT|/Ml, (22.3)

where o, = [(1 —cos a) do is the transport cross-section, and I the mean free path
defined as

1=1/Ng,, (22.4)

m general a function of p. The flux in (22.1) 1s therefore
- _mp ﬁ)
S == (vf+ T ) (22.5)

Note that, according to (22.2), the change in the electron energy in the collision is
Ae ~ BAp ~ T(m/M)"*~ é(m/M)". Hence an appreciable change in this energy
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accurs only after ~M/m collisions, whereas the direction of the electron momen-

wm alters considerably in even one collision. That 1s, the electron energy relax-

ation time 7 ~ 7,M/m, where 7, ~ I/t is the momentum direction relaxation time.
The left-hand side of (22.1) is also to be transformed to the variables p and 6:

I Y [ of s_ng_af_]
eE 8p_eE8p,—eE coseap+ p cosbl (22.6)

The solution of the transport equation thus derived may be sought as an
cxpansion in Legendre polynomials:

f(p,0)= gofn(p)Pn(cos 6). 2.7

We shall see later that the successive terms in this expansion decrease rapidly in
order of magnitude. It is therefore sufficient in practice to take only the first two
terms in the expansion:

f(p, ) = fop) + fi(p) cos 6. (22.8)

The integral in (22.1), with (22.8) substituted, gives
[0, 0= 16, 01 do =~ cos 0:

compare the transformation of a similar mtegral in (11.1). The transport equation
then becomes

— eE[ficos 0 + f} cos® 0+ (f,/p) sin> 8] + (1/p2)(sop?)’ + (v/)f, cos 8 = 0,

where the prime denotes differentiation with respect to p. The term p~*(s,p?)’ cos 8
has been omitted; 1t i1s certainly small (in the ratio ~m/M) in comparison with the
term (vf./l) cos 6 (so and s, are the expresstons (22.5) with fo or f, in place of f).
Multiplying this equation by Po=1 or P, =cos # and integrating over d cos 6, we
obtain two equations:

1/pHP’Sy =0, S= —~(p 2fo+ mpTfi) -3 eEfy, (22.9)
fi=(eEljv)fq. (22.10)

The expression S represents the particle flux in momentum space as modi-
fied by the electric field. It follows from (22.9) that S = constant/p2. The flux S
must, however, be finite for all p, and the constant is therefore zero. Now
substituting f, from (22.10) in the equation S =0, we find an equation determining

folp):

[ (eEl)M]f+ fo=0. @2.11)
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So far we have made no assumptions as to the form of the function I(p), and the
integral of the first-order equation (22.11) can be written for any I(p). In order to
obtain more specific results, we shall assume that I = constant, which 1s equivalent
to assuming that the cross-section o is independent of the momentum.t The
integration of (22.11) gives

2y 46
fo(p) = constant X (% + %) e 9T, (22.12)
where
v = (eEll T)V(M/m). (22.13)

For the function f,(p), we have from (22.10) and (22.12)

hi= -fO\/(ﬁ—);/TLff%. (22.14)

The quantity vy is the parameter that describes the extent to which the field
affects the electron distribution. The limiting case of weak fields corresponds to
v < 1. In the first approximation, fo(p) then reduces to the unperturbed Maxwellian
distribution: f, « ™97, € =3T/2, and

fi=—(eElIT)fo, y<l. (22.15)
The electric current generated in the gas is determined by the electron mobility

SR o1 [of @
b‘—eE“—eENJ”c"S"-fdP— 3eEvafld P (22.16)

where N, is the electron number density.1 A simple calculation with f, from (22.15)
gives for the mobility in a weak field

be= 222137 (mT)". (22.17)

This expression satisfies, as it should, the Einstein relation D = bT, where D is the
diffusion coeffictent (11.10).

The significance of the mequality y <1 as the criterion of a weak field can be
understood from the following simple arguments. It is evident that the influence of
the field on the electron distribution will be weak so long as the energy acquired by
an electron in its mean free time is small compared with that which it loses to an
atom in a collision. The former energy 1s eEl, and the latter is

8¢ ~ V&P ~ Vp ~V(TIM)V(Tm),

+This is always true at sufficiently low electron temperatures, since for slow particles the cross-
section tends to a limit independent of the energy (see QM, §132). .

tBecause of the orthogonality of different Legendre polynomials, only the term fo out of all those in
the expansion (22.7) contributes to the normalization integral, and only f) cos @ contributes to v;.
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where P and V are the momentum and speed of the atom; the change 8P is of the
order of the electron momentum. The criterion follows from a comparison of the
two expressions.

In the opposite case of strong fields (y > 1), we findt

folp) = A exp(=3€y*T?),

(22.18)
A= 33“Ne/23”7r[‘(§)(m-yT)3’2,
f1=-6V(m/M)efo/ Ty. (22.19)
The mean electron energy 1s
__ 2 [12ZM\
€=_ \/ (W) I'*(eEl = 0.43eL.N/ (M/m), (22.20)
and the electron mobility
b = 4T3 7 (mM) ¥ (eE)"2. (22.21)

It remains to ascertain the condition for the expanston (22.7) to converge. For
this purpose, we note that its successive terms are related in order of magnitude by

eEf,\/mv ~ of/1: (22.22)

after substitution of (22.7), multiplication by P,(cos #), and integration over
d cos 6, the term in f,_, remains on the left-hand side of the transport equation, and
the term in f, in the collision integral. When y <1, the mean electron energy € ~ T,
and we have from (22.22)

folfu-1~ eEIT <(m/M)"? <1.
In strong fields, with y 3 I, the mean energy € ~ eEI(M/m)'®, so that agaia

fulfar~(mIM)P <1,

Thus the expansion is convergent, since m/M is small.

$23. Fluctuations in a weakly ionized non-equilibrium gas

] In this section we shall discuss fluctuations of the electron distribution function
M a non-equilibrium steady state of a weakly ionized gas which is spatially
homogeneous and 1s in a constant and uniform electric field E.
+F . . . . . . .
the h‘r’;::llllrlla((ZZZZéf)i) 1s more simply derived by solving afresh equation (22.11) (with T =0) than by taking
N?IC. however, that the corrections fa, f3,. . . could not be determined by means of (22.1). since this

nz;“;(l):dls based on the Fokker—Planck approximation, in which quantities of higher order in ni/M are
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Only the time correlation of the fluctuations, and not their spatial correlation, will
be considered. Then it is appropriate to use, in place of the exact (fluctuating)
space-varying distribution function f(t,r, p), the function averaged over the whole
volume of the gas,

fp =[x d, @30

denoted n this section by the same letter f but without the argument r; it fluctuates
only with time. The function f(p) with respect to which f fluctuates is the
distribution (22.8) found in the preceding section.

For the system in question, it is of most interest to find not the fluctuations of the
distribution function itself but the related fluctuations of the electric current
density j. The correlation functions for these quantities are related by the obvious
formula

(81 (1) 8ip(0)) = ezf(Sf(f, P)3f(0, pPNvov d’p dp’, (23.2)

where of course §j is the current density fluctuation averaged over the gas
volume.t

The solution of the problem for a non-equilibrium gas is based on the general
method given in §20.3 The correlation function {(8f(t, p)8f(0,p")) satisfies (with
respect to the variables t and p) the transport equation (22.1), which here cor-
responds to the equation (20.13) in the general method. A similar equation is
satisfied by the function

g(t,p) = [ (8f(1, PISF (0, POV d*p, (23.3)

and the required current correlation function can be expressed in terms of this:

(81.(1)3i5(0)) = € f g5(t, P)a d°p. (23.4)

Thus we arrive at the equation

g _ ( .i) =li[ 2 (1 ég)]_ f - '
o C\E 3p)E=p75,|P B T84 % Nv | {g(t, p, 6) —g(t, p, 6 do,
(23.9)

with B given by (22.3).

+This averaging corresponds to an experiment in which the fluctuations of the total current in the gas
are measured: such a fluctuation is equal to that of the averaged current density in a given direction,
multiplied by the cross-section of the sample.

#The study of this problem by P. J. Price (1959) was the first instance of a calculation of fluctuations
in a non-equilibrium system. Here we shall follow the analysis by V. L. Gurevich and R. Katilyus (1965).
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The transport equation (22.1) takes account of the collisions of electrons only
with molecules, not with other electrons. There is therefore no mechanism here to
establish a single-time correlation between electrons with different momenta, and
the “initial” condition for the function g(t, p) is the same as in the equilibrium state.
Since we are concerned with the fluctuation of the distribution function averaged
over the whole volume of the gas, the constancy of the number of particles
(electrons) has to be taken mto account.t According to (20.17), we then have

(810, D)0, B = TP~ )~ 5 F @)

(where N, is the electron density), and hence for the initial function

g0,p) = %f E)Nv—V), (23.6)

where V is the mean electron velocity in the state having the distribution f(p). This
velocity is, of course, parallel to the field E; we may write it as

V =—ebE, (23.7)

where b i1s the mobility. The constancy of the total number of electrons signifies
that f8fd’p =0, and so

f g(t,p) d’p =0. (23.8)

Following the method described in § 19, we take the one-stded Fourier transform
of (23.5), multiplying by e** and integrating with respect to ¢t from 0 to . The term
e“'aglat is integrated by parts with the initial condition (23.6) and the condition
g(o, p) = 0. The result is

3 (+)
—iwg™ — e(E . 3/ap)a™ _Elii [ﬂ (_v_ g+ ﬂg_)]

opL Ml \T ap
+Noo [ [870)— 200 do = 37 FR)v = V), (23.9)
where
£ Nw,p) = fo mei""g(t, p) dt. (23.10)

tAs we are concerned only with the influence on Auctuations of the departure from equilibrium
caused by the presence of the field, we neglect fluctuations of the total number of electrons resulting
from ionization and recombination processes. These fluctuations may be strictly absent when all the
electrons are formed by impurities with low ionization potential;, the total number of electrons is then
simply equal to the total number of impurity atoms. We also neglect fluctuations in the concentration of
neutral molecules. The relative Auctuation of this concentration is certainly small in com parison with the

corresponding quantity for electrons, since the electron density is much less than the molecular
concentration.
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From (23.8), this equation is to be solved with the added condition

fg+(w, p)d’p =0. (23.11)

If the solution of (23.9) is known, the required spectral expansion of the current
correlation function can be found by simple integration: we write

Gisdo = [_de [ e=Caf (4,120, pvuvj d'p d'p’
and proceed exactly as in the derivation of (19.14), obtaining
Uudp)o = € f {86 (w, P, + 82—, P)vg} d'p. (23.12)

We shall take the specific case of a constant mean free path L In the equilibrium
state, with no electric field, the function f s the equilibrium Maxwellian dis-
tribution fo(p). The solution of equation (23.9) s then

+) — Bfo(P)_l_
T R 23.13)
as is easily seen, since
f (p—P) do =op. (23.14)

If wr, <1 (where 7, ~lfvr is the relaxation time as regards the direction of the
momentumn), we can neglect the term —iwlfv in the denominator of (23.13). A
calculation of the integral (23.12) then leads to the result

Uedp)w = 2To| V) bap, (23.15)

where o = €’N, by is the conductivity of the gas in a weak field, and b, the mobility
in a weak field, given by (22.17). The result (23.15) is, of course, in agreement with
Nyquist’s general formula for equilibrium fluctuations of the current (see SP 2,
§78). For let us consider a cylindrical volume of gas parallel to the x-axis. Since the
current density is already volume-averaged, the total current J = .S, where S is the
cross-sectional area of the cylinder. From (23.15), we then have

(JY). =2ToSYV = 2ToS/L = 2T|R, (23.16)

where L = 1S is the length of the sample, and R = L/oS its resistance.t
When E # 0, equation (23.9) is solved by successive approximation, in the same
way as (22.6), but whereas the latter equation determined a scalar function, (23.9) is

tIn comparing with SP 2 (78.1), it must be remembered that fiw <€ T and that by the condition wr, <1
there is no dispersion of the conductivity, so that Z = R,
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written for a vector function. The leading terms in the expansion of such a function
(depending on the constant vector E and the variable vector p) may be written as

£%w, p) = h(w, p)n+ e{go(w, p) +n . egi(w, p)}, (23.17)

with g; < g; here n = p/p, e = E/E. The function f(p) 1S

f@)=fop) +n. efi(p), (23.18)

with fo and f, = eElfy/v as calculated m §22.
We substitute (23.17)-(23.18) in (23.9) and separate the terms odd and even with
respect to p. Again assuming w7, <1, we find, collecting the odd terms,

(v/D){hn + gie(n . €)} — e(e . ago/op)eE = fovl V',

terms which are certainly small (in the ratio m/M) in comparison with those given
are omitted. Hence

h(p) = lifp)V, g&{w, p)=(eElm/p)ago(w, p)lap. (23.19)

The terms even in p have to satisfy equation (23.9) only after averaging over the
directions of p, in accordance with the fact that (23.17) gives only the leading terms
in the expansion of the function sought. A straightforward calculation using the
expressions (23.19) leads to the following equation for the function gy(e, p):

ot L 79 = Lo 22 o)
lwg0+p23p(p S) 7 eEbf,+ 3 ap(pfo) . (23.20)

where

s=--L (p2g0+ mpT

8g0) _€E’lm ag
IM :

ap 3p ap

This is to be solved with the added condition

f g(w, p) d’p =0, (23.21)

to which (23.11) reduces on substitution of (23.17).
When the function g™ is known, the required current correlation function is

found by means of (23.12). Substituting the expansion (23.17) and making a simple
transformation with the use of (23.19), we obtain

2

.. 2e’l 2le’ d’p
(icie)e = 8up 557 | tfo &p - E,,EBS—E f [go(w, p) + 8o —c, p)]T. (23.22)

The term —iwg, in (23.20) becomes important when w ~ mu/Ml, i.e. when wr, ~ 1,
Wwhere 7, is the relaxation time as regards the electron energy. Thus the dispersion
of the current fluctuations begins at these frequencies.

=y
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In the general case, equation (23.20) is very complicated. As an illustration, let us
take the case of low frequencies (w7 < 1) and strong fields satisfying the condition
v 1, where y is the parameter (22.13). Because of the latter condition, the
function fo(p) is given by the expression (22.18). The calculation of the integral in
the first term in (23.22) gives

23/2 Neezl eEl 12 M 14
() (o)

S8 LGy ¥V \ m

In the second term in (23.22), we shall make only an estimate without numerical
factors. Equation (23.20) (without the term —iwg) gives

8o~ (eEle/‘sz)fo.
The integral can then be estimated as

ele(gO/p)ps.

The resulting expression for the current correlation function is

... _ Nl (eEN"* (M\" E.Eg
(.’ﬂ.’B)m_ cV (7) (E) [0.68,,3 B Ez ], (23.23)

where B ~ 1 is a numerical constant.

§24. Recombination and ionization

The equilibrium degree of ronization in a partly ionized gas is established by
various collisional ionization events and the converse recombination events be-
tween colliding charged particles. In the simple case where the gas contains, apart
from clectrons, only one type of ion, the process of establishment of ionization
equilibrium 1s described by an equation of the form

dN/dt = B — aN.N;, (24.1)

where B8 is the number of electrons formed per unit volume and per unit time in
collisions of neutral atoms or through photo-tonization of atoms; this number is
independent of the electron density N, and ion density N; present. The second
term gives the decrease in the number of electrons due to recombination with ions;
« is called the recombination coefficient.

The recombination process is usually very slow in comparison with the other
processes of establishment of equilibrium in a plasma. This is because the for-
mation of a neutral atom in an ion-electron collision requires the removal of the
encrgy released (the binding energy of the electron in the atom). The energy may be
radiated as a photon in radiative recombination; the slowness of the process is then
due to the small quantum-electrodynamical emission probability. The energy
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released may also be transferred to a third particle, a neutral atom; the slowness of
the process s then due to the small probability of three-body collisions. The result
is that it 1s often reasonable to consider recombination in conditions where the
distribution of all particles may be regarded as Maxwellian.

In equilibrium, the derivative dN,/dt is zero. It follows that the quantities a and
g in (24.1) are related by

B = aNwNg, (24.2)

where Ng. and Ny; are the equilibrium electron and ion densities given by the
appropriate thermodynamic formulae; see SP 1, §104.1

The coefficient of radiative recombination is calculated directly from the recom-
bination cross-section o In a collision between an electron and an ion at rest (the
speed of the ion is negligible in comparison with that of the electron):

a = (UeUrec) > (24' 3)

where the averaging ts over the Maxwellian distribution of electron speeds v,; see
Problem 1.

Radiative recombination 1s, however, important only in a sufficiently rarefied gas,
when three-body collisions are entirely neghgible. In a less rarefied gas, the
principal mechanism is recombination involving a third particle, a neutral atom, and
it is this mechanism that we shall consider in more detail.

In collistons with atoms, the energy of the electron changes by small amounts.
The recombination process therefore begins with the formation of a highly excited
atomn, and the electron gradually “descends” to lower and lower levels in further
collisions of this atom. This type of process may be regarded as a “diffusion in
energy” of the captured electron, and so the Fokker-Planck equation may be
applied to it (L. P. Pitaevski, 1962).

Let us consider the distributton function of the captured electrons with respect
to their (negative) energies e. The most important “diffusion” is naturally in the
energy range |e]~ T. The temperature here must always be treated as small in
comparison with the ionization potential I of the atoms; when T ~ I, the gas is
almost completely ionized (cf. SP 1, §104).

The Fokker-Planck equation is

aflot = —dslde, s =—Bofloe — Af. (24.4)
As usual, the coefficient A can be expressed in terms of B by means of the

condition that s =0 when f = f,, where f; is the equilibrium distribution. The flux s
then becomes

s = —Bfoa—'l- (fIfo). (24.5)
The “diffusion coefficient”” B(e) is determined by the general rule as
B(e)= %E (Ae)'lot, (24.6)

tIn radiative recombination, equilibrium of the state presupposes that of the radiation in the plasma.
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where Ae is the change in the excitation energy of the atom in a collision with an
unexcited atom; the calculation of B(e) from this formula involves solving the
mechanical problem of the collision and then averaging with respect to the velocity
of the unexcited atom (see Problem 2).

To find the function fo(€), we note that the equilibrium distribution with respect
to momenta and coordinates for an electron in the Coulomb field of a charge ze
(the ion charge) is given by Boltzmann’s formula:

folp, 1) = EmT) e, € =p*2m — ze¥r 4.7

(see below concerning its normalization); the motion of the electron with [¢[ ~ T <
I is quasi-classical, and this allows us to use the classical expression for the energy
€. The distribution function with respect to € is therefore

fole) de = @mnT) e 1(€) de, (24.8)

where 7(€) is the volume n phase space corresponding to the range de:
( )—fs(| |+p—z-z~"z) d'x & (24.9)
(€)= elto xd’p. .

Replacing d®x d*p by 4ar dr. 4wp? dp and carrying out the integration, we find
(€)= V2r’(ze Y m"||e|™. (24.10)

To formulate the conditions which determine the appropnate solution of equa-
tions (24.4) and (24.5), it is convenient to suppose that the electron density present
m the gas is N, > N.; then we can neglect the rate of ionizatton 8 in (24.1), so that
the decrease of N, is due only to recombination. Under these conditions, the
constant value of the flux s in the stationary solution of (24.4) gives directly the
value of the recombination coefficient (s = constant = —a) if f(e) is suitably nor-
malized: at the highest levels (e[ < T) the electrons are in equilibrium with free
electrons, and this means that we must have

f(e)lfe)—>1 as [e]—0, 24.11)

and the normalization of fo(e) must correspond to one free electron per unit
volume, as has been ensured in (24.7).

To find the second boundary condition (as e ——), we note that the distribution
at deep levels of the excited atom is not perturbed by the presence of free
electrons, and is independent of their number: it is proportional to the equilibrium
number N, not to the actual number N.. When N, > N, this situation 1s ex-
pressed by the boundary condition

f()lfo(e)—>0 as [e]->oo. (24.12)
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Integrating the equation s = constant with the boundary condition (24.11), we
have

el
flfo= constant x fl %—;J+ 1.
(1] [1]

The constant is —a if it is determined so as to satisfy the condition (24.12). Thus
we find as the final result

P 32 x —|eliT} _|5/2
dlej 2T fe—Le—I—dlq. (24.13)
[1]

« Jo Bfe 7PzeY)o B(—[e])

This formula relates to a process in which the *“‘third body” is an unexcited atom.
If the gas is strongly 1omzed (which 1s still compatible with the condition T <1)
and sufficiently dense, recombination with a second electron as the third body may
become the principal process. The recombination rate then becomes proportional
to NN, so that the recombination coefficient itsclf, defincd as before by (24.1), is
proportional to N,. Since the energy relaxation in electron collisions is quick, the
method described above for calculating the recombination coefficient is inapplic-
able in this case.

PROBLEMS

PROBLEM 1. Find the radiative recombination coefficient for capture of an electron to the ground
state of a hydrogen atom at lemperatures T << I = e°m/2h°, the ionization potential of this atom.

SOLUTION. The cross-section for recombination of a slow electron with a proton at rest. to the
ground level of the hydrogen alom, is

o = 2om(ehc)an’ ]l
3271, . Ymicel

where v, is the speed of the electron, and an = #*/me’ the Bohr radius: see RQT. formulae (56.13) and
(56.14). The mean value (v.") = (2m/aT)". The result is, in accordance with (24.3),

210773!1 e'.' Jasll I 12 eZ JHB]I I 12
=357y (zz) T(‘f) =35(zz) T('f)

PROBLEM 2. Determine the recombination coefficient given by (24.13), neglecting the influence of the
electron binding in the excited atom on its collision with 1he unexciled atom, and assuming that 1he
transport cross-section for these collisions is independent of the velocity.

SOLUTION. The “diffusion coefficient” B(e) is calculated as in §22; the result is

B(e) = (NI3m)(w2)(op?, n

where N is the density of atoms in the gas, m the electron mass and vy the relative speed of the excited
nd unexcited atoms. The speeds v have a Maxwellian distribution, with the particle mass represented
by the reduced mass IM (where M is the mass of the atom); hence (v2) = 6T/M. Next, p in (1) is the
¢lectron momentum in the field of the ion: the averaging of oup’ is taken over the region of the electron
Phase space 7(¢) corresponding 1o a given value of |¢|. With o, = constant, we find

2 2,
n_ O 3 p _ze 3.3
(mp)~—T(EJP 6(I€|+§—m ,)dxdp

_ 32V2

312
. amlel.



106 The Diffusion Approximat

Thus
B =64V2TouN|e[* 137 M,

and a calculation from (24.13) then gives finally
a =32V (2m)m " (ze’Y e N3MT. 2

The neglect of the electron binding in the atom is legitimate if the perturbation frequency caused by
the atom near the.eleclron (~d| ., where d is the atomic dimension) is large in comparison with the
frequency of rotation of an electron with energy |€| ~ T. This leads to the condition T < (eX/d)(m/M)"

§25. Ambipolar diffusion

Let us consider the diffusion of charged particles in a weakly ionized gas. As in
§22, the degree of ionization is assumed to be so small that collisions between
charged particles may be neglected in comparison with those between charged
particles and neutral atoms. Even under these conditions, the diffusion of the two
types of charged particles (electrons and ions) is not independent, because an
electric field arises in the diffusion process (W. Schottky, 1924).

The diffusion equations are the equations of continuity for the electrons (e) and
the ions (i):

aN /a3t +divi, = 0,}

aNifat +divi; =0, (25.1)

the fluxes being expressed in terms of the number densities of particles and
their gradients by

ie=— Ncb.eE— DeVN,,}

i,- = NibieE— D,-VN,-, (25.2)

where D, and D; are the diffusion coefficients and b, and b; the mobilities of the
electrons and ions.t These are related by the Einstein formulae

D.=Tb,, D;=Tb, (25.3)

which express the condition for the fluxes (25.2) to be zero in equilibrium. Using
thesc relations and expressing the field in terms of its potential by E = —V¢, we can
rewrite equations (25.1) as

aNJat = D, div[VN, — (eN./T)V¢l, (25.4)
aN;/at = D; div[VN; + (eNi/ T)Veol. (25.5)

To these we must add Poisson’s equation for the potential:
A =—4me(N; —~ N,). (25.6)

+The ion charge is taken to be z =1, as is usually true when the degree of ionization of the gas is
small.
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The equations (25.4)(25.6) are considerably simplified if the densities N, and N;
have almost homogeneous distributions. We can then put N, = N; =~ constant = Ny
in the coefficients of V¢ in (25.4) and (25.5), and eliminate ¢ by means of (25.6).
The result is

8N¢ _ _ Nz - N,’
?‘De[ANe az ], (25.7)
aN; Ne—=N;
Tel Di[ANi + P ], (25.8)

where a7 =47e’No/T, and a is the Debye length for electrons or ions; see §31
below.

Although the electron and ion scattering cross-sections are in general of the same
order of magnitude, their diffusion coefficients are quite different, because of the
difference in their mean thermal speeds vr:

D.ID; ~ vrfvr ~ V(M[m), (25.9)

so that D, > D, This results in some unusual features of the diffusion process.

Let us consider the variation with time of a slight perturbation of the electron
and ion densities, whose characteristic dimensions L > a. In the initial stage of the
process, when the variable parts of the densities are [8N,| ~ [8N;]| ~ [8N, — 8N, the
first terms on the right of equations (25.7) and (25.8) are small in comparison with
the second terms:

AN, ~ 8N,/L* < (8N, — 8N,)/a’. (25.10)

Noting also that from (25.9) [aNi/3t| <[3N./at], we have

%(SN, - 8N)) = ~(D.Ja?)(8N, — 8N,

whence
8N, — 8N; = (6N, — 8N;)o exp(— Dit/a?). (25.11)

From this, we see that in a time 7~ a*/D, the difference |6N, —~ 6N,| becomes
small in comparison with 8N, and 8N; themselves, i.e. the gas becomes quasi-
neufral.

The next stage of the process consists in the development of the electron
distribution to reach the equilibrium form (for a given ion distribution), determined
by the condition for the right-hand side of (25.7) to be zero:

8N, — 8N; = a’ AN, =~ a’AN; ~ (a*/L})8N,. (25.12)
This stage follows the diffusion equation (25.7), with the characteristic time

T2~ L?/D,, which is small compared with the characteristic ion diffusion time
7 ~ L?/D;; the ion distribution may therefore still be regarded as unaltered.
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The final relaxation of the electron and ion density perturbations takes place
according to (25.8). which after the substitution of (25.12) becomes

Thus, during a time ~ 7, the electrons and ions diffuse together (6N, = 8N;) with a
diffusion coefficient twice that of the ions; this process is called ambipolar
diffusion. Half of the coefficient is due to the intrinsic diffusion of the ions, and half
to the electric field resulting from the accelerating electrons.

Lastly, let us note that equation (25.13) has a broader range of applicability than
follows from the proof given. Even if the perturbation is not weak, the movement
of the electrons quickly gives them a Boltzmann distribution in the field and
cqualizes the electron and ion densities, i.e. leads to quasi-neutrality. Then

N, =N; = Noe®", ep =T log(Ni/No). (25.14)

Substitution of (25.14) in (25.5) again gives (25.13), but without the assumption that
the perturbation is small.

§26. Ton mobility in selutions of strong electrolytes

The equations given in §25 are easily generalized to the case where ions of
different kinds are present. They are also applicable to the movement of ions in
solutions of strong electrolytes.t In the limit of infinite dilution of the solution (i.e.
as its concentration tends to zero), the mobility of each kind a of ions tends to a
constant limit b, and the diffusion coefficient correspondingly tends to

DY = Tb?. (26.1)

The present section is concerned with the calculation of the correction terms in
the first order (with respect to the small concentration) for the ion mobilities in a
weak solution.f This also gives the correction terms for the conductivity of the

solution. In an electric field E, a force ez,E acts on each ion, which thereby
acquires a directed velocity b.ez,E. The current density in the solution is therefore

j= EE ez,N, . b,ez,,

where N, is the concentration (number per unit volume) of ions of type a; the
conductivity is thus

o =€ Nuz/'b,. (26.2)

*These are substances which dissociate comoletely into ions when dissolved
iThe theory given below was worked out by P. Debye and E. Hiickel (1923) and L. Onsager (1927).
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The theory given below is based on the same ideas as that of the thermodynamic
properties of plasmas and strong electrolytcs, namely that around each ion there is
formed an inhomogeneous distribution of charges (an 1on cloud), which screens the
field of the ion. The corresponding formulae have been derived for a plasma in SP
1, §878 and 79. The formulae for a solution of a strong electrolyte differ only in the
presence of a permittivity e# | of the solvent, and will be given below.

The screening cloud alters the mobility of the ion because of two different
effects. First. the movement of the ion in the external electric field changes the
charge distribution in the cloud, and this causes an additional field on the ion.
Second, the movement of the cloud causes a movement of the liquid and hence a
“dnift” of the ion. The two corrections are called respectively relaxation and
electrophoretic corrections.

RELAXATION CORRECTION

Let us first calculate the corrections of the first kind. Since the screening clond
results from the existence of a correlation between the positions of different ions, it
is a question of the influence of the external field E on the correlation functions.

We shall define the pair correlation function wg 30 that Nowa(r,, rp) dV, 1s the
number of ions of type a in a volume dV, around the point r,, if there is one ion of
type b at the point r,,; the types a and b may be the same or different. Evidently

Wap (ru, rh) = whn (rhy Iy )’ (26-3)

and wg —1 as Jro—rp|—>2. In equilibrium, the functions w, depend only on
the distances |r, —ry[; in an external field, this is not so.t

The correlation functions, like any distribution functions, satisfy equations in the
form of continuity equations in the appropriate space—here, the configuration
space of the two particles:

dwgel 8t + div, j, +divs jo =0, (26.4)

where j, and j, are the probability fluxes for the a and b particles, and the
suffixes to div show the variables (r, or ry) with respect to which the differentiation
is performed.

The flux j, is

.in =—Tb (.P)Vnwnh + szO)znewnb (E - Vn‘Ph ) (26'5)

and j, is the same with the suffixes a and b interchanged. The first term in (26.5)
describes the diffusional motion of the type a ions, which occurs even in the
absence of an external field. The second term is the ion flux density due to the
forces exerted by the external field E and by the field ~V.p, at the point r,
resulting from the modified cloud, with the condition that a type b ion is at the

. ¥The method of correlation functions as applied to the equilibrium state of a plasma (or an electrolyte)
1s described in SP 1. §79.
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point r,. The potential ¢, = ¢4 (r,, ry) of the latter field satisfies Poisson’s equation:
Doy (rg, 1p) = —(47r/e)[2 ez N.Wep (re, 7o) + €2,8(ra — r.,)]- (26.6)

The first term in the square brackets is the mean charge density of ions of all types
in the cloud, the second term is the charge density localized (by the condition
imposed) at the point rp. The factor 1/e gives the reduction of the field in the
dielectric solvent.

Assuming the solution to be sufficiently dilute, we neglect triple correlations
between the positions of the ions. In that approximation, the pair correlation
functions w,, are almost unity, and the guantities

Wap = Wgp — 1 (26.7)

are small. The potentials ¢, are of the same order of smallness. Neglecting
second-order terms, we can rewrite (26.5) as

jo = DO~ TV,wa + eza(1 + wu)E — €2, Vagp]. (26.8)

In equation (26.6), we can simply replace wa. by wam, since the solution is
electrically neutral on average (Zez N, = Q):

Doy (ra,rp) =— (477/6)[2 ez Ny (ro, rp) + €2,8(ra — ru)]- (26.9)

In a uniform constant field E, the functions w,, are independent of time, and they
involve the coordinates of the two points only in the form r=r,—r, with
VaWa = —V,wg. Substitution of j, from (26.8) and j, from the analogous expression
in (26.4) now gives

TP+ bMNA we, () + €2,b P A @ (r) + ezeb P A, (— 1)
=(z,b® — z,b MNeE . Vo (r), (26.10)

where all derivatives are taken with respect to r.

Assuming the external field weak, we can solve the problem by successive
approximation with respect to E. In the zero-order approximation, when E = 0, the
potentials ¢ (r) are even functions of r. Since all the functions w, and ¢, must

tend to zero as r -, we then find from (26.10)
TP+ bl +e(bP 2.0+ bP 2,00 = 0. (26.11)
We seek the solution in the form

0 Q(r) = 2,2,090), eeP(r) = — Tz (). (26.12)
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Then equation (26.11) is satisfied identically, and from (26.9) we obtain an equation
for 0 r):

Lw(r)— wr)a® = (4me’[eT)5(r), (26.13)
where
= (4me?/eT)D, Nz 2. (26.14)
The solution of this is
2 _—rla
@y €€
@) =~ (26.15)

The quantity a is the Debye screening distance in the electrolyte solution.
In the next approximation, we put

¢a = (p(0)+ (p“) Wab = w(.?h)+ wid, (26.16)

where the superscript (1) marks small corrections to the zero-order values. Being
scalars, all these corrections have the form E.rf(r), where the f(r) are functions
only of the magnitude r; hence all the w& and ¢%’ are odd functions of r. Since,
from (26.3),

wB(r, 1) = 0(r) = wil(r, 1) = whl(-r),
it follows also that

wBr) = —oidr), (26.17)

if we remember that everywhere r =r, —r,. If the ions a and b are of the same
kind, an interchange of suffixes cannot alter the function w$l(r), and therefore
(26.17) shows that such ' =0. Thus the corrections w$% occur only for the
correlation functions of pairs of different ions.

To simplify the subsequent calculations, we shall take the case of an electrolyte
with ions of only two kinds. Then only one function w{¥(r) = —w%(r) is non-zero,
and substitution of (26.16) in Poisson’s equation (26.9) gives

Aet(r) = ——z.lel Xr), (26.18)

where r = r; — r,. With the condition of electrical neutrality of the solution, and the
above-mentioned symmetry properties of the functions, it is easily seen that the
potential ¢{’(r) satisfies a similar equation, and therefore ¢{(r) = ¢3(r).

On substituting (26.16) in (26.10), we retain only the term in @} on the right,
obtaining

ThP+bP)Aw(r)+ e(bPz — b 2)A¢8(r)
= (b2, — bP2z)ez,2,E . Vo' O(r). (26.19)
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The equations (26.18) and (26.19) are solved by Fourier analysis. A set of
algebraic equations for the Fourier components o and ¢% is obtained, differing
from (26.18) and (26.19) by the change of operators V- ik, A—— K. The Fourier

component of the function «"(r) (26.15) on the right of (26.19) is

(0)=__e2_ An
@k Tk’ + 1/a”

The final result for the Fourier component of the potential is

4Amelz 2,4 ik.E
n_ 122
Px = €T(12 kZ(k2+ llaz)(kz+qlaz), (26,20)
where
o, _ (10)
T (26.21)

(z:~ )b+ bY)
Since z, and z have opposite signs, it is evident that 0 < g < 1.

The function ¢Y"(ri, r2) is the additional potential at r; when there is an ion 2 at r=.
The corresponding field strength is

EY'(r) = ~ V051, 1)) = — Voii'Y(r).
Its value for r, = r: (i.e. r = 0) gives the required field which acts on the ion 2 itself
and thus altcrs its mobility.
)

The Fourier component EY! = —ikeY,). Hence

3
E90) =~ [ikeerrd 5] =~ [ikel ki,

Substitution of (26.20) here leads to the integral

I_I k(k.E) d3k
VR 1)K+ glay 2m)

The averaging over the directions of k replaces k(k.E) by 3k?E, and the integral

with respect to k is then calculated from the residues of the integrand at the poles
k=i/a and k =iV gla:

I=Ea/127(1+Vq).

Thus the total field acting on the ion 2 is

1 _ _ ez 212219
E+E®(0) = [1 WI(THVE] E. (26.22)

A similar result is obtained for the field acting on the ion 1, as is evident from the
symmetry of the expression (26.22) with respect to the suffixes 1 and 2. Multiplying
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the field (26.22) by b™ez, we obtain the velocity acquired by the ion, and if this is
written in the form bezE it follows that the expression in square brackets gives the
ratio b/b"™. Thus the required relaxation correction to the ion mobility is found to

be
_ e|zizlq
bn:l b 3eTa(l i q)- (26.23)

This effect reduces the mobility.

ELECTROPHORETIC CORRECTION

Let us now go on to calculate the correction due to the movement of the solvent,
formulating the problem as follows. We consider a particular ion in the solution,
together with the screening cloud around it. This cloud carries an electric charge
density 8p = Zez,6N,, where 8N, is the difference between the densi'v of ions of
type a in the cloud and the mean value N, in the solution. Thus forces with volume
density f = E8p act on the liquid carrying this cloud, in the presence of an electric
field E. These forces cause the liquid to move, which in turn carries along the
central ion in question.

The distribution of ions in the cloud is related to the field potential ¢ there by
Boltzmann’s formula:

8N, = N [e %7 — [}~ — z,e¢N,/T.

Since the field E is weak, we may neglect the deformation of the ion cloud in the
present problem. In a spherically symmetrical cloud, the potential is

—rla
>

¢ = (ezpr)e

where ez, is the charge on the central ion, and a is determined by (26.14); cf. SP 1,
§78. The total charge density in the cloud is therefore

e? ez, e
6p = ——T(ﬁz I\I,,Z,,2 = —47T(.;2—T_' (26.24)

) Since the motion caused by the field E is slow, the liquid may be regarded as
mncompressible, and so

divv=0. (26.25)

For }he same reason, the term quadratic in the velocity may be omitted from the
Navier-Stokes equation, which then reduces (for a steady motion) to

nAv—VP +f=0, (26.26)

Where P is the pressure and 7 the viscosity of the solvent.
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Taking Fourier components in (26.25) and (26.26), we have
k-Vk:O, —'nkzvk—ikPk+E8pk=0.
Multiplying the second equation scalarly by ik, we find P, = —ik . E8p,/k?, and so

8o k’E~ k(k . E)
Yy = ——

N '——'P—. (26.27)
The Fourier component of the charge density (26.24) is
8py, = —ezpl(a’ki+ 1). (26.28)

The required velocity of the liquid at the point r =0, where the central ion is
situated, is given by the integral

v(0) = J-vk a’kj2m)>.

Substitution of vy from (26.27) and (26.28), and integration over the direction of k,
gives

ez, 87 ([ dk
@nYq 3 Jo K2a’+ 1

v(0)=-E

and finally
v(0) = ~(ezp/67ma)E.
This velocity is added to the velocity ez,b{”E acquired by the ion through the

direct action of the field. It is therefore clear that the required electrophoretic
correction to the mobility is

bcl-ph = l/67ra1;, (2629)
the same for ions of all types. The total correction is given by the sum of the two

expressions (26.23) and (26.29). Both are negative, and through the factor 1/a are
proportional to the square root of the concentration.



CHAPTER III

COLLISIONLESS PLASMAS

§27. The self-consistent field

A wipE field of application of transport theory occurs for plasmas, by which we
shall mean completely ionized gases.t The thermodynamic theory of the equili-
brium state of plasmas has been discussed in SP 1, §§78-80; SP 2, §8S. Chapters
III-V will be devoted to the transport properties of plasmas. To avoid com-
plications having no fundamental significance, we shall (where necessary) regard
the plasma as having only two components: electrons with charge —e, and positive
ions of one type with charge ze.

As in ordinary gases, the plasma must be sufficiently rarefied if the transport
equation is to be applicable to it; the gas must be almost ideal. However, because
Coulomb forces decrease only slowly, this condition is more stringent for a plasma
than for a gas of neutral particles. At present making no distinction between
particles having different charges, we can write the condition for the plasma to be
almost ideal as

T > eXfF ~ N5, (27.1)

where T is the temperature of the plasma, N the total number of particles per unit
volume and ¥~ N ™' the mean distance between them. This condition states that
the mean interaction energy of two ions is small in comparison with their mean
kinetic energy. It may be differently expressed by using the Debye length a of the
plasma, defined by

1/a?= @w/T) Y, Na(zqe), 27.2)

where the summation is over all types of ion; it may be noted (see SP 1, §78) that a
determines the distance at which the Coulomb field of a charge in the plasma is
screened. With a ~ (T/4wNe?)'? in (27.1), we have

eZNIIS/T — —2/47702 <€ 1: (27.3)

in a rarefied plasma, the mean distance between the particles must be small
compared with the Debye length, i.e. the ion cloud around a charge must in fact

tThe term is due to |. Langmuir (1923), who laid the foundations of the systematic theoretical study of
plasmas.
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contain many particles. The small ratio (27.3) acts as a “‘gaseousness parameter”
for the plasma.

The plasma will be assumed classical throughout Chapters III-V, except in §40.
This implies the fulfilment of only a very weak condition: the plasma temperature
must be high in comparison with the degeneracy temperature of its electron
component,

T » h*NPm, (27.4)

where m is the electron mass (cf. SP 1, §80).
The transport equation for each type of particle in the plasma (electrons and
ions) is

oy o o
ot vV arte o= CO), @15)

where f is the coordinate and momentum distribution function of the particles
concerned, and C is their collision integral (with particles of any kind). The
derivative p is determined by the force acting on the particle. This force is in turn
expressed in terms of the electric and magnetic fields, due to all the other particles,
at the position of the particle considered. The following point now arises, however.

For neutral particles (atoms or molecules), because of the rapid decrease of the
interaction forces, there are noticeable changes in their motion, interpretable as
collisions, only at small impact parameters, of the order of atomic dimensions.
Between such collisions, the particles move as if free; for this reason, p=0 is
assumed on the left-hand side of the transport equation for ordinary gases. [n a
plasma, however, because of the long-range Coulomb forces, a noticeable change
in the motion of the particles occurs even at large impact parameters; the Coulomb
forces are screened in the plasma only at distances ~a, which by the condition
(27.3) are large even in comparison with the distances between particles (sece SP 1,
§78. and §31 below, Problem 1). However, not all such cases are to be interpreted
as collisions in the transport equation. In transport theory. random collisions are
the mechanism causing an approach to the state of equilibrium, with a correspond-
ing increase in the entropy of the system. But collisions at large (=a) impact
parameters cannot act as such a relaxation mechanism. The reason is that the
interaction of two charged particles at such distances is actually a collective effect
involving many particles. Accordingly, the effective field which can describe this
interaction is also generated by a large number of particles, i.e. is macroscopic. The
whole process then becomes a macroscopically certain and not a random one; such
processes cannot cause the entropy of the system to increase. They must therefore
be excluded from the scope of the term “collisions™ as applied to the right-hand
side of the transport equations.

This distinction corresponds to the representation of the exact microscopic
values of the electric field e and the magnetic field h, acting on a particle in the
plasma, as

e=E+¢, h=B+h, (27.6)

where E and B are the fields averaged over regions containing many particles and
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having dimensions large compared with the distances between the particles but
small compared with the Debye length. The terms ¢’ and h' then describe the
random fluctuations of the fields, which cause random changes in the motion of the
particles, i.e. collisions.

In (27.6), the precise significance of E and B is that of being the mean fields at the
position of a given particle. Since the plasma is assumed rarefied, the correlation
between simultaneous positions of particles in it may be neglected. Then the
position of each given particle is in no way distinctive, and so E and B may be
regarded as just the fields averaged in the ordinary sense of macroscopic elec-
trodynamics. These fields determine the Lorentz force which is to repluce p in
27.5).

In this chapter, the phenomena discussed will be those in which collisions
between plasma particles are unimportant. Such a plasma is said to be collisionless.
The precise conditions for collisions to be negligible depend in general on the
specific formulation of the problem, but a necessary condition is usually that the
effective collision frequency v (the reciprocal of the mean free time of a particle)
should be small in comparison with the frequency w of variation of the macro-
scopic fields E and B in the process concerned:

v<w. (27.7)

Because of this condition, the collision integral in the transport equation is small in
comparison with df/dt. Collisions may be neglected even if the particle mean free
path I ~ /v is large compared with the distance L over which the ficld varies (the
field “wavelength”). Putting 1/L ~ k, we can write this condition as

v < kb. (27.8)

The collision integral is small in comparison with the term v. Vf on the left-hand
side of the transport equation.

When the collision integral is neglected, the transport equations for the electron
and ion distribution functions f, and f; becomet

a—f‘+v-§—fﬁ—e(E+ﬂ).?L=o
at c

ar ap
(27.9)
a—fi+v-§ﬁ+ze(E+ﬂ)-éﬁ=0.
at ar c / ap
To these we must add the averaged Maxwell’s equations
__13B o _LoE 4w Lo
curlE= c divB =0, curlB—C o + pab B divE = 47p, (27.10)

ir Ts‘"Cll)’ speaking, inthe presence Of?. magnetic ﬁel(_] the phase space of the parliC,IC is IO,bC (jeﬁn?d asthe

a(idi{‘ space, where P=p—eA(t,r)/c is the generalized momentum. But d’xd’P =d’xd p, since the

Y ion of Achanges only the zero of momentum at each pointin space. We can therefore continue to relate
¢ distribuiion function to d*x d’p.
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where p and j are the mean charge density and current density, which can be
expressed in terms of the distribution functions by the obvious formulae

o=efahi-foay,
@7.11)
j=e f (zfi — f.)v d°p.

Equations (27.9)-(27.11) form a coupled set of equations to determine simul-
taneously the distribution functions f,, f; and the fields E, B; the fields thus
determined are said to be self-consistent. The self-consistent field was brought into
the transport equations by A. A. Vlasov (1937); equations (27.9)—(27.11) are called
the Vlasov equations.

In accordance with the foregoing discussion, the time variation of the dis-
tribution functions in a collisionless plasma with a self-consistent field is not
associated with an increase of entropy, and therefore cannot in itself bring about
the establishment of statistical equilibrium. This is also seen directly from the form
of equations (27.9), in which E and B occur formally only as external fields imposed
on the plasma.

Each of the transport equations (27.9) has the form

dfldt =0, (27.12)

where the total derivative signifies differentiation along the paths of the particles.
The general solution of such an equation is an arbitrary function of all integrals of
the motion of a particle in the fields E and B.

§28. Spatial dispersion in plasmas

We can rewrite equations (27.10) in a form more usual in macroscopic elec-
trodynainics, by including the electric induction D as well as the field E. We define
the electric polarization vector P by the relations

aPlot=j, divP=—p; (28.1)

the compatibility of these is guaranteed by the equation of continuity div j = —ap/dt
(the definition will be further discussed later in this section). Then cquations (27.10)
become, with D =E+ 47P,

curlE=—(1/c)aB/dt, divB=0,

(28.2)
curl B=(l/c)aD/dt, divD=0.

In weak fields, the relation between the induction D and the field E is linear,T but
even in ordinary media the relation is not instantaneous: the value of D(t,r) at a

tThe condition for the field to be weak will be formulated in §29.
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1ime t depends in general on the values of E(f,r) not only at that instant but also at
all previous instants (see ECM, §58). In a plasma, it is additionally a non-local
relation: the value of D(t,r) at a point r depends on the values of E(t, r) not only at
that point but in general also throughout the plasma. This is because a “free” (i.e.
collisionless) movement of particles in the plasma is governed by the field values all
along their trajectories.

The general linear relation between the functions D(¢, r) and E(¢, r) may be written
(on the assumption that the unperturbed plasma is in a steady state)

t
D.(t,xr) = E,(t, r)+[ fKnp(t —t',r, r)Eg(t, r') d*x" dt’

For a spatially homogeneous plasma, the kernel K., of the integral operator
depends only on the difference r—r' of the arguments. Writingr—r'=p, t—t' =17,
we can rewrite the above relation as

D.(t,r)=E_(1, r)+J- J- K.s(7, p)Eg(t — 7,x — p) d3pd7. (28.3)
0

In the usual way, an expansion as a Fourier series or integral allows the field to
be represented as a set of plane waves in which E and D are proportional to
e ) Eor such waves, the relation between D and E becomes

D, = €u5(w, K)Eg, (28.4)

where the permittivity tensor is

(0, K) = Bog + f f K.s(7, p)e’™# dpdr. (28.5)
1]

From this definition it follows at once that
€ap(—w, —k) = e%(w, k). (28.6)

Thus the non-localness of the relation between E and D has the result that the
permittivity of the plasma depends on the wave vector as well as on the frequency.
This is referred to as spatial dispersion, in the same way as the frequency
dependence is called time dispersion or frequency dispersion.

Returning to equations (28.1) and (28.2), we may recall that in the formulation of
Maxwell’s equations for variable fields in ordinary media the introduction of the
dielectric polarization P is accompanied by that of the magnetization M, the mean
microscopic current being divided into two parts 3P/dt and ¢ curlM; in a plane
wave, these become —iwP and ick XM. In the presence of spatial dispersion,
however, when all quantities depend on k in any event, this division is inap-
propriate.

If the current j and the charge density p are fully included in the definition of the
polarization P, as in (28.1), the latter in general depends on both the electric field E
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and the magnetic field B. The field B can be expressed in terms of E by means of
the first pair of Maxwell’s equations (28.2), which contain only these two quantities,
i.e. (for a plane wave) from kXE= wB/c and k.B=0. The polarization P is
thereby expressed in terms of E alone, as is implied in the definition of e, by
(28.3)-(28.5).

The dependence on the wave vector creates a distinctive direction in the function
e.s(w, k), namely that of its argument k. Hence, when spatial dispersion is present,
the permittivity is a tensor even in an isotropic medium. The general form of such a
tensor may be written

€op(@. k) = &(w, k)(Bup — KKyl K?) + €(w, k)kkylk™. (28.7)

On multiplication by Ej, the first term in (28.7) gives a contribution to the induction
D that is perpendicular to the wave vector, and the second term a contribution that
is parallel to k. For fields E perpendicular or parallel to k, the relation between D
and E reduces respectively to D = E or D = ¢E. The scalar functions ¢ and ¢ are
called the transverse and longitudinal permittivities. They depend on two in-
dependent variables: the frequency w, and the magnitude k of the wave vector.
When k—0, the distinctive direction disappears, and the tensor €, must then
reduce to the form e(w)8,s, where e(w) is the ordinary scalar permittivity, which
takes account only of frequency dispersion. Correspondingly, the limiting values of
the functions € and ¢ are equal:

€(w,0) = g(w, 0) = e(w). (28.8)
According to (28.6), the scalar functions ¢ and ¢ have the property
a(—w, k)= ef(w, k), e&(—w k)= e¥(w,k). (28.9)

The spatial dispersion does not affect the properties of ¢ and ¢ as functions of the
complex variable w. All the results (see ECM, §62) for the permittivity e(w) of
ordinary media without spatial dispersion remain valid for these functions,

In this chapter, we shall consider only isotropic plasmas. It must be emphasized
that this implies not only the absence of an external magnetic field, but also the
isotropy of the momentum distribution of the particles (in a plasma unperturbed by
a field). Otherwise, further distinctive directions appear, and the tensor structure of
€. is more complicated.

It has already been mentioned that the origin of the spatial dispersion in the
plasma is related to the dependence of the “free” movement of the particles on the
field values along their trajectories. In practice, of course, the movement of 2
particle at any point is significantly affected by the field values not along the whole
trajectory but only along fairly short sections of it. The order of magnitude of thes¢
lengths may be governed by two processes: collisions, which perturb the free
movement along the trajectory, and averaging of the oscillating field during the
time of flight of the particle. The characteristic distance for the first process is the
mean free path |~ &/v of the particle, and that for the second process is the
distance t/w which a particle moving with mean speed © traverses in one period of
the field.
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In the expression (28.3), the range of correlation between the values of D and E
at different points in space corresponds to the distances r., over which the function
K.s(7, p) decreases significantly. We can therefore say that the order of magnitude
of these distances is given by the smaller of | and #/w, taken for the particles
(electrons or ions) that have the higher value of it.t If » < w, then &/ is the smaller,
and

Feor ~ Tl w. (28.10)

The spatial dispersion is considerable when kr.,, = 1, and disappears when kr.,, <€ 1;
in the latter case, ¢ ™"* =1 in (28.5), and the integral no longer depends on k. With
reor from (28.10), we therefore find that the spatial dispersion is important for waves
whose phase velocity w/k is comparable with or less than the mean speed of the
particles in the plasma. In the opposite limiting case, with

w > k¥, (28.11)

the spatial dispersion is not significant.

It is important to note that the values of r., in plasmas may be large compared
with the mean distances (~N '7) between the particles. This is the condition that
makes possible the macroscopic description of spatial dispersion in termis of the
permittivity even when the dispersion is considerable. It has been mentioned in
ECM, §83, that in ordinary media the correlation length is represented by the
atomic dimensions, and hence the condition for the macroseopic theory to be
applicable already requires the inequality kr., <1 to be satisfied (the wavelength
must be large in comparison with atomic dimensions); for this reason, the spatial
dispersion in such media (as manifested, for example, in the natural optical
activity) is never more than a small correction.

§29. The permittivity of a collisionless plasma

In the general case of arbitrary k, when spatial dispersion plays an important part,
the calculation of the permittivity requires the use of the transport equation. We
shall do so on the assumptions that the dielectric polarization of the plasma
involves only electrons, and that the movement of the ions is unimportant (this is
called an electron plasma). The condition for such assumptions to be admissible,
and the generalization of the results, will be discussed in §31.

For a weak field, we look for the electron distribution function in the form
f = fo+ 8f, where fo is the stationary isotropic homogeneous distribution function
Inperturbed by the field, and &f the change in it due to the field. Neglecting the
second-order terms in the transport equation, we have

B,y 28 (e YXE). B
at ar c ap

In an isotropic plasma, the distribution function depends only on the magnitude of

¥This is correct for €. For & (if I < #lw), because of particle diffusion along the field, reo ~ (I5fw)"™
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the momentum. For such a function, the direction of the vector dfo/dp is the same
as that of p=mv, and its scalar product with vxB is zero. In the linear ap-
proximation, therefore, the magnetic field does not affect the distribution function.
The resulting equation for 8f is

aof 98f _ dfe
ot +v ir =eE ap’ (29.1)
The function &f is assumed to be proportional to expli(k. r— wt)], like the field
E. Then (29.1) gives
~__¢E
8f k.v—w) ap" (29.2)
The condition for the field to be small results from the requirement that §f be small
in comparison with f,. The coefficient of 3fo/ap in (29.2) is the amplitude of the
momentum acquired by the electron in the field E. This must be small in com-
parison with the mean momentum mo determined according to the distribution f,.
In an unperturbed plasma, the electron charge density is balanced at every point .
by the ion charges, and the current density is identically zero, since the plasma is
isotropic. The charge density and current density in the plasma perturbed by the
field are

p= —ef&f«fp, i= —efv&fd’p. (29.3)

These quantities, like 8f, are proportional to expli(k.r— wt)}, and according to
(28.1) their relation to the dielectric polarization is given by

ik.P=~p, —iwP=j. (29.9)

The method of taking the integrals in (29.3) requires more precise specification,
however, since the function &f has a pole at

w=k.v. (29.5)

In urder to attach a meaning to the integral, we shall consider not a strictly
harmonic field ( = ¢ ') but one which is applied with infinite slowness from ¢t = —oo
onwards. This description of the field corresponds to adding to its frequency an
infinitesimal positive imaginary part, i.e. replacing w by w +i8 with § > +0: we
then have E o e ¢ > ( as t >—oo, and the unlimited increase of the field caused
by the factor ¢® is unimportant as t -, since the causality principle shows that it
cannot affect what is observed at finite times t (whereas with § < 0 the field would
have been large in the past, and this would prevent the use of the approximation
linear in the field). Thus the rule for avoiding the poles (29.5) is expressed by

w-w+i0; (29.6)

this was first established by L. D. Landau (1946).
The rule (29.6) can also be arrived at from a different standpoint, by including in
the transport equation an infinitesimal collision integral C(f) = —v8f. The addition
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of such a term on the right of (29.1) is equivalent to the change w - w +iv in the
term 88f/dt = —iw8f; then, as v -0, we again have the rule (29.6).t
The integrations using the rule (29.6) involve integrals of the form

f@Q)dz 5,
e 208

In such an integral, the path of integration in the complex z-plane passes below the
point z = i5; as 80, this is equivalent to an integration along the real axis but
passing along an infinitesimal semicircle below the pole z = 0. The contribution to
the integral from this semicircle is given by half the residue of the integrand, and
the result is

T @, J’ * f(z) .
7-170 dz=P L dz + iwf(0), (29.7)
where P denotes the principal value of the integral. This may also be written
symbolically
I
z—i0

= le+ i78(2), (29.8)

where P now denotes that the principal values are taken in subsequent integrations.
Let us calculate the longitudinal part of the plasma permittivity, using the first
relation (29.4), in which we substitute 8p from (29.3) and (29.2):

ik p=—cp. [o___dp
ik.P=—eF J-ﬂpi(k.v—-w—l'O)'

Let the field E, and therefore P, be parallel to k. Then 47P = (g — 1)E. We thus
arrive at the following formula for the longitudinal permittivity of a plasma having
any stationary distribution function f(p) (the suffix 0 to f will be omitted):

_ . _4ne of d’p 29.9
@=1-" Ik'apk.v—w—m' (29.9)

We take the x-axis along k. Only f in the integrand in (29.9) depends on p, and p..
The formula may therefore be written differently by using the distribution function
only with respect to p, = muv,:

0= [ o) doy dp..
Then

_y_4=e (" df(p) _ dp,
a=1-"7 | SR (29.10)

In an isotropic plasma, f(p,) is an even function.

“In 1his analysis, there are essentially two limits taken: those of small fields (linearization of the
equation) and of v—0. It should be noted thal the former limit is taken first. The necessity of 1his
sequence arises from that of fulfilling the condition 8f < fo in linearization; when v = 0, the increment 5f
tends to infinity at k. v=w.
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An important result may be noted immediately. The permittivity of a collisionless
plasma is a complex quantity; the imaginary part of the integral (29.10) is determined
by (29.7). This important result will be discussed furtherin §30; here, we shall consider
the analytical properties of the function of the frequency w that is defined by the
integral (29.10). It is known from the general properties of the permittivity that this
function can have singularities only in the lower half of the complex w-plane (see
ECM, §62); this is a consequence of the definition (28.5). It is, however, useful to see
how it also follows directly from (29.10), and to elucidate the relationship between
these singularities and the properties of the distribution function f(p.).

With a change of notation for the variable of integration, we can write the
integral in (29.10) as

fﬂ@ dz (29.11)
(4

dz z—owlk’

The integration is taken along the real axis in the complex z-plane, but passing
below the point z = w/k (Fig. 7a). The integral (29.11) then defines an analytic
function throughout the upper half-plane of w also: for any such w the pole z = w/k
is passed beneath, as it should be. In the analytical continuation of this function to
the lower half-plane, however, the need to pass beneath the pole demands an
appropriate shift of the contour of integration (Fig. 7b). But the function df(z)/dz,
which is regular for real z, in general has singularities for complex z (at z,, say),
some of which are in the lower half-plane. It is impossible to bring the integration
contour C away from the pole z = w/k when this pole comes close to one of the
singularities 2y, and C is pinched between the two points. Thus the function (29.11)
has singularities in the lower half-plane of w at values of w/k that coincide with the
singularities of df(z)/dz.

w/k
[ L S imz-0
(@

imz-0
w/k,
L

.ZQ

(b)
FiG. 7.

§30. Landau damping

It has already been noted that the permittivity of a collisionless plasma is a
complex quantity ¢ = €;+ ie}. Separating the imaginary part by means of (29.8), we
have

” a k
e,=—4—nze2J-5—lf)—-P8(w -k.v)d’p, 3o.n)
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or
d72%*m [df(p )]
p=dmem Al 302
€l k [ dpx e, =wlk ( 0 )

The complex permittivity signifies that there is dissipation of the electric field
energy in the medium. The formulae for the mean energy Q of a monochromatic
electric field dissipated per unit time and volume are as follows. If this field is
written in the complex form

E — E,.,ke“k'r .l)'

then in the general case of an anisotropic mediumf
Q=2 - Heju(@, k)~ el KNETEp; (303)

the dissipation is governed by the anti-Hermitian part of the tensor e.;. If this
tensor is symmetric, the part in question is just the imaginary part:

Q = (w/87)e’p(w, K)EE}. (30.4)

In the case of a longitudinal field, only the imaginary part of the longitudinal
permittivity remains:

Q = (w/8)efE). (30.5
Substitution of (30.2) then gives
» Tme w df(p,)]
=~ g TG (LR 30
Q IEl 2k [ dp; o -em (06)

Thus dissipation occurs even in a collisionless plasma, a phenomenon predicted
by L. D. Landau (1946) and known as Landau damping. Being independent of
collisions, it is fundamentally different from dissipation in ordinary absorbing
media: the collisionless dissipation does not involve an increase of the entropy and

is therefore a thermodynamically reversible process, an aspect to which we shall
return in §35.

The mechanism of Landau damping is closely connected with spatial dispersion.
1This expression is derived from the general formula
Q= (E.D)/4m,
where the angle brackets denote time averaging; see ECM, §61. Here it is assumed that E and D are real.

If E is written in The complex form, it has to be replaced in the expression for Q by YE +E*). The
corresponding vector D has the components

Hewnlw, K Ep + éan(—w,—KE}),
and D has the componenls
2ie{— €ap(w, K)Ep + €ap(—w, -KEz).

On averaging the product E.D and using the property (28.6), we obtain (30.3); cf. the next-bul-one
Ootnole.
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As is seen from (30.6), the dissipation is due to electrons whose speed in the
direction of propagation of the electric wave is equal to the phase velocity of the
wave, t, = w/k; such electrons are said to be moving in phase with the wave.t The
field is stationary with respect to these electrons, and can therefore do work on
them that is not zero on averaging over time as it is for other electrons with respect
to which the field oscillates. It is instructive to examine this mechanism more
closely, with a direct derivation of (30.6) that does not use the transport equation.
Let an electron be moving along the x-axis in a weak electric field

E(t, x) = re{E,e’® “Ve"?} (30.7)

in that direction; the factor e describes the slow application of the field beginning
at t =—». We shall seek the speed v, =w and the coordinate x of the moving
electron in the form

w=we+ 8w, XxX=Xx,+ bx,

where &w and 8x are the corrections to the unperturbed motion xo= wot with
constant speed w,. The equation of motion of the electron, linearized with respect
to small quantities, is

dé
m —dTw = —eE(t, xp)
=—¢ re{Eoe ikl(wo‘w/k)e t5}.
Hence
e __ Etx) _
W = T K (wo— k) + &
(30.8)

ox =~ & E(t, xo)

" " lik(wo— wlk) + 81
The mean work done by the field on the electron per unit time is

q = —e{wE(t, x)}
= —e{(wo+ SW)E(L, o+ 8x))

= —ewo<——aE 8x> —e{dw . E(t, xg)),
dXo
or, in complex form, %

q= —1e re{w 6x3E*|ax, + 8w . E¥}.

tNote that the difference w —k . v is the field frequency in a frame of reference moving with the electron.
1If two quantities A and B periodic in time are written in complex form (x e™), then

(re A.re B)=1{(A + A*)(B + B%).

—Ziwt 2wt

On averaging, the products AB and A*B*, which contain e and e”*, give zero, leaving

(re A.re B) = (AB*+ A*B)=1ire(AB*).
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substitution of E, 8x and 8w from (30.7) and (30.8) gives, after a simple reduction,

l lz w08
dw 8 + k¥ (wo — w/k)*

1t now remains to sum q over electrons with all initial momenta p, = mwy:

Q= f af (p) dps
— 1R z Wod ﬂ
= ~4IBF [ e =i dp,

(with integration by parts). The passage to the limit is made by means of the
formula

llm = 78(2) (30.9)

8
82
and leads directly to (30.6).

In accordance with the reversibility of the collisionless dissipation, the ther-
modynamic conditions do not require Q to be positive as they do for true
dissipation. The expression (30.6) is always positive when the distribution f(p) is
isotropic (see Problem). For anisotropic distributions, however, Q may be nega-
tive: the electrons then transfer energy to the wave on average, not from it. Such
cases are closely associated with the possible instability of the plasma (see §61);
the condition Q >0 (and hence €">0) is thus the result of the stability of the
plasma state only.

From the standpoint of the above-mentioned physical picture of Landau dam-
ping, the presence of the derivative df/dp, in (30.6) may be intuitively interpreted
as follows. The energy exchange with the field involves particles with speeds v,
close to w/k; those with v, <w/k gain energy from the wave, while those with
v, > wlk lose energy to it. The wave loses energy if the former are rather more
numerous than the latter.

PROBLEM

Show 1hat the collisionless dissipation Q is always positive in an lsotroplc plasma,
SOLUTION. In an isotropic plasma, f is a function only of p>=pl+p,’. where p, and p, are thc
longitudinal and transverse (with respect to k) components of p. We write

df(ps) _ d
[ f o2+ p Dmd(p.)

= 2mp, L flpl+p ) d(psd),
and, since f(p?) =0 as p>— =, obtain
df (p:)ldpe = =2mpf(ps),
so that df/dpx <0 when p; = w/k > 0.

+The intuitive derivation of (30.6) given above does not depend on the isotropy of the distribution, nor
does the expression (30.2) (see §32).
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§31. Permittivity of a Maxwellian plasma

We can apply formula (29.10) 1o an electron plasma with an equilibrium (Max-
wellian) electron distribution

— N, _ sz
f(Px)—(szf:)wieXp( ZmT,)‘ (3L.1)

where T, is the temperature of the electron gas; the quantities pertaining to
electrons are given the suffix e with a view to the later consideration of the ion
component also. The result is

e'(w’k)=l+(—kl_ll¢_2[l+F(v2£k5:)]’ (31.2)

where the function F(x) is defined by the integralt

x [* eFdz
F(x)—v;J-Lz—x—iO
=P f e;_‘iz +iVaxe ™ (313)
and the parameters used are
vre = V(Tdm), a.=V(T/47Ned). (31.4)

The quantity v, is a mean thermal speed of the electrons; a. is the Debye length,
determined by their charge, temperature and density.

The limiting expressions for the function F(x) for large and small x are easily
found directly from the definition (31.3). For x > 1, we write

“e T dz

= 2
VX;P T x Z—TVI;J-, e’zz(l+§-+§2—+---)dz.

The integrals of the terms odd in x are zero; the remainder give

1 3 . “x
F(X)+lk—ﬁ"zxj+l\/ﬂxe z, x>1. (31.5)

For x <1, we first make the change of variable of integration z = u + x, and then

1The various representations of F(x), and detailed numerical tables of it. are given by V. N. Faddeeva
and N. M. Terent'ev, Tables of Values of the Funciion w(z)=e™[t— (2ifV7) fi €" di] for Complex
Argume‘n!, Pergamon. Oxford, 1961. The function w(x) which they tabulate is related to F(x) by
F(x)= t\/ﬂxw(x). See also M. Abramowitz and 1. A. Stegun, Handbook of Mathemaiical Functions.
National Bureau of Standards, Washington, 1964; Dover Publishing Company, New York. 1965.
Another convenient, and more comprehensive, tabulation is that of Z(x)= F(x)/x by B. D. Fried and S.
D. Conte, The Plasma Dispersion Function, Academic Press, New York, 1961.
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expand in powers of x:

> —z2
X b e ¥ dz _ xe” PJ’ —uozw AU
Vo ). z—x u

r-vx; P J:x e "E(E—Zx) du.

The principal value of the integral of the first term (odd in u) is zero, and the
second term gives

F(x)=-2x*+iVax, x<l1. (31.6)

These formulae can be used to write down limiting expressions for the permit-
tivity. At high frequencies, we have

2 2.2
a=1- g (14255)

. wQ} w?
+ 1\/2 (kv n);exp(—zkzvzn) for w/kvr, > 1. (31.7)
The parameter
Q, = vrla. = V(4nN.e*lm) (31.8)

is the plasma frequency or Langmuir frequency for electrons. In the case w/kvr, >
1, spatial dispersion leads, as it should, to only small corrections in the permittivity,
and the imaginary part of € is exponentially small, since in a Maxwelliam
distribution only an exponentially small fraction of the electrons have speeds
U, = wfk > vr,. The limiting value of the permittivity, which is independent of k, is

e(w)=1—-(QJw). (31.9)

This expression applies to both the longitudinal and the transverse permittivity; see
(28.8). It is easily derived by straightforward arguments without the use of the
transport equation. As k —0, the wave field may be regarded as uniform, and the
electron equation of motion mv = — ¢E then gives v = eE/imw, so that the current
density due to the electrons is

j=— (ezNQ/imw)E.
We also have
e(w)—1

47 E.

j=—lwP=—jw

A comparison of the two expressions gives formula (31.9).
In the opposite limiting case of low frequencies,

_ Q. (@ \/
e,—1+(kvn) [1 (kvn) 7. n] for wlko<1.  (31.10)
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It should be noted that the spatial dispersion eliminates the pole at w =0 of the
permittivity in an ordinary conducting medium, and that the imaginary part of the
permittivity is relatively small (though not exponentially small) at low frequencies
also, in this case because of the smallness of the electron phase volume in which
the condition k. v = w is satisfied.

It has been shown in §29 that the function €(w) defined by the integral (29.10)
has no singularity in the upper half-plane of w, and its singularities in the lower
half-plane are determined by those of df(p,)/dp. as a function of the complex
variable p,. For a Maxwellian distribution, however, the function

df(p.)ldps = px exp(— p,’[2mT)

has no singularity at a finite distance anywhere in the complex p,-plane, i.e. it is an
entire function. Hence the permittivity of a Maxwellian collisionless plasma is also
an entire function of w, having no singularity for finite w.

So far, we have considered only the contribution to the permittivity from the
electron component of the plasma. The contribution from the ion component is
calculated in exactly the same way, and the two contributions to ¢ — 1 are simply
added. We thus have the evident generalization of (31.2):

e,—l=(—I%e)g[F(v—;li—w:)+l]+(T;:?[F(V—;”Fﬁ-)+l]. G1.11)

The suffixes e and i denote quantities pertaining to electrons and ions;

vn = (TIMY?,  a; = vrlQ = [Tf47Ni(ze)]"?,
(31.12)
Q2 = 4aN(ze)'IM,

where M and ze are the ion mass and charge. The expression (31.11) pertains to a
“two-temperature” plasma, in which each component has the equilibrium dis-
tribution but with a different temperature, so that the electrons and ions are not in
equilibrium with each other. This occurs naturally, in view of the large difference in
mass which impedes the exchange of energy in electron-ion collisions.

The mot usual situation is that where T; < T, and vy; <€ vr.. Since we also always
have (; < (},, it is easy to deduce that when w > kvr, > kv the contribution of the
ions is negligible and so formula (31.7) is valid. In the opposite limiting case, we
have

1 1 .\/1 ©
&~ 1=t ey N7 Gha)hony (31.13)

w < kv <€ kvure.

The case where kv < w < kvr, will be discussed in §32.
All the calculations in §§30 and 31 have been made for the longitudinal part of
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the permittivity. The calculation of the transverse permittivity is of less interest,
because the transverse field usually reduces to ordinary electromagnetic waves for
which the frequency and the wave number are related by wlk =c/Ve; then
wlk > ¢ = vr,, i.€. w > kvge, so that the spatial dispersion is small and the permit-
tivity is given by (31.9). For these waves there is also no Landau damping; since
the phase velocity of the wave exceeds the speed of light, the plasma contains no
pdrucles capable of moving in phase with the wave. (The proof of this statement
requires, strictly speaking, a relativistic treatment; see Problem 4.)

PROBLEMS

ProBLEM I. Find the potential of the electric field due to a small test charge e; at rest in the plasma.

SOLUTION. When the plasma polarization is taken into account, the field is determined by the
equation divD=4mei8(r). For a constant field, the Fourier components of the inf]uction and the
polential are related by Di = (0, k)Ex = —ika(0, k)¢x. Hence we have for ¢« the equation

ik.Dy= kle,(o. k)(Pk = 47ey.
Taking @(0, k) from (31.13), we have

4rey

S s t/a®=1/a’ + lad.

The corresponding function of the coordinales is

2]

@ =(eifrye™™;

thus the permittivity (31.13) describes the screemng of a static charge in accordance with SP 1, §78. The
condition for the charge to be small i IS e1<<Na’ e, i.e. e must be small in comparison with the chdrge on
the plasma particles in a volume ~a’.

ProsLEM 2. Calculate the transverse permittivity of a plasma.

SoLuTION. With the electron polarization P = —jfiw calculated by using j from (29. 3), we obtain for
the permittivity tensort

4me’ Ve af

€op = dup w k.v—w—i0apy

&’p. ()
The transverse part of €. iS separated as

€ = € — €.pkakalK],

and is given by Ihe integral

a=1-—

27e’ f i d’p @
w * apLk.v—w—i0’

where p1 = myv, is the momentum component transverse to k. For a Maxwellian distribution f. integration
over d’p; gives finally

& i) o

ag—1=

+This expression does not assume that the plasma is isotropic.
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with the function F given by (31 3); the ions make an analogous contribution to € — 1. In the limiting

cases,
Q. lvn
g—l=——7|1+
w 2

(w ® kvre ® kir),

o}
ka,e p( '_’k'vi—.) “

_ 11 +i = 0,
(kao)t (ka) 2 wha,

(5)

{(w <€kvn <€krre).

PROBLEM 3. Determine the permittivity of an ultra-relativistic electron plasma, with the temperature
I.» mc™ (V. P. Silin, 1960).

SoLuTioN. The transport equation retains its form (27.9) even in the relativistic case. \ccordingly,
such formulae as (29.9) and (2) in Problem 2 remain valid. In the ultra-relativistic case, the electron
speed v = c, the electron energy is cp, and the equilibrium distribution function iy

fip)y=(N.c*8nTNHe ™',

The longitudinal permittivity is found to be

a—I= X (6)

4me’c I' * f(p) cos 8. 2arp* dpd cos 0
kTe Jt)o ke cos 0—w—i0

where 8 is the angle between k and v. Integration of f over 2mp* dp gives 'N.. and then integration over
d cos 6, passing below the pole cos 6 = w/k, leads to the result

, i 4aNe’ k'S w—chk
cilw k) —1="3== [' *3kc 108 |.., Yok ]
€i{lw, k) = 7wf2kc when olk<c. ™
=0 when ofk>c.
Similarly, starting from (2), we find for the transverse permittivity
2
, _ me N, _ —ck} 2w
€ilwy k)~ 1= wkTe [(l k)lUg w+ck (k]'
€i(w, k)= (1 —wlc’k) when ok <c, ®)
=0 when ofk>c.

PROBLEM 4. Find the imaginary part of & for a non-relativistic (T. <mc?) electron plasma when
wl/h ~ ¢ ® v1. (V. P. Silin 1960).
SOLUTION. From (29.9), which is valid for any electron speeds, we find by integration over d cos 8
8r’c’w J” f(p)p? mMew
o |y = p = 9
k=" | T =g e
(the pole cos 8 = w/kv lies on the contour of integration with respect to cos 6 only if wkr <1 the lower

limit of integration over dp therefore corresponds to v = wf/k). The distribution function for T. <mc’,
valid for all electron speeds, is

Ne me”_ e(p)
o) = am Ty X P(T. T. )
€= c(p2+ mzcl)ln,

the value of the normalization integral being governed by the range € — mc®~ p*/2m ~ T, < mc’. In the
integral (9), with w/k ~ ¢ ® vz, the important range of values of p is that near the lower limit. Putting in



the exponential
€(p) = e(pm) + [deldplp:r.(l’ = Pm)
= €(pm) + (w/k)(p — pm),

and in the coefficient of the exponential p = pm, v = wfk, and integrating with respeet to p — pm from 0 to
x, we obtain

-5 ool ot )
TN e P T wike? U T VI = wike1 )

This gives the form in which €7 tends to zero as wfke -+ 1.

§32. Longitudinal plasma waves

Spatial dispersion makes possible the propagation of longitudinal electric waves
in plasmas. The dependence of the frequency on the wave number (the dispersion
relation) for these waves is given by the equation

efw, k)=0. (32.1)

For, when €; = 0, the longitudinal electric field E has D = 0. Putting also B =0, we
satisfy identically the second pair of Maxwell’s equations (28.2). There remains
from the first pair curl E= 0, which is satisfied because the field is longitudinal:
curl E= ik XxE=0.

The roots of (32.1) are complex (w = w'+iw”). If the imaginary part of the
permittivity €7 >0, they lie in the lower half of the complex w-plane, i.e. w"<0.
The quantity y =—w" is the damping rate of the wave, since the damping is
proportional to e ™. Of course, a propagating wave exists only if vy <’ the
damping rate must be much less than the frequency.

Such a root of equation (32.1) is obtained if we assume that

w > kUT, > kUT,. (322)

Then the oscillations involve only electrons, and the function €(w, k) is given by
(BL7). The equation ¢ =0 is solved by successive approximation. In the first
approximation, omitting all terms which depend on k, we find thatt

w=1Q,, (32.3)

Le. the waves have a constant frequency independent of k. These are called plasma

Waves or Langmuir waves (I. Langmuir and L. Tonks 1926). They are long waves,
In the sense that

ka, <1, (32.4)
as follows from (32.2) with = (Q,.

m:T'(‘f,in(;:l{Sion of ion oscillations would give only a slight shift of this frequency according to
=02+ql
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To determine the k-dependent correction to the real part of the frequency, it is
sufficient to put w = (1, in the correction term in €’; then

w =Q.(1 +i1k%al) (32.5)
(A. A. Vlasov, 1938).
The imaginary part of the frequency in this case is

"=~ k), (32.6)

and is exponentially small with €7. To determine it (and also the coefficient of the
exponential), we have to substitute in €7 the already corrected value (32.5),
obtaining

v =y o] ~zmay 3] G2

(L. D. Landau, 1946). Since ka, <1, the damping rate for plasma waves is in fact
found to be exponentially small. It increases with decreasing wavelength, and for
ka, ~ 1 (when formula (32.7) is no longer valid) it becomes of the same order of
magnitude as the frequency, so that the concept of propagating plasma waves
ceases to be meaningful.

The above treatment relates, strictly speaking, only to an isotropic plasma, in
which the permittivity tensor reduces, by (28.7), to two scalar quantities € and €. In
an anisotropic plasma, i.e. when the distribution function f(p) depends on the
direction of p, there are no strictly longitudinal waves. Under certain conditions,
however, “‘almost longitudinal” waves can propagate, in which the field component
E" transverse to k is small compared with the longitudinal component EY;

E"< E"Y, (32.8)

To ascertain these conditions, we note first of all that, when E' is neglected, the
equation div D = 0 gives

k. D= koesE" = kkpe,, EVk = 0.

This determines the dispersion relation for the waves, and may again be written in
the form (32.1) if the “longitudinal” permittivity is defined as

€ = knkBEnB/kz; (329)

this now depends on the direction of k. However, g = 0 does not imply that D =0;
the quantity

D, = €,3Eg" = €,gkgEVk = ¢, E"

is not zero (whereas in an isotropic plasma e, = 0 when ¢ = 0). Next, from Maxwell’s
equation curl B = (1/c)aD/dt we estimate the magnetic field in the wave as

B ~ (w/ck)eE",
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and then obtain from the equation curl E=—(l/c)aB/3t an estimate of the trans-
verse electric field:

E" ~(w/ck)B ~ (w/ck)’eE®. (32.10)

Thus the condition (32.8) for the wave to be “almost longitudinal™ is satisfied if the
wave is “slow” in the sense that

wlk <c/Ve (32.11)

Lastly, it may be noted that (29.10) remains valid for ¢ defined by (32.9) in an
anisotropic plasma, as is clear from its derivation from the expression

k.P=(k.epE; —-k.E)/4mw

with a longitudinal field E. It is important here that the Lorentz force ev X B/c in the
transport equation may be neglected in comparison with eE (although its product
with af/dp is not identically zero for an anisotropic function f(p)): the estimate
(32.10) gives

[v x B|/cE" ~ weblkc* < 1.

This ratio is small both from the condition (32.11) for a *“‘slow” wave and from the
inequality ¢ <c.

PROBLEMS

PROBLEM |, Determine the dispersion relation for transverse oscillations of a 2plasma.

SOLUTION. For transverse waves, the dispersion relation is given by w’= c’k*le. The high-
frequency oscillations (w > kvt,) correspond to ordinary electromagnetic waves. With & from (31.9) (see
also §31, Problem 2) we find

ol U+ Q0
This is valid for any k; there is no Landav damping, as already noted at the end of §31.

For low-frequency oscillations (w < kt1,), the movement of the ions is again unimportant. For long
waves (ka. < 1), the principal term in the dispersion relation is

.\/2 kicter
o=~y ———
ax )

the purely imaginary value of o denotes aperiodic damping, so that wave propagation cannot occur.
Prosi EM 2. Find the dispersion relation for plasma waves in an ultra-relativistic electron plasma (V,
P. Silin 1960).
SoLUuTION, When o 2 ck. the formula in §31, Problem 3, gives

a(w,k)=1—-—3(1+—r
®

Qi ( 3kzcl)
where

Qi =47’ N 3T
Equating to zero this expression for e, we obtain the dispersion relation

0’ =02+’ (ck <€ Oer).
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As k increases, this formula becomes invalid, but we still have @ > ¢k (and Landau damping is therefore
absent). In the limit of large k, the frequency w tends to ck according to

w =ck[l +2exp(‘%;c— ~2)].
ek

PrROBLEM 3. The sume as Problem 2, but for transverse waves,
SOLUTION. With the expression for &(w, k) derived in §31, Problem 3, we find the dispersion relation

s 6 22
w = Qi+ ek’ for w>ck

The limiting expression for large k is

2

1
w =

Qera + K%,

Here too. we have o > ck, and so there is no damping.

§33. Ion-sound waves

As well as the plasma waves associated with electron oscillations, there can also
propagate, in a plasma, waves in which both the electron density and the ion
density oscillate significantly. This branch of the oscillation spectrum has weak
damping (so that the concept of wave propagation has meaning) when the ion gas
temperature in the plasma is small in comparison with the electron temperature:

T:.<T. (33.1

It will be confirmed by the result of the calculation that the phase velocity of
these waves satisfies the inequalities

Uri <€ w/k <€ UTe. (332)

The smallness of the Landau damping under these conditions is obvious from the start:
since the phase velocity is outside the principal ranges of the thermal speeds for both
ions and electrons, only a small fraction of the particles can move in phase with the
wave and thus take part in energy exchange with it.

The contribution of the electrons to the permittivity under the conditions (33.2) is
given by the limiting formula (31.10), and that of the ions by (31.7) with the electron
quantities replaced by ion quantities. To the necessary accuracy, we have

a? 1 .\/‘n’ w
— 125 AL 3
=1 o7 +——i(kae)‘ [l +i > kvn]' (33.3)

Neglecting at first the relatively small imaginary part, we obtain from the equation
€ = 0

2,2 2
w‘_)=ﬂ'_; ka, _ZT, k

22l _ 33.4
"1+k% M 1+k%a” (

in the latter expression we have used the fact that N, = zN.
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For the longest waves, with the condition ka, < 1, the dispersion relation (33.4)
reduces tot

o =kVQETJIM), ka, <1. (33.5)

The frequency is proportional to the wave number, as in ordinary sound waves.
Waves having this dispersion relation are called ion-sound waves. The phase
velocity of these waves is w/k ~ (T./M)"?, so that the condition (33.2) is in fact
satisfied. Taking account of the imaginary part of ¢ in the next approximation, we
easily find the damping rate:

v = wV(wzm/8M). (33.6)

This damping is due to the electrons. The contribution of the ions to vy is
exponentially small, containing the factor exp(—zT./2T;).

For shorter wavelengths, in the range 1/a, <k < 1/a; (which exists by virtue of
the postulated inequality (33.1)), we have from (33.4) simply

w=10,; (33.7)

These are ion waves analogous to electron plasma waves. It is easily verified that
here again the conditions (33.2) are satisfied, and the damping is slight. As the
wavelength decreases further, however, the damping increases, and for ka; = 1 the
ion contribution to the damping rate becomes comparable with the frequency, so
that wave propagation ceases to have any meaning.

Figure 8 shows diagrammatically the spectrum (dispersion relation) for the
low-frequency oscillations considered here (lower curve), in comparison with the
spectrum of high-frequency electron plasma waves (upper curve). The broken lines
mark the regions where the damping becomes large.

S

I

Q;+

1/0, 17g, *

FIG. 8.

tThe law (33.5) was discovered by Langmuir and Tonks (1926); the need for the condition (33.1) was noted
by G. V. Gordeev (1954).
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§34. Relaxation of the initial perturbation

Let us consider the problem of solving the transport equation with a self-
consistent field for given initial conditions (L. D. Landau, 1946). We shall take
only the case of a purely potential electric field (E = —V¢) and zero magnetic field,
assuming that only the electron distribution is perturbed (the ion distribution
remaining unchanged). .

We shall also suppose that the initial perturbation is small: the initial electron
distribution function is

f(Ox r, P):fO(P)+g(r7 P), (341)

where fo(p) is the equilibrium (Maxwellian) distribution, and g < fo,. The pertur-
bation remains small at subsequent instants, of course, so that the equations may
be linearized; we shall seek the distribution function in the form

ftt,r.p)= fo(p) + 8f(t, r. p). (34.2)

For the small correction 8f and the potential ¢(t, r) of the self-consistent field (a
quantity of the same order of smallness) we find a set of equations comprising the
transport equation

of . 98f ofo_
T e +eVo ap =0 (34.3)
and Poisson’s equation
A =4me f 5f d’p (34.4)

(the equilibrium electron charge is compensated by the ion charge).

Since these equations are linear and do not explicitly involve the coordinates, the
required functions 8f and ¢ may be expanded as Fourier integrals with respect to
the coordinates, and equations may be written for each Fourier component
scparately. That is, it suffices to consider solutions having the form

8f(t,r,p) = fult, pIe™, |
et 1) = euln)e™ " | (34.5)

For such solutions, equations (34.3) and (34.4) become

3fk/31 +ik. vfi + iegyk - 3fo/dp = 0, (34.6)

k¢, = —4me ffk d’p. (34.7)

To solve these equations, it is sufficient to use a one-sided Fourier trans-
formation, the transform f{3(p) of the function fi(t, p) being defined as

) = [ et p) dr. (34.8)
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The inverse transformation is given by
futp)= f_ . "‘"’f”’(p) (34.9)

where the integral is taken along a straight line in the complex w-plane, parallel to
and above the real axis (¢ >0), and also passing above all singularities of f.i.1

We multiply both sides of (34.6) by e ™" and integrate with respect to t. Noting
that

“ofx . =

f L g a =[fk6"”‘]o°°—i“’f fue™ dt

0 dat 0
=—gk—iwfffk’,

where gi(p)= fi{0,p), and dividing both sides of the equation by i(k.v—w), we
find

) — (+)
fox = v—w) (g ~ ek - ap] (34:10)
Similarly, from (34.7),
k* L*£=—4neff‘.fd(p)d’p- (34.11)

Substitution of {7 from (34.10) in (34.11) gives an equation for ¢y alone, which
yields the result

w_ ___A4me gup) &°p
Pk = T ke (w, k) ) ik.V—w)

(34.12)

with the longitudinal permittivity ¢ from (29.9). Again using the momentum
component p, = mu, along k, as in §29, we can rewrite this formula as

) _ 4me ” gupx) dp,
Pk = T 1 e (@, k) ) kv, — @)

(34.13)

where

80 = [ 2u(p) dp, dp.

1The transformation (34.8), (34.9) is just the familiar Laplace transformation

ig

= L‘ f(ne™dt, f(1)=s— f,,e"' dp,

71r|

in which p has been replaced by —iw and the contour of integration correspondingly changed in the
expression giving the function f(t) in terms of its transform fp-
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In order to determine the time dependence of the potential by means of the
inversion formula

T+ir

oul(t) = # f e “oldw, (34.14)

=%+

it is necessary first to establish the analytical properties of ¢,x as a function of the
complex variable w.
An expression of the form

e = f eu(t)e™dt
0

as a function of the complex variable w is meaningful only in the upper half-plane.
The same applies correspondingly to the expression (34.13), where the integration
is along a contour (the real p.-axis) which passes below the pole p, = mow/h. We
have secn in §29 that the function of the variable w defined by such an integral,
when analytically continued into the lower half-plane, has singularities only at
singularities of gu(p,). We shall assume that g(p,) as a function of the complex
variable p, is an entire function (i.e. has no singularity at finite p.): then the integral
under consideration also defines an entire function of w.

It has been noted in §31 that the permittivity g of a Maxwellian plasma is again
an entire function of w. Thus the function ¢, analytic throughout the w-plane, is
the quotient of two entire functions. Hence it follows that the only singularities
(poles) of ¢,k are the zeros of its denominator, i.e. of €(w, k).

These arguments lead to the asymptotic form in which the potential ¢ (t)
decreases for large values of the time . In the inversion formula (34.14), the
integration is taken along a horizontal line in the w-plane. However, if ¢, is taken
to be the analytic function thus defined in the whole plane, we can move the
contour of integration into the lower half-plane in such a way as not to cross any of
the poles of the function. Let w; = wj + iwj be the root of &(w. k) =0 that has the
smallest (in magnitude) imaginary part, i.e. that lies nearest the real axis. The
integration in (34.14) is taken along a contour moved sufficiently far beneath the
point w = w; and passing round this point (and round other poles lying above it) in
the manner shown in Fig. 9. Then only the residue at the pole w is important in the
integral (when t is large); the remaining parts of the integral, including that along
the horizontal part of the contour, are exponentially small in comparison with that
residue, since the integrand contains a factor e™™' which decreases rapidly with
increasing |[im w|. Thus the asymptotic law of decrease of the potential is given by

ei(t) o e i gl (34.15)

i.e. the field perturbation is exponentially damped in the course of time, with
damping rate vy, = |w}|.+

+1f the initial function gu(px) has a singularity, the competing values of w include not only the zeros of
a(w, k) but also the singularities of ok that result from the singularity of the integral in (34.13). In
particular, if gu(ps) has a singularity, for instance a break, on the real axis. then @ux will have 2
singularity at a real value of w = kv.. Such a perturbation is not damped at all in a collisionless plasma-
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©

FI1G. 9.

For long-wavelength perturbations (ka, <€ 1), the frequency wi and the damping
rate v are the same as for plasma waves, and are given by (32.5) and (32.6). The
damping rate for such perturbations is exponentially small. In the opposite case of
short-wavelength perturbations, when ka, ~ 1, the damping is very strong, and v,
may even be much larger than wi.t

Lastly, let us consider the properties of the electron distribution function itself,
The required function f,(t, p) is found by substituting (34.10) in the integral (34.9).
Besides the poles in the lower half-plane that arise from .4, the integrand has a
pole at the point w =k.v on the real axis. This pole determines the asymptotic
behaviour of the integral for large t. The residue there gives

fult.p) o« e™, (34.16)

Thus the perturbation of the distribution function is not damped in the course of
time, but the distribution becomes a more and more rapidly oscillating function of
the velocity, the period of oscillation being ~ I/kt. Hence the density perturbation,
ie. the integral [ fi d’p, is damped, like the potential ¢,

The variation of the distribution function in accordance with (34.16) pertains to
times when the field may be regarded as damped; this formula corresponds simply

to the free dispersal of the particles, each with its constant velocity. A function of
the form

f(t, r, p) — g(p) ei(k.r-k.vl) (34 17)

TThe question may be raised of the source of the large damping when the “phase velocity™ wifk lies
outside the main range of thermal speeds. In fact, however, the ratio w’/k cannot be called the phase
velocity when y > «'. If we again expand a function of the form e ™"e™ as u Fourier integral, it will
mf;l;lin components with all frequencies from 0 to y, and accordingly with “‘phase velocities™ from 0 to
~yik,

tWe may anticipate, however. by noting that the oscillatory nature of the distribution function for
lal’_&'.c 1 causes a large increase in the effective number of Coulomb collisions and thus accelerates the
ultimate damping of the perturbation; see §41, Problem.
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is the solution of the free-particle transport equation

f .9 _
SrtVeoai=0 (34.18)

with a given initial (t =0) velocity distribution and a periodic (« ¢™-*) coordinate
distribution.

§35. Plasma echoes

The thermodynamic reversibility of Landau damping manifests itself in some
unusual non-linear phenomena called plasma echoes. They result from the un-
damped oscillations of the distribution function (34.16) which remain after the
collisionless relaxation of the density (and field) perturbations in the plasma. They.
are essentially kinematic in origin, and unconnected with the existence of a
self-consistent electric field in the plasma. This will first of all be illustrated by the
example of a gas of uncharged particles without collisions.

Let a perturbation in the gas be specified at the initial instant, such that the
distribution function, remaining Maxwellian with respect to speeds at each point in
space, varics periodically in the x-direction:

8f = A cos kix. fo(p) at t=0; (35.1)

in this section, p = mv denotes the x-component of the momentum, and the
distribution function is assumed to be already integrated with respect to p, and p..
The perturbation of the gas density, i.e. the integral f 8f. dp, varies in the same
manner in the x-direction at t=0. Subsequently, the perturbation of the dis-
tribution function varies according to

8f = A cos ki(x —vt) . folp), (35.2)

which corresponds to a free movement of each particle in the x-direction with its
own speed v. The density perturbation, however, is damped (in a time ~1/k,vr)
because the integral [ 8f dp is made small by the speed-oscillatory factor cos ky(x —
vt) in 1he integrand. The asymptotic form of the damping at times t > l/k vy is
given by

8N = f 8f dp = exp(—3k’vit?), (35.3)

the integral being estimated by the saddle-point method.

Now let the distribution function be again modulated at a time t =7 > 1/kvr,
with amplitude A and a new wave number k; > k,. The resulting density pertur-
bation is in turn damped (in a time ~1/k,vr), but reappears at a time

7' = kytl(ks — ki), (35.4)
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since the second modulation creates in the distribution function for t=1 a
second-order term of the form

8f® = A,Az cos(kix — kiot) cos kax . fo(p), (35.5)
whose further development at t > 7 changes it into

8f? = AjAxfo(p) coslkix — kyvt] cos [kax — kyv(t — 7)]
= 1A, Axfo(p){cosl(k, — k)x — (ko — ky)et + kav7]
+ COS[(kz + k.)x - (kz + k|)Ut + szT]}.

We now see that at t =7’ the oscillatory dependence of the first term on v
disappears, so that this term makes a finite contribution to the perturbation of the
gas density with wave number k; — k. The resulting echo is then damped in a time
~1/vr(ks — k), and the final stage of this damping follows a law similar to (35.3).

Let us now consider this effect in an electron plasma (R. W. Gould, T. M. O’Neil
and J. H. Malmberg 1967). The mechanism is as before, but the particular law of
damping is altered by the influence of the self-consistent field.

We shall suppose that the perturbations are created by pulses from an external
potential ¢, due to “extrinsic” charges, applied to the plasma at times t =0 and 7:

@ = @8(t) cos k\x + 28(t — 7) cos kax; (35.6)

here it is assumed that k,>k; and 73 l/kyvr, 1/y(k)), with y(k) the Landau
damping rate.

The perturbation of the distribution function (f = fo+ 8f) satisfies the collision-
less transport equation, which with the second-order term is

asf , o8t op dfy__ de 00
at+vax+eﬂxdp_ ¢ ax ap’ &

The potential ¢ of the field created in the plasma, including the “extrinsic’ part ¢,
satisfies the equation

Alg — %) = 4rre f 8f dp. (35.8)

We shall seek the solution of these equations as Fourter integrals:

- itkx-wny doo"dk’
of = J’fm’k'e * ‘)_—(277)2 s

- ey doo"dk”
o [pacemm e

Substituting these expressions, multiplying the equations by e "

ing over dx dt, we obtain

(kv — ©)fux + ekou dfoldp = —e [ (k — K)ot s

, and integrat-

df e do'dk’

i om 059

- K2, = dmre [ fucdp — K23, (35.10)
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where
o0 = moi[6(k + ki) + 8(k — k)] + ma[8(k + k;) + 8(k — ka)]e™"

In the linear approximation, i.e. when the right-hand side of (35.9) is neglected,
the solution of these equations is

f=-edtoon ol =otieta b, @3s.11)

where ¢ is the permittivity (29.10). This solution corresponds to perturbations
damped from t =0 and t = 7, with respective damping rates y(k,) and ~(kz).

In the second approximation, we have to substitute (33.11) on the right of (35.9),
obtaining for the second-order terms in the perturbations of the distribution
function and the potential the equations

(kv — )f & + ekoQ dfoldp = dL./dp, (35.12)
Kl =~4me [ 1% dp, (35.13)

where
Li=-c¢ f (k= kY@L ok ief W doo” dK'f270 Y. (35.14)

The effect under consideration, namely the echo with wave number k; - k;, will be
contained in the terms on the right of (35.12) which involve 8[k % (k.—kj)]. Let us
collect together the terms of this kind in L At t =7, the perturbation ¢ due to
the pulse ¢, applied at t =0 is already damped. It is therefore evident that, on
substituting (35.11) in (35.14), we have to take into account only the ¢, term in ¢'Y;
the relevant terms, of the form

Ly = L(ky, k3)8(k — ky+ k) + L,(— ki, —k2)8(k + ky— ky), (35.15)

are then obtained from the terms in f{ that contain ¢;. After carrying out the
integration over dk’ in (35.14), we find as the result

x ei(w—w'l: dw'
(kv + w)e(w’, kalw — o', k)

L.(ky, ko) =3 e’ @12k 1k, z—g (35.16)

where the integration variable o' is as usual to be understood as o' +i0.%
The integral (35.16) can be calculated on the basis of the assumption that 7 is
large (7 = 1/kvr, 1/v). To do this we move the contour of integration into the lower

*1n the calculation, it must be remembered that & depends only on |k|, and so, in the notation of this
section (where k = k,), we have e(w, —k) = elw, k).
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half of the complex w'-plane; the contour must still pass above the poles and thus
becomes “looped round’” them. These are at the zeros of the functions € and at the
point w’ = —kjv —10. The former have a non-zero negative imaginary part —v(k;) or
—v(kj), and their contributions to the integral (the residues at the poles) are damped
as ¢~ with increasing 7. An undamped contribution comes only from the real pole
w’'=—kv —1i0. We thus have

ilwtkyels

- : dfo e1¢p:kikze

Iw(kh k:) e 7 | ¥/ dp €[( k|U k )6]((.() + k|U kz) (35]7)

Returning to the equations (35.12) and (35.13), and substituting f% from the
former in the latter, we find

4mre ™ dly dp
Kelw. k) ) . dp kv —w—i0

== (35.18)
In calculating the derivative dI./dp, only the exponential factor in (35.17) is to be
differentiated, since kjvrr> 1.

Now collecting the expressions (35.15)-(35.18) and applying an inverse Fourier

transformation, we obtain the required echo potential with wave number k;=
kz—k|1

¢ (1, x) =re{A(t)e™}. (35.19)

The amplitude A(t) will be written in the asymptotic limit as t — 7 — . In that limit,
the integral with respect to w is determined by the residue of the integrand at the
pole w = kv —i0 only. The final result is

klzk_I dfo e-uk,(t -r)dp

AN ==t 7 | e e ko kalkar k)

(35.20)

where 7' = k1/k;.

This expression, the echo amplitude, is greatest at t = 7’, and its maximum value
is proportional to 7, the time interval between the two pulses. On either side of the
maximum, A(t) decreases, but in different ways. In the limit as t — ¢’ ->%, the
integral (35.20) is determined by the residue of the integrand at the pole with the
negative imaginary part of least magnitude, which is at ¢(ksv, k3) = 0, the imaginary
part being im v = —y(k3)/k;.T On the other side of the maximum, with t — 7' - —x,
the integral is determined by the residue at the pole at ¢(—kv, k;) =0, for which
im v = y(k,)/k;; the contour of integration must then be moved into the upper half
of the complex v-plane. The result is

A(t) « expl[—y(ks)(t—1")] as t—1' >x,

(35.21)
A(t) « expl—(kslk)yk)(e'— )] as t—a'—>—on,

. TItis assumed that all wave numbers k < 1/q,. Then y(k) is exponentially small, and decreases with
increasing k. Since k, < ks, the pole at e(kzv, k2) =0 then certainly lies further from the real v-axis than
that at e(k;v, ks) =
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Thus the echo amplitude, before reaching its maximum, increases with a growth
rate kyy(ki)/k,. and beyond the maximum decreases at a rate +y(k;). Figure 10
illustrates this behaviour. The first two curves show the variation of the potential in
the two pulses applied at t =0 and t = r; the third curve shows the form of the
echo. The corresponding growth and decay rates are marked beside the curves.

Yk

Yk

¥k, Mgk,

FIG. 10.

These calculations have neglected collisions. Hence the condition for the quan-
titative formula (35.20) to be valid is that at a given time t the oscillations of the
distribution function have not yet been damped out by collisions. By means of the
results to be obtained in §41, Problem, we may formulate this condition as

v(vr)(kvr)’t* <1,

where v(v;) is the mean frequency of Coulomb collisions for an electron.

§36. Adiabatic electron capture

Let us consider the distribution of plasma electrons in a slowly applied potential
electric field. Let L be the order of magnitude of the extent of the field and 7 the
characteristic time of variation of the field. We shall suppose that

> L7, (36.1)

and also that 7 is small compared with the electron mean free time, so that the
plasma is again collisionless.
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By virtue of the condition (36.1), the field may be regarded as stationary during
the passage of an electron through it. To the same accuracy, the electron dis-
tribution function in the field is stationary. It has been noted at the end of §27 that
the solution of the collisionless transport equation depends only on the integrals of
the motion of the particle; for a stationary distribution, these can only be the ones
that do not depend explicitly on the time.

We shall take only the one-dimensional case, in which the field potential ¢
depends on only one coordinate, x. Since the motion in the y- and z-directions is
then unimportant, we shall consider the distribution function only f with respect to
the momentum p, (and the coordinate x).

In the one-dimensional case, the equation of motion has two integrals, of which
only one is not dependent explicitly on the time (in a steady field), namely the
electron energy

e=pi2m+ U(x), (36.2)

where U (x) = —ep(x).T Hence the stationary distribution function will depend on
px and x only in the combination (36.2):

f = fle(x, py)L (36.3)

The form of the function f(e) depends on the boundary conditions.

Let the field U(x) form a potential barrier (Fig. 11a). The function f(€) is then
determined by the distribution of the electrons reaching the barrier from infinity.
For instance, if the electrons far from the barrier in either direction have an
equilibrium distribution, uniform in space, with temperature T, then the Boltzmann
distribution occurs throughout space:

N,
f= m exp(—€/T,). (36.4)

The density of the electron gas is everywhere distributed according to the formula
N, (x) = Noexp[-U (x)IT.], (36.5)

where N, is the density far from the barrier.

Next let the ficld be a potential well (Fig. 11b). Then the distribution of electrons
with positive energy € is again determined by that of particles coming from infinity;
with an equilibrium distribution at infinity, the electrons with € >0 have a Boltz-
mann distribution throughout space. But in this case, as well as such particles,
there are some with e <0, which execute a finite motion within the potential well;
they are “‘trapped”. At infinity there are no particles with € <0, and so the previous
arguments in which the energy was regarded as a strictly conserved quantity are
inadequate to give the distribution of trapped particles. We must take into account
also the variation of the energy in a field that is not strictly stationary, and in
consequence this distribution is found to depend in general on previous events,
namely the way in which the field has been applied (A. V. Gurevich, 1967).

tThe second integral of the motion may be, for instance, the initiat (at some specified instant) value xo
of the particle coordinate, expressed as a function of time and the variable coordinate along the path,
xolt. x).
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From the condition (36.1), the field varies only slightly during the period of the
finite motion of the trapped particles. In such cases there is a conserved adiabatic
invariant, the integral

I(t,e)= El; -2 J-xz [2m(e — U(t, x)]** dx, (36.6)

taken between the limits of the motion (for given € and t). This quantity acts here
as an integral of the motion, in terms of which the trapped particle distribution
function is to be expressed:

fu= fulI(t, €)), (36.7)

the energy € in turn being assumed expressed in terms of x and p, by (36.2). The
form of the function (36.7) is determined by the fact that the distribution function is
a continuous function of € when the field is applied slowly. Hence, for the limiting
value of the trapped particle energy, the function f,(I) must be the distribution
function for particles executing an infinite motion above the well.

The case of the potential well as shown in Fig. 11b is, however, particularly
simple because the limiting energy has the constant value zero if the field is applied
gradually. It then follows from the boundary condition stated that f, reduces to 2
constant:

fre=f(0), (36.8)
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where f(e) is the distribution function for particles above the well. We shall now
determine the spatial distribution of electrons in this case if f(e€) is the Boltzmann
function (36.4).

Adding the numbers of electrons with € >0 and € <0 gives

* (41
N.=2[ fte)dpe+2 [ £(0) dps,
P1 0

pr=Cm|UD";

the factors 2 take account of particles with p, >0 and p, <0. Substituting f(€) from
(36.4), we have

N.(t, x) = Nefe'""V (1 - (VU TN+ 2V (U |[=T.)}, (36.9)
where
o) =72; f fe du. (36.10)

When £ < 1, expanding the integrand in (36.10) in powers of u, we find
PO~ €1
Vs %0
The distribution of electrons trapped in a shallow well (JU| < T,) is therefore

The first correction term is the same as would result from the Boltzmann formula
(36.5), but the next correction is already different from the Boltzmann form.

When £3> 1, the difference 1—®(¢) is exponentially small, « exp(—£&7). For a
deep well (JU]> T.), therefore, only the second term in the braces in (36.9) is
important, and

N.(t, x) = 2Ng(U |l = T.)". (36.12)
As JU] increases, the density increases much more slowly than would follow from
the Boltzmann formula.
§37. Quasi-neutral plasmas
The equations of plasma dynamics allow a considerable simplification for a group

of phenomena in which the characteristic scales of length and time satisfy the
following conditions. (1) The characteristic dimension L of inhomogeneities in the

PK 10 - »
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plasma is assumed large compared with the electron Debye length:
alL<1. (37.1)

(2) The rate of the process is assumed to be governed by the motion of the ions, so
that the characteristic scale of speed is given by vy, which is small in comparison
with the electron speeds. (3) The motion of the ions causes a slow change in the
electric potential that is adiabatically followed by the electron distribution.

Let 8N, and 8N; be the changes in the electron and ion densities in the perturbed
plasma. These changes give rise to a mean uncompensated charge density 8p =
e(z8N; — 8N.,) in the plasma. The potential of the electric field due to the charges is
determined by Poisson’s equation,

L@ = —4e(z8N; — ON,). 37.2)

1n order of magnitude, Ap ~ ¢/ L% Hence

z8N; — 6N, _ 1 'S
3N, ' dmel? 3N, | (37.3)
If the field is weak (e¢ <€ T,), the change in the electron density is
8N, ~ epN /T,
(cf. (36.11)), and then
8N, ~ 8N.| _a’
. T' 2 <], (3749

This inequality remains valid for a strong perturbation, with ep ~ T,: then 8N, ~
N.. and (37.4) again follows from (37.3).

Thus the uncompensated charge density due to the perturbation is small com-
parcd with the perturbations of the electron and ion charge densities separately;
such a plasma is said to be quasi-neutral. For the range of phenomena under
consideration, this property enables the potential distribution in the plasma to be
determined from just the “equation of quasi-neutrality™,

N, =zN; (37.5)

together with the transport equation for ions and the equation giving the “‘adiaba-
tic” distribution of electrons.t

At the initial instant, of course, (if we are considering a problem with initial con-
ditions) the electron densities may be specified arbitrarily and need not satisfy the in-
equality (37.4). The resulting strong electric field, however, creates a movement of

t1t must be emphasized that this result itself applies to plasmas with or without collisions. Note also
that, since the derivation of the inequality (37.4) does not involve the assumption of a weak field, the
quasi-neutrality property occurs even when the electromagnetic properties of the plasma cannot be
described by means of the permittivity (i.e. by assuming a linear relation between D and E).
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the electrons, which rapidly (in the characteristic “electronic™ times) restores
quasi-neutrality; this process in the diffusion case has been analysed in §25.

The passage from the electrodynamic equation (37.2) to the condition (37.5)
signifies not only a considerable simplification of the equations of plasma dynamics
but also a fundamental change in their dimensionality structure: the potential ¢
appears in the transport equation and in the electron distribution only as a product
with the charge e, and the charge does not occur at all in the condition (37.5), in
contrast to equation (37.2). Hence, by the change

ep =1, (37.6)

the charge e is completely eliminated from the equations, and the length parameter
(the Debye length a.) disappears with it.

Since the equations contain no length parameter, self-similar motions of the
plasma are possible. These occur when length parameters are also absent from the
initial and boundary conditions, in which case all functions can depend on the
coordinates and time only in the combination r/t. For instance, let the plasma
initially be confined to the half-space x <0. At time t =0, the constraint is
removed, and the plasma begins to expand into a vacuum. The electrons begin to
move first, so that the electron density forms a transition layer near the boundary,
with characteristic width ~a,. After a time t, > a/vy,, the electron motion is
damped and the electron density follows the potential adiabatically in accordance
with the Boltzmann formula. The variation of all quantities is then governed by the
motion of the ions. Consequently, in a time t,> aJ/vy; > a/vr., the boundary is
spread over distances large compared with a.. The plasma becomes quasi-neutral,
and the motion is self-similar.t

We can write down the dynamical equations for a quasi-neutral plasma in an
expanded form. taking the particular case in which the electron density everywhere
has a Boltzmann distribution:

N, = Nge¥''<; (37.7)
as shown in §36, this distribution is not affected by a slowly varying field. if the

field has no potential wells. From (37.7) and (37.5), the potential can be expressed
directly in terms of the ion distribution function:

l‘b = T, IOg(ZN(/N())
= T, tog[aINg [ fi’p ] (37.8)

Substituting this expression in the transport equation for ions (with self-consistent
field E = — V), we obtain

oy, 2 g o

at ar_ZT'

7p arlgff.dp 0. (37.9)

tFor further details see A. V. Gurevich, L. V. Pariiskaya and L. P. Pitaevskii, Soviet Physics JETP
22, 449, 1966.
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Although this equation is non-linear, its solutions are independent of the mean
plasma density: if fi(t,r) is a solution, so is Cf;, with any constant factor C.

§38. Fluid theory for a two-temperature plasma

The theoretical treatment is particularly simple for a two-temperature plasma
with

T.>T. (38.1)

We have already seen in §33 that in this case undamped ion-sound waves can
propagate in the plasma, with speed ~(T./M)". This speed is characteristic of the
propagation of perturbations in plasmas. Since it is large in comparison with the
thermal speeds of the ions, by (38.1), the thermal spread of the ion speeds can be
neglected in most problems of plasma motion. The motion of the ion component of
the plasma is then described in the one-fluid approximation by a velocity v=y,
which is a specified function of position in space (and of the time), and satisfies
the equation

M dv|dt = ezE,
or
av/at +(v.V)v=(ez/M)E. (38.2)

This is to be combined with the equation of continuity
INJat + div(N,v) =0 (38.3)

and Poisson’s equation, which determines the electric field potential ¢ (and hence
the field E = —~Vo):

L@ =—4me(zN; — N,). (384

The electron distribution follows adiabatically the field distribution in plasma
motions with speeds v =<(T/M)" <vr. As we have seen in § 36, the specific
expression for the electron density N, then depends considerably on the nature of
the field. For a field without potential wells, it is given simply by the Boltzmann
formula (37.7), so that (38.4) becomes

A = —4weNgzNJ/No— e~ T, (38.5)
Equations (38.2), (38.3) and (38.5) form a complete set of equations for the
functions v, N and . They can be further simplified for a quasi-neutral plasma: in

this case, (37.8) gives

ep = T, log(zNiINy), eE=—(T:N;)VN, (38.6)
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and (38.2) may be rewritten as

2T, TN,
M N;~

%; +(v.Vv=— (38.7)

The equations (38.3) and (38.7) are formally identical with the mechanical equations
for an isothermal ideal gas having particle mass M and temperature 2T,. The speed
of sound in such a gas is (zT./M)", in accordance with the expression (33.5) for the
speed of ion-sound waves. In this approximation, there is no dispersion of the
waves.

The above analogy with fluid mechanics needs a considerable reservation. The
equations of fluid mechanics have by no means always solutions continuous
throughout space. The absence of a continuous solution in ordinary fluid mechanics
signifies the formation of shock waves, i.e. surfaces on which the physical guan-
tities are discontinuous. In collisionless fluid mechanics, there are no shock waves,
since these are essentially due to energy dissipation, which in this case does not
occur. The absence of continuous solutions then implies that the assumption of a
quasi-neutral plasma is violated in some region of space. In such regions (con-
ventionally called collisionless shock waves), the dependence of the physicil
quantities on the coordinates and the time is oscillatory, and the characteristic
wavelength of these oscillations is determined not only by the characteristic
dimensions of the problem but also by an intrinsic property of the plasma, namely
its Debye radius (R. Z. Sagdeev 1964).%

Let us now return to the more general equations (38.2)-(38.4), which do not
assume a quasi-neutral plasma. An important property of these equations is that
they have one-dimensional solutions, in which all quantities d¢pend on the vari-
ables t and x only in the combination £ = x — ut with constant 1. Such solutions
describe waves propagating with speed 1 and without change of profile. If we
change to a frame of reference moving with speed u relative to the original frame,
the plasma motion becomes stationary. The most interesting solutions of this type
are those periodic in space and those which decrease at infinity in both directions;
the latter are known as solitary waves or solitons (A. A. Vedenov, E. P. Velikhov
and R, Z. Sagdeev 1961).

If differentiation with respect to £ is denoted by a prime, we have from (38.2) and
(38.3)

(v—u)' =—(e/M)¢', (Nw)Y-uNi=0;
for simplicity, we take z = 1.
Integrating these equations with the boundary conditions ¢ =0, v = 0, N; = Ny as
£, we find
(e/M)e = ju>—3(u — vy, (38.8)
N; = Nouf(1t — v) = Noul[1® — 2e/ M1, (38.9)

S ¥Such structures have been given for several particular cases by A. V. Gurevich and L. P. Pitaevskii,
oviel Physics JETP 38, 291, 1974,
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Equation (38.4) gives ¢" = —4me(N; — N,) or, after multiplication by 2¢’ and in-
tegration.

o= ~8me [ [Ni(o) ~ N.(e)lde. (38.10)

The function N;(¢) is taken from (38.9), and N,(¢) is given by the formulae in § 36,
In the wave considered, we everywhere have ¢ >0, as is seen from (38.8). The
potential energy of an electron in such a field is U = —ep <0, i.e. the field forms a
potential well for electrons.

Equation (38.10) reduces to quadratures the problem of determining the wave
profile ¢(£). The speed u is directly related to the wave amplitude. i.e. the maximum
value of ¢(£), which we denote by ¢.. When ¢ =¢,, we must have o' =0.
Equating to zero the integral on the right of (38.10) (and carrying out the integration
of the first term), we obtain

Mu? 2e V27 1 [em
Meh-(1-gae) =7 )" Nto de, (38.11)
which in principle determines u as a function of ¢,,. Here it is evident that we must
have

Zecp,,,IM142< 1. (38.12)

This condition in general places an upper limit on the possible values of the wave
amplitude ¢.,, and therefore of the speed u.

For collisions to be entirely negligible, it is necessary that the field frequency w be
large in comparison with the characteristic collision frequencies of both electrons
(v.) and ions (u;). Since v, ~(MIm)"2y, > v; (see §43), a situation can occur in
which v, » w » . The collisions then again have no effect on the motion of the
ions, but the electrons may be regarded as having a Boltzmann distribution even
when there are potential wells present.

PROBLEM

Determine the profile and specd of a weak solitary wave (epm/T. <1) in a plasma of electrons
distributed according to (36.11} (A. V. Gurevich, 1967).

Ser1 1 rioN. In (36.11), all terms must be retained, since the formation of the solitary wave is due to
the finul non-finear term there. A calculation with (38.11) gives

2 Ty 16 (eom)'™
u ‘M[”ls(nn) ]

The wave profile is found by integration of (38.10):

"
_ af  x  fepm
¢ = ¢m Cosh [V—ISa, ('nT,) ]

§39. Solitons in a weakly dispersing medium

The existence (in a medium without dissipation) of non-linear waves with a
stationary profile is closely related to the presence of dispersion. In a non-
dispersing medium, the wave cannot be stationary if non-Lnearity is taken into
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account; the rate of propagation of various points on the profile is dependent on the
amplitude at those points, which causes a distortion of the profile. For example, in
the dynamics of an ideal compressible fluid, non-linear effects cause a gradual
increase in the slope of the forward edge of the wave; see FM, §94. The dispersion,
for its part, causes a gradual smoothing-out of the profile, and the two effects may
cancel out, leaving a stationary profile.

In this section, the phenomena concerned will be investigated in a general form
for a fairly wide class of cases of wave propagation in a non-dissipative weakly
dispersive medium, including weak non-linearity.

Let up be the rate of wave propagation in the linear approximation, when
dispersion is neglected. In this approximation, for a one-dimensional wave pro-
pagating in one direction parallel to the x-axis, all quantities depend on x and 1 only
in the combination & = x — ugt. This property can be expressed in differential form
as

b/t + uydblox =0,

where b denotes any of the quantities oscillating in the wave.

A constant speed u, corresponds to a wave dispersion relation o = ugk. In a
dispersive medium, this relation is just the first term in the expansion of the
function w(k) in powers of the small quantity k. Including the next term, we havet

o = uok — Bk?, (39.1)

where B8 is a constant that may in principle be either positive or negative.
The differential equation which describes (in the linear approximation) the
propagation, in one direction, of a wave in a medium with such a dispersion is

b ab 3’b
—+ yy— =
ot T TB 55 =0

since this gives (39.1) for a wave in which b « exp(—iwt + ikx).

Lastly, the inclusion of non-linearity causes terms of higher order in b to appear
in the equation. These terms must certainly satisfy the condition of vanishing for a
constant b (independent of x), corresponding simply to a homogeneous medium.
Considering only the term containing the derivative of lowest order (k is small), we
write the equation of propagation of a slightly non-lincar wave as

ab ab ’b ab
5 Tlog B 55+ ab22=0, (39.2)

where a is a constant parameter which again may in principle have either sign.%

iThe fact that w(k) can be expanded in odd powers of k follows from a consideration of quantities
that must be real. The initial set of physical equations of motion for the medium contains only real
quantities and parameters. The imaginary unit i occurs only through the substitution in these cquations
of a solution proportionat to exp(—iwt + ikx). The dispersion relation resulting from this substitution
thercfore determines iw as a function of ik with real coefficients; the expansion of such a function must
contain only odd powers of ik. In the gencral case of a dissipative medium, w(k) is complex:
w=o'+iw". and the statement made then refers to the expansion of 1he real part w'(k) of the
frequency. The expansion of w"(k) will, for the same reasons. contain only even powers of k.

tlt must be emphasized, however, to avoid misunderstanding, that this form of slight non-linearity is
not at all universal. For example, the slight non-linearity in wave propagation in plasmas that results
from the last term in the electron distribution (36.11) (used in §38, Problem) would correspond to a term
% Vb 8bax in an equation such as (39.2).
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To simplify this equation, we replace x with a new variable ¢ and b with a new
unknown function g, defined by

E£=x—upt, a=ab. (39.3)
This gives
(')a da  ,da_
+ 6§ +B - 0, (39.4)

the Korteweg—de Vries equation.t We shall take first of all the particular case
where g > 0.

We shall be interested in solutions which describe waves with a stationary
profile. In such solutions, the function a(t, £) depends only on the difference & — vyt
with some constant v,:

a = a(£— vyt), (39.5)
and the wave propagation speed is
H = Hgt vy (39.6)

Substituting (39.5) in (39.4) and denoting differentiation with respect to ¢ by a
prime, we obtain the equation

Ba"+aa’' —vea' = 0. (39.7)
This is invariant under the change

a->a+ V, Vo=t \% (398)

with any constant V.,
The first integral of equation (39.7) is

Ba"+3a’— vea =lc,.
Multiplication by 2a’ and another integration gives
Ba?=—1a*+ voa’+ c1a + c>. (39.9)

Instead of the three constants v, ¢y, ¢» it is convenient to use the three roots of the
cubic on the right of (39.9). If these are denoted by ai, as, a3, then

Ba” = —3(a - a)la - aa - ay). (39.10
The constant v, is related to the new constants by

vo=3a + ar + ay). (39.1)

tIt was derived by D. J. Korteweg and G. de Vries (1895) for waves on the surface of shallow water.
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We shall be concerned only with solutions of (39.10) such that |a(¢)] is bounded;
an unlimited increase of Ja] would contradict the assumption of slight non-linearity.
It is easy to see that this condition is not satisfied if the roots a,, a;, a; are not all
real. For, let a1 and a. (=a?¥) be complex; then the right-hand side of (39.10)
becomes 3]a — a:f'(as — a) and there is nothing to prevent a from tending to —c.

Thus the constants a,, as, a; must be real; let them be ordered so that
a;> a; > ay. Since the expression on the right of (39.10) must be positive, the
function a(£) can vary only in the range a, = a = a,. We can put a; = 0 without loss
of generality; this may always be achieved by a transformation of the type (39.8).
With this choice, we rewrite (39.10) as

Ba=3(a,—a)(a — a)a. (39.12)

The nature of the solution depends on whether a; is zero. If a,=0, a,>0,
integration gives

a(§) = a, cosh(3¢V(ai3B)); (39.13)

the zero of £ is taken at the maximum of the function. (Here and henceforward, to
simplify the notation, we write the wave profile as a function of £=x at some
given instant t = 0.) This solution describes a solitary wave, or soliton: as £ > * o,
the function a(£) vanishes, together with its derivatives. The constant a, gives the
soliton amplitude, and the width decreases as a,”"? with increasing amplitude.
According to (39.11), vo = 3a,, and the speed of the soliton is therefore

u=u+ia,. (39.14)

This exceeds 1y, and increases with the amplitude.

The non-linearity, it will be remembered, is assumed slight for processes des-
cribed by the Korteweg-de Vries equation. The condition has an obvious meaning:
for example, if a is the change in the density of the medium, this change must be
small in comparison with the unperturbed density. At the same time, the degree of
non-linearity of these processes is expressed by a further dimensionless parameter
L(a)/B)", where L is a characteristic length and a, the amplitude of the
perturbation. This parameter defines the relative importance of non-linearity and
dispersion, and may be either small (if dispersion predominates) or large (if
non-linearity predominates). For a soliton, whose width L ~ (8/ai)'?, the parameter
is of the order of unity.

Let us now take the case where a» #0. The solution of (39.12) then describes a
wave of infinite extent, periodic in space. Integration of the equation gives

- V(3p) da
€= I [a(a;— a)(a — a1

= (12B/a))'?F (s, ¢), (39.15)

where F(s, ¢) is an elliptic integral of the first kind:

F(s, p)= J- m, (39.16)
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sin¢p=\/—:—:_;::, s \/(1—2—?); (39.17)

the zero of £ is taken at one of the maxima of the function a(£).
Inverting the formula (39.15) by means of the Jacobi elliptic function, we have

witht

= g, dn’(V(a,[12B)¢, 5). (39.18)
This is a periodic function, whose period (wavelength) in the coordinate x is
A =4V (3pla)FGm,s) =4V (3Bla)K(s), (39.19)

where K(s) is a complete elliptic integral of the first kind. The mean value over a
period of (39.18) is

a-3 [ a()dé = a,E(s)IK (s), (39.20)
0

where E(s) is a complete elliptic integral of the second kind. It is natural to
consider a periodic wave in which the mean value of the oscillating quantity is
zero. This may always be achieved by means of the transformation (39.8), subtrac-
ting the quantity (39.20) from the function (39.18). The wave propagation speed is
then

u=uy+ [j'(a. + a))— aiE(s)IK(s)}. (39.21)

Small oscillation amplitudes a, — a» correspond to parameter values s < 1. Using
the approximation

dn(z,s)=1—-3s’+is°cos 2z, s<1,

we find that the solution (39.18) becomes in this case, as it should, the harmonic
wave

a =3(a;+ as) +3(a, — a) cos kx, k= V(a\[3B).
The speed (39.21) becomes u = 1y~ ja, = 1o— Bk? in accordance with (39.1).
The opposite limiting case of large amplitudes (in the wave model under
consideration) corresponds to a;— 0 and s — 1. With the limiting expression
K(s)~3log[16/(1 —s%)], s’—1,
we find that in this limit the wavelength increases logarithmically:
A = V(12Blay) log(16a,]ay). (39.22)

tThe parameter of the elliptic integral is denoted by s instead of the usual k, in order to avoid
confusion with the wave number.
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Thus the successive antinodes of the wave move further apart. The wave profile
near each antinode is obtained from (39.18) by taking the limit of dnz for s =1,
which is valid for finite z: dn z = 1/cosh z. The result is again (39.13). In the limit
s—1, therefore, a periodic wave separates into a sequence of widely spaced
solitons.

So far we have assumed that 8 > 0. The case where B <0 does not need special
consideration, since a change in the sign of B in (39.4) is equivalent to the change
£—-—§& a——a. Since this converts the argument £ — vt in (39.5) into —& — vgt, the
wave propagation speed becomes it = ug— vy. For instance, the above results for
the soliton are altered only in that the function a(£) becomes negative, and the
speed of the soliton u < ug.

The Korteweg—de Vries equation has certain specific properties which lead to a
number of general theorems. These are based on the formal relation between the
equation and the eigenvalue problem for an equation of the Schrddinger type (C. S.
Gardner, J. M. Greene, M. D. Kruskal and R. M. Miura, 1967).

Let us consider the equation

%g—'!{ +[$ a(t, )+ e],p =0, (39.23)

again taking the particular case 8 > 0. This has the form of Schrédinger’s equation
with —a(t, £) as the potential energy depending on t as a parameter. Let a(t, £) be
positive in some range of & and tend to zero as £ — =, Then the equation (39.23)
has eigenvalues e corresponding to a finite motion in the potential well —a(t, £);
since a depends on t, these eigenvalues will in general also depend on t. We shall show
that the eigenvalues e do not depend on t if a(£ t) satisfies the Korteweg—de Vries
equation (39.4).
Expressing a from (39.23) as

a=—6B("IY+e),

and substituting in (39.4), we find by a direct calculation

Jideldt = (' A~ Ay, (39.24)
where
_ }_ M _ 1 rog m_ 1 3.
A(t, £) =6 (B oty T A 31/ ) (39.25)

here it is important that the right-hand side of (39.24) is expressed in terms of the
derivative with respect to & of an expression that vanishes as &£->*« (the
eigenfunctions of the discrete spectrum of (39.23) are zero at infinity). Integration
of (39.24) with respect to £ over the whole range from —c to o therefore gives

de (7 2 4e o
dzL‘”d‘f‘O

and, since this normalization integral of i is not zero, it follows that de/dt = 0.
We shall now show that equation (39.23) has only one discrete eigenvalue for a



160 Collisionless Plasmas

stationary “potential” a(¢) in the form (39.13), corresponding to one soliton. With
this potential. (39.23) becomes

" UU = 2
" +(coshl a§+e)1|b 0, (39.26)
where
Uo=a,/68, o =I(a,/128)"". (39.27)

The discrete eigenvalues of (39.26) are

& =—a(s—n), s=i-1+VU+4UJa?], n=0.1.2,...,
where we must have n <s; see QM, §23, Problem 4. With the parameter values
(39.27), s = 1, so that there is only one eigenvalue,

e =—a,/12B. (39.28)

If, however, a(t, £) represents an assembly of solitons at large intervals (so that
there is no “‘interaction” between them), the eigenvalue spectrum of equation
(39.23) consists of the “levels” (39.28) in each potential well, each level being
determined by the amplitude a, of the corresponding soliton.

Since the soliton propagation speed increases with the amplitude, a soliton of
large amplitude will always eventually overtake one of smaller amplitude. An
arbitrary initial assembly of solitons at large intervals, therefore, will ultimately,
after a series of mutual “collisions”, become an assembly of solitons arranged in
order of increasing amplitude (all perturbations described by the Korteweg-de
Vries equation propagate in the same direction).

The above results lead immediately to an interesting conclusion: the initial and
final assemblies of solitons have the same total number and amplitudes, differing
only in their order. This follows directly from the fact that each isolated soliton
corresponds to one eigenvalue €, and the eigenvalues do not depend on the time.

Any positive (a > 0) initial perturbation occupying a finite region of space and
evolving in accordance with the Korteweg-de Vries equation ultimately breaks up
into an assembly of isolated solitons whose amplitudes are independent of time.
These amplitudes and the number of solitons can in principle be found by
determining the spectrum of discrete eigenvalues of equation (39.23) with the initial
distribution a(0, £) as the potential. If the initial perturbation contains also regions
with a <0, however, its evolution will create a wave packet which gradually
spreads out and does not break up into solitons.

To avoid misunderstanding, however, we should specify more precisely what is
meant by the initial perturbation in the Korteweg-de Vries equation. An actual
perturbation formed in the medium at some instant evolves (in a way described by
the complete wave equation, of the second order in the time) and in general
separates into two perturbations propagating in the positive and negative x-
directions. The “initial’” perturbation for the Korteweg-de Vries equation is to be
taken as one of these two, immediately after the separation.
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PROBLEM

Determine the coefficients @ and B in equation (39.2) for ion-sound waves in a plasma with T; < T,.
SoLuTioN, The dispersion coefficient B is found from (33.4) by expanding in terms of the small
quantity ka.:

B = aluo,

where 1o = (zT./M)",

In determining the non-lineanty coefficient a, we may neglect the dispersion. i.e. consider the limiting
case k—0. In this Iimit, the plasma may always be regarded as quasi-neutral, and accordingly be
described by the mechanical equations of an isothermal ideal gas (38.3), (38.7). Putting N, = No+ 8N, we
can wrile these equations as far as the second-order terms in the small quantities 8N and v. In these
second-order terms, we can put v = i8N/ N, as in the linear approximation for a wave propagadting in
the positive x-direction (1v being the speed of the waves in the linear upproximation). Lhe equations
then become

@8N w__ 9 _:an 48N
a TN TS (LSN)‘ No oM Tax

QE lliiﬁl\l_un: nﬂﬁN_‘i’E 0
a1 No ax Ni [ ax ’

Differentiating the first equation with respecl to I, the second with respect to x, and eliminating a*vlatax,

we find
i} 9 2 @ I6N
(m Max )(az“’" )8N N..ﬁ?('SN ax )

With the same accuracy., we replace the derivative 4/d1 on the right, and in the difference 9/d1 — undfax

on the left, by —und/dx. Lastly, cancelling the differentiation 8/dx on both sides and compuring the result
with (39.2), we have

o = lln/ N

§40. Permittivity of a degenerate collisionless plasma

In calculating the permittivity of a collisionless plasma in §829 sad 31, we
entirely neglected all quantum effects. The results thus obtained are resuicted, first
of all, as to temperature by the condition that degeneracy be absent; for electrons,
this condition is

T » e ~ N2 Im, (40.1)

where €r = p2/2m and pr is the limiting momentum of the Fermi distribution at
T =0, which is related to the number density of electrons by p£/3w2h® = N..
Moreover, the possibility of applying the classical Boltzmann equation to a
plasma in an external field involves the imposition of certain conditions on the field
frequency w and wave vector k. The characteristic distances (~ 1/k) over which the
field varies must be large compared with the electron de Broglie wavelength #/p,
and the corresponding uncertainty (~#k) in the momentum must be small com-
pared with the width (~7T/7) of the region over which the electron thermal
distribution extends. For a non-degenerate plasma, p ~ T/% ~ (mT)", so that the
two conditions coincide. For a degenerate plasma, p ~ pr, v~ vr = pelm, but
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T/ < p since T < €. Thus in either case it is sufficient if

hko < T. 40.2)
Lastly, the frequency must satisfy the condition

how <€ €: (40.3)

the field energy quantum must be small in comparison with the mean electron
energy (but this condition is usually unimportant).

Let us now consider the dielectric properties of the plasma without imposing the
conditions (40.1)-(40.3) on the electron component; the ion component may remain
non-degenerate. We shall calculate the electronic part of the permittivity. The
condition for the interaction of the plasma particles to be negligible will again be
assumed satisfied:

e’NP < é; (40.4)

when & ~ ¢, this becomes N, > me?h?, or e’fhve <1 (cf. SP 1, §80; SP 2, §85).

The abandonment of the condition (40.2) means that the quantum-mechanical
equation for the density matrix must be applied from the start. Since the interaction
between electrons is neglected, we can immediately write a closed equation for the
one-particle density matrix p,,.(t, ri.r;) (Where ¢, and o, are the spin indices). We
shall assume that the electron distribution is independent of the spin, i.e. the
dependence of the density matrix on the spin indices is separated as a factor 8,,,,,
which will be omitted. The spin-independent density matrix p(t, r,, r;) satisfies the
equation

ihdplat = (H,—~ H1)p, (40.5)

where H is the electron Hamiltonian in the external field, and the suffixes 1 and 2
indicate the variable (ry or r;) on which the operator acts (see QM, §14). This
equation replaces the classical Liouville’s theorem df/dt =0 for the classicul
one-particle distribution function.

As in 8§29, we shall calculate the longitudinal permittivity. Accordingly, we
consider an electric field with a scalar potential ¢(t,r), and the electron Hamil-
tonian thus becomes

H =—~h2m)A — ep(t. 1). (40.6)
Assuming the field to be weak, we put
p = pori—ry)) + 6p(t, r, 12), (40.7)
where p, is the density matrix of the unperturbed stationary and homogeneous (but

not necessarily equilibrium) state of the gas; the homogeneity implies that p,
depends only on the difference R = r, — r;. The density matrix py(R) is related to the
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(unperturbed) electron momentum distribution function ny(p) by
ne(p) = N, I po(R)e ™™ M P, (40.8)

where N, is the total number of electrons; see SP 2 (7.20). The function n(p) is
defined as the occupation numbers of quantum states of electrons with definite
values of the momentum and the spin component. The number of states in an
element d’p of momentum space and with either value of the spin component is
2 &’pj(2rh)’. Hence n(p) is related to the distribution function f(p) used previously
by

f(p) = 2n(p)iQ2wh)’. (40.9)

Substituting (40.7) in (40.8) and omitting terms of the second order of smallness,
we obtain a linear equation for the small correction to the density matrix:

[ih % +2% (L~ Az)]ap(t, r;, r)=—e[e(t, ) — o(t, r)lpo(ri —r2). (40.10)

Lett
(1, r) = @ue' ™, (40.11)

Then the dependence of the solution of (40.10) on the sum r, + r; (and on the time)
can be separated by putting

8p = explik . i1, + ) ~ iwt ]g.u(r; — r2). (40.12)

Substituting this expression in (40.10), we obtain an equation for g..(R):
[flw +£(V+lik)z—h—2(v—lik)2] ra(R)=—e (eik.m_eik.nz) (R)
2m 2 2m : wk Pud Pol)-

We can now apply a Fourier expansion with respect to R. Multiplying both sides
by exp(—ip . R/h) and integrating over d’x, and using (40.8), we obtain

[how — e(p +3hk) + e(p — 1K) ]gui(P) = — (@i N:)[nolp — 31K) — nlp + MK)],
where e(p) = p’/2m, or equivalently

8ui(p) = (e@ulhN) [nolp + 31K) — no(p — k) (w0 — k. v). (40.13)

+The Hamiltonian (40.6) must be Hermitian, and so the funclion ¢ in it (and consequently in (40.10)
also) is real. But, having written down equation (40.10), which is linear, we can solve it for each of the
complex monochromatic field components separately.
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The value of the density matrix at r,= n=r determines the number density of
particles in the system: N = 2ANp(t.r, r); see SP 2 (7.19). Hence the change in the
electron density due to the field is

8N, = 2NBp(t. 1. 1) =20, " g (R = 0),
or, expressing g.«(R = 0) in Fourier components,

8N, = 2.,‘V}e""‘~"‘"”J- g.(p) APpl(2mh)’. (40.14)

The corresponding change in the charge density is —e8N,.

The permittivity is now calculated as in §29: starting from the relation between
the charge density and the dielectric polarization vector (—e8N,=-—divP=
—ik - P), we write

e8N, = i(¢ - DE .k/4m

k(e —1 Y@orld.

We thus arrive at the following formula for the electronic part of the longitudinal
permittivity of a plasma having an electron distribution function n(p) (the suffix 0
being now omitted);

_ ___411-e2 n(p + hk) — n(p — 3hk) 2d°p
alw, k)= 1=-p kv-w-10  @uh)

(40.15)

(Yu. L. Klimontovich and V. P. Silin, 1932); the pole in the integral is, as usual,
avoided in the manner specified by the Landau rule.

In the quasi-classical case, when the conditions (40.2) and (40.3) are satisfied, the
functions n(p * 3#k) can be expanded in powers of k. Then

n(p +3hk) — n(p — 3hk) ~ hk . an(p)/ap,

and (40.15) becomes the previous formula (29.9) when the relation (40.9) is taken
into account. It must be emphasized, however, that the distribution n(p) in (40.15)
may relate to a degenerate plasma.

Let us apply this formula to a completely degenerate electron plasma at T =0,
with n(p)=1 for p<pr and n(p)=0 for p >pr. Changing the variable of in-
tegration in each term in (40.15) by p * ifik—>p, we obtain

o 1= 4 { 1 _ 1 } 2d°p
! ik Jpcp oo ~k.v+i0 w-—k.v+i0) 2ah)”

where w. = w = #ik’j2m. An elementary though fairly laborious integration leads to
the result

i, k)= 1= 5725 {1~ glo) + gl ), (40.16)

m (w2 e kzb‘rz)
2hk3vp

w+ka_
w—ka’

glw)= log



§40 Permittivity of a Degenerate Collisionless Plusma 165

the logarithm is to be taken as log |u|—iw if its argument u <0. The “plasma
frequency™ (. is again defined as Q, = (47 N.eIm)".

In the quasi-classical limit fik < pf, how <eqt formula (40.16) leads to a simple
expression that does not involve h:

_1:303[1_ w w+kl:p] { 0 for |w|> kv,
é Kol L' " 2koy 8w —kor ) li. 30Q20/2(kos Y for o] < ke
(40.17)

The static case is of particular interest. When « =0, the expression (40.16) as a
function of k has a singularity at the point where fik is equal to the dirmeter of the
Fermi sphere,

fik = 2pg; (40.18)
at this point, the argument of one of the logarithms is zero. Near it,
(0, k)~ 1 = (e*[2hes)[1 — &£ log(H|ED], (40.19)
£=(hk —2pr)I2pr, |E|<1.

We shall show that the presence of this singularity (called the Kohn singularity)
leads to a change in the nature of the screening of the field of charges in the
plasma, which ceases to be exponential. ¥

We write (40.19) in the form

a(0, k) = B af log(1/]¢)), (40.20)

where o = e*[2hvr, and the constant B may include the non-singular contribution
from the non-degenerate ionic component of the plasma.

The Fourier component of the fiéld due to a small point charge e, at rest in the
plasma is expressed in terms of the permittivity by

o = 4mei k0, k); 40.21)

see §31, Problem 1. For the potential ¢(r) as a function of the distance from the
charge e,, we have

¢P(") = J-(Pkeik.r dlkl(zﬂ_))

- z_lr im f ove™k dk. (40.22)
(1]

mwr

_ TAt T =, these conditions are sufficient, since the limiting value of ¢ as fkvfer—0 and T—0 is
independent of the order of passage to the limits. The relation between hkve and T is therefore
Unimportant.

$The physical consequences of the singularity which results when the condition (40.t8) is satisfied
vere noted by W. Kohn (1959).

Pr 19 . L
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As k-0, ¢(k) tends to a constant and has no singularity. Hence the asymptotic
form of the integral in (40.22) as r—« is determined by the singularity of this
function at hk = 2pg Near that point,

emh

w=trr 145 §‘°g|§|]

The contribution from this region to the asymptotic value of the integral is
o(r) =~ (2e,cf wB?r) im(e¥PF™ ),

J= Lglogé—leﬂvﬁf’* d;

because of the rapid convergence (see below), the integration with respect to £ can
be taken from — to =.

To calculate the integral J, we divide it into two parts, from —< to 0 and from 0
to =, and in each part we turn the contour of integration in the complex £-plane
until it lies along the positive imaginary axis. Then, putting £ = iy, we obtain

]=J- e""*’”"[log—-—log Jydy
0 iy

iy
The difference in the brackets is just i, so that J = iw(}/2per). The final result is

e;ah? cos 2pgrfh

T T

(40.23)

Thus the potential of the screened field far from the charge oscillates with an
amplitude that decreases according to a power law. This result, derived for a

degenerate plasma with T =0, remains valid for low temperatures at distances
r< hv,.IT.

PROBLEM

Determine the spectrum of eleciron oscillations of a degenerate plasma at T = 0 in the quasi-classical
range of values of k.

SOLUTION. The function w(k) is given by €(w, k) =0, with ¢ from (40.17). For small k (kvg <().), it
is found that kv4fw < 1: expanding e(w, k) in powers of this ratio, we find

w=n,[1+lio(%)z] )

(A. A. Vlasov [938).T This part of the spectrum corresponds to ordinary plasma oscillations: cf. (32.5).
For large k (ker » (1., but still ik < p, ), we find that » = kvr. Solving the equation ¢ = 0 by successive
approximation, we find

o = kve[1 + 2 exp(-2k*cF 1302 - 2)) 2

tThe condition Q). < €r for the frequency (). to be quasi-classical in a degenerate plasma is the same
as the condition (40.4) for an ideal plasma.



§40 P ittivity of a Degenerate Collisionless Plasma 167

wh

FiG. (2.

(L. 1. GolI'dman, 1947). This part of the spectrum is analogous to zero sound in an uncharged Fermi gas;
of. SP 2 (4.16).

Figure 2 shows diagrammatically the form of the spectrum. We have everywhere w/k > vg: since
T =0, there are no particles with v > vr, and the Landau damping is exactly zero.



CHAPTER 1V

COLLISIONS IN PLASMAS

§41. The Landau Collision Integral

THE study of the properties of plasmas, with collisions between particles taken into
account, must start with the derivation of the transport equation for the electron
and ion distribution functions.

The specific feature of this case is the slow decrease of the Coulomb interaction
forces between charged particles. If the Boltzmann collision integral is used as it
stands, the result is that the integrals diverge for large distances between the
colliding particles. This means that distant encounters are important. At large
distances, the particles are deflected with only a slight change in their mpmensa,
The collision integral can consequently be put in a form similar to that which it has
in the Fokker—Planck equation. In contrast to this, however, the collision integral is
no longer linear in the required distribution functions. But the relative smallness of
the changes of momentum in collisions certainly means that the process described
by the collision integral may be treated as diffusion in momentum space. Accord-
ingly, it may be written as

C(f) = —divys = ~ 35/ p..

where s is the particle flux in momentum space. The problem is to express this flux
in terms of the distribution functions.
We write as

wf(p)f'(p) dq d’p’

the number of collisions occurring per unit time between a particle with momen-
tum p and particles with momentum p’ in the range d’p’; in a collision, p and p’
become respectively p + q and p’' —q. The conservation of momentum in collisions
has been taken into account here. The arguments t and r of the distribution
functions are omitted, for brevity. The particles p and p' may be of the same or
different types (electrons, ions). We shall take w to be expressed as a function of
half the sum of the momenta of each particle before and after the collision, and of
the momentum transfer q:

w(p+3q,p' —1iq; q):

it depends, of course, also on the types of particle involved. By virtue of the

168
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principle of detailed balancing (2.8), the function w is symmetrical with regard to
the interchange of the initial and final particles:

w(p+1q,p'—1q: @) = w(p+iq, p'—3q;— q). (41.1)

The function w contains a delta-function factor which expresses the conservation
of energy in collisions (the conservation of momentum has already been taken into
account).

Let us consider a unit area at some point p in momentum space (of particles of a
given kind), perpendicular to the p,-axis. By definition, the flux component s, is the
excess of particles (of that kind) crossing this area from left to right per unit time
ovér those crossing it from right to left. The movement in momentum space is due
to collisions. If a particle receives in a collision an a-component of momentum
equal to g, (> 0), the result of such collisions will be for those particles to cross the
area from left to right whose values of this component before the collision were
from p, — q. to p.. Hence the total number of particles crossing the area from left
to right is

Pa
ZI Od’qfd’p’f wip +3q, p' —2q; Qf (p)f'(p) dp...
G > Pa ~4a

The summation is taken over all types of particle to which the primed quantities
refer (including, of course, the given type to which the unprimed quantities refer).
Similarly, the number of particles crossing that area from right to left may be
written

Pa
ZI d‘qfd’p’f w(p +3q, p'~3q; ~ Qf (p + q)f (p' — q) dp..
o >0 P~

Because of (41.1), the functions w in the two integrals are the same. The
difference of these integrals therefore has in the integrand the difference

fE)'(@)~fp+af' ('~ q).

We now use the fact that the momentum transfer q is small (more precisely, that
the values of q important in the integrals are small in comparison with p and p’).
Expanding the above difference in powers of q, we find as far as the first-order

terms
3f(p) 1 of ’(p’)]
[ 3Ps f'() +f(p) aps |9
We can then, to the same accuracy, put in the integrands

w(p+iq,p'~1q; @~ w(p,p’; Q).

The integration over dp,, which covers the short range from p, — 4. to p., may be
replaced by a simple multiplication by the length g, of this range. The result is

=3[ 2a [veri oo L8 e L. @i
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Because of (41.1), w(p,p’; q) is an even function of q, and therefore so is the
whole integrand in (41.2). This enables us to replace the integral over the half-space
d. >0 by half the integral over the whole of g-space.

In rewriting (41.2) we also express w in terms of the collision cross-section by

wd’q = |v-v| do.

As already explained in connection with the form (3.9) for the collision integral, we
can then suppose that the number of independent integrations has already been
decreased by using the law of conservation of energy. Thus the momentum flux in
the momentum space of particles of each type is

=3 [ [0 L8 re 4P, 0 (41.3)

where
Bo =1 J- Guqplv — v do. 41.4)

It remains to calculate the quantities Byg for collisions of particles with Coulomb
interaction.

For a deviation through a small angle, the change q in the momentum of the
colliding particles is perpendicular to their relative velocity v—v'. The tensor Beg
also is therefore transverse to this vector:

Bﬂﬂ(vp - U;;) =0. (41.5)
It may be noted at once that this automatically ensures the vanishing of the fluxes
(41.3) for an equilibrium distribution of all the particles. With Maxwellian dis-

tributions f and f’ (having the same temperature T), the integrand in (41.3)
becomes

(FITYvp— vp)Bop =0

The vector v—v' is also the only vector on which the tensor B,s can depend.
Such a tensor, transverse to v — v', must have the form

_1 (v —v)(vp — vp)

where the scalar
B= %J-q2|v v do.

Let y be the angle of deviation of the relative velocity (in the centre-of-mass
system of the two particles). For small values of this angle, the momentum change
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has magnitude g =~ p|v—v'|x, where g is the reduced mass of the particles Hence
B =3uv-v] I xtdo = pYv—v'fo,

where

o-,=[(1—cosx)d0'~%fx2da

is the transport cross-section. The differential cross-section for small-angle scatter-
ing in a Coulomb field is given by the Rutherford formula

4(ee’’do _ 8Bm(ee)’ dy

do =~ N -~ T »
pv=vyx' T piv-v) y

(41.6)

where e and e’ are the charges on the colliding particles. Hence the transport
cross-section is

n2
dmlee) 1. L =J-dxlx. 41.7)

7T~V

The value of B, is consequently

_ 2m(ee’)? _ (va —vo)(rp — vp)
Bep = [v—v L[&'ﬂ -y ] @H

The integral L is logarithmically divergent. The divergence at the lower limit has
a physical cause—the slowness of the decrease of the Coulomb forces, which leads
to a high probability of small-angle scattering. In reality, however, in an electrically
neutral plasma the Coulomb field of a particle at sufficiently large distances is
screened by other charges; let xmin denote the order of magnitude of the smallest
angles for which the scattering can still be regarded as Coulomb scattering. The
divergence at the upper limit arises simply because all formulae have been written
on the assumption of small angles, and cease to be valid when x ~ 1. Since a
logarithm of a large argument is fairly insensitive to small changes in that
argument, we can take the limits of integration from estimates of their orders of
magnitude, writing

L = 1Og(”Xmin)- (41 9)

This quantity is called the Coulomb logarithm. It must be stressed at once that such
a method of determining it restricts the whole discussion to what is called
logarithmic accuracy, which neglects quantities small compared not only with the
large quantity 1/xmin but also with its logarithm.

A practical estimate of xm, depends on whether the scattering of particles is to
be described in classical or quantum-mechanical terms; the expression (41.8) itself
is valid in either case, since purely Coulomb scattering is described by the
Rutherford formula in both classical and quantum mechanics.t

tln the quantum case, the exchange effect has 10 be taken into account in the scattering of like particles
(electrons). This effect does not, howe ver, alter the limiting form (41.6) of the cross-section at small angles.
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The Coulomb field of a particle in a plasma is screened at distances of the order
of the Debye length a. In the classical case, ymn is defined as the scattering angle
for a passage at impact parameter ~ a. The corresponding momentum change

~ |ee'|/ abra, the product of the force ~|ee’l/la” and the transit time ~ afbq.t
Dividing g by the momentum ~ i, we have xmn~ |ee’|/audly. The condition for
classical scattering is |ee’|/hiv, > 1; see QM, §127. Thus we have

L =loglautillee’) with |ee'|[ht.q> 1. (41.10)

In the opposite limiting case |ee’|/ht.q <1, the scattering must be treated quan-
tum-mechanically, using the Born approximation. The scattering cross-section in
this case is expressed in terms of the Fourier component of the scattering potential
with wave vector g/hi. The contribution to this component from the screening
charge “cloud” (with dimensions ~ a) becomes small when qa/fi = 1; this is then
the condition for purely Coulomb scattering. The angle xmn is therefore found from
the condition

Urmin@l A ~ wExminatl B ~ 1.
In this case, then,
= log(pnatafh) with |ee|/fia<€1. (41.11)
When |ee’| ~ fit,e, the expressions (41.10) and (41.11) coincide, of course.

Let us now write the final expression for the fluxes in momentum space by
substituting (41.8) in (41.3):

=3, 2mteeL [ (f ( g a"’,i )= )JT(D"V . valte VA e (aL12)

The corresponding transport equations are

of .o
ot Y ar

+e(E+vXxXB/c)- —{)=—-div,,s, (41.13)

where ¢ is the charge on the particles to which f relates, i.e. — e for electrons and ze
for ions. The collision integral in the logarithmic approximation for a gas with
Coulomb interaction between the particles was determined by L. D. Landau (1936).

The validity of the Landau collision integral depends on the fulfilment of certain
conditions. The characteristic lengths 1/k over which the distribution function
varies significantly must be large compared with the screening radius a, and the
characteristic times 1/w must be large compared with a/5,.; in the logarithmic
approximation, however, it is sufficient in practice if these conditions are satisfied

tHere, and in all analogous places below, & is lhe mean relative velocity |v — v of the two particles. H
they are of the same type it is the mean value #; if they are of different types, il is the larger of # and ©'.
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in the weak form
ka <1, w<iala,
with < in place of <.

PROBLEM

It has been shown in §34 that, afier the perturbalions of the eleclron density with wave vector k have
been removed by Landau damping,. the perturbations of 1he disiribution function continue to oscillate as
e~ (34.16). Find the damping of lhese oscillations by Coulomb collisions at times 1 ® I1/k&.

Sor unoN. We seek lhe distribulion funciion in the form

f=fot+5f, 5f=a(l’v)cﬂl.vnil.r' n

where 8f is 1he perlurbation of the equilibrium. distribution fs, and a is a slowly varying function of 1he
velocity (changing appreciably only over ranges - & 3 I/kt). On subslituting (1) in (41.12), we nced
retain in the integrand only 1he lerm

- fulp")a@8f(p)l ap = (ifm)ktsf (p)folp");

lhe remaining terms make only a small contribulion, either because the integral is m:de small by the
rapidly oscillating factor exp( — ik . v't) or because they do not contain the factor kt > I/. For the Iatter
reason, too, only the exponenlial factor need be differentialed in the calculation of divgs. The transport
equation then gives

aafat = — k.kgbopt’a,

where in order of magnitude the coefficients b.g ~?v, with v the collision frequency. Hence
a(t, vy = a(v) exp{ - skukobapt®}, @
and so 1the damping time of the oscillations is
_ yAl/J(kﬁ)ﬂIJ_

Since the whole theory of l.andau damping is valid only if ki » v, we have 74 < Ifr. The result (2) is
correct if the cxponent in it is small compared with the exponent kot in (1); for this to be so, we must
have t < (k&) '™ In this time, the oscillations are damped by a factor exp[ — V/(ki/v)]-

§42. Energy transfer between electrons and ions

The large difference between the electron mass m and the ion mass M impedes
the transfer of energy between electrons and ions: when a heavy and a light
particle collide, the energy of each is almost unchanged. The establishment of
equilibrium among the electrons alone and the ions alone therefore takes place
considerably more quickly than that between electrons and ions. This may easily
give rise 1o a situation where the electron and ion components of the plasma each
have a Maxwellian distribution but with different temperatures T, and T;, of which
T, is usually the greater.

The difference between the electron and ion temperatures causes an energy
transfer between the two components of the plasma, which may be determined as
follows (L. D. Landau 1936).

We shall temporarity denote by a prime the quantities pertaining to electrons,
leaving unmarked those pertaining to ions. The change in the ion energy per unit
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volume and unit time is given by the integral
dE[/dt = J- C(fyd’p=— J- e div,s d’p,
or, integrating by parts,
dE|dt =J-s.(aelap) d’p=J-s.vd3p‘, 42.1)

the integral over an infinite surface in momentum space is, as usual, zero.

In the sums (41.3) which determine the electron and ion fluxes in momentum
space, the only terms remaining are those which correspond to electron—ion
collisions; the electron—electron and ion-ion terms are zero for Maxwellian dis-
tributions. Substituting in these remaining terms the Maxwellian distributions with
temperatures T' and T, we obtain for the jon flux

5. —Iff (Ji —Q)B,,,;de’.

From (41.5), B,gv;= Bogvg; making this change and substituting the flux in (42.1),
we find

22 (1) [resmaira

Since the electrons have small masses, their mean speeds are large compared
with those of the ions. We can therefore put ¢;— v, =~ v, in B,g. Then the quantities
B.s no longer depend on the v,, and in (42.2) we can carry out the integration over
d’p:

I fvavs d’p =38,,Nv> = 5,,NTIM.

Thus

dE NT ,
o ———)Ide’ (42.3)

Finally, substituting here from (41.8) B = 4we‘z’L{v’ (where ze is the ion charge),
and noting that for a Maxwellian distribution

J-f’ d’p'lv'= N'VC2m|=T",
we obtain

dE _ 4NN'z%*V(2mm)L
dt MT™" (T

T'~T). (42 4)
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The same expression, with the opposite sign, gives the decrease in the energy of
the electron component of the plasma, — dE'[dt. Expressing the electron energy per
unit volume in terms of the electron temperature by E' = 3N'T'/2 and resuming the
use of the suffixes e and i for electron and ion quantities, we can write the
following final expression for the rate of change of the electron temperature:

daT.  T.-T, .. TH2M
dt =75 TiTgNZEL.Cam)™ 42.5)

The Coulomb logarithm here is

_ {log(aT.ze%) for ze}hvg >1,

«< {log[\/(mTe)alh] for ze*lhvg < 1.} (42.6)

The quantity 7§ is the relaxation time for the establishment of electron-ion
equilibrium.

§43. Mean Free Path of Plasma Particles

We have seen from the derivation in § 41 that the transport cross-section o (41.7)
serves as a collision parameter in the transport equation. It must therefore also
occur in the definition of the mean free path.

For electron—electron (ee) and electron—ion (ei) collision$, the reduced mass
u ~m, and, since the speeds of the electrons are much greater than those of the
ions, we have

IL(ve - vi)2 -~ mv'zl'e -~ Te-
Hence follows the estimate of the electron mean free path
l. ~ T24we'NL,, (43.1)

with L, from (42.6). The factors z are omitted from the estimates, it being assumed
that z; ~ 1. The electron mean free time 7, (or its reciprocal, the collision frequency
ve) is
7e ~ v, ~ Llvre ~ T"m"?[4me*NL.. 43.2)
Note that
llac ~ (UL )TN e,
and [, ® a. by virtue of the condition (27.1) for the plasma to be rarefied. Accord-

ingly, the collision frequency is small in comparison with the electron plasma
frequency:

ve < vrda, = Q.. (43.3)
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Similarly, the ton mean free path with regard to ion-ion collisions is
i~ T 4=e'NL, L. =log(aTie%. (43.4)

where L; is the Coulomb logarithm with ion quantities in place of electron ones.
The corresponding mean free time is

7 ~ vy ~ T M "|4me*NL,. (43.5)

The duantity 7, determines the order of magnitude of the relaxation time for the
establishment of local thermal equilibrium of the electron component of the
plasma, and 7; the corresponding time for the ion component. Since the frequen-
cies v, and v, for ee and ei collisions are of the same order, 7. is not the relaxation
time for the establishment of equilibrium between the electrons and the ions; it
describes only the rate of momentum transfer from the electrons to the ions, not
the rate of energy exchange between them. The relaxation time for electron—ion
equiltbrium is given by the quantity 7§ determined in §42. A comparison of these
various times shows that

Teet Tt 7o ~ 1 (MIm)Y2: (M[m). (43.6)

The mean free path can be used to estimate the transport coefficients of the plasma.
To estimate the electrical conductivity o, we use the familiar elementary “‘kinetic
theory of gases” formula. The particles (carriers) with charge e and mass m, in free
motion during a time 7, acquire from the electric field E an “‘ordered” speed
V ~ reElm. The electric current density created by this motion ts j ~eNV. The
conductivity, which is the proportionality factor between j and E, is therefore

o ~e’N3lm ~ e*Nl/muq, (43.7)

where I, m and vy are to be taken as the quantities pertaining to the lighter
particles, i.e. the electrons. An estimate using this formula gives

o~ T, e*m L. (43.8)

The thermal conductivity is estimated similarly with the elementary formula
(7.10). Electrons play the main part, and we have k ~ N/l.vr.c. (where ¢, ~ 1 is the
electronic specific heat), whence

k ~ TP le*m™L,. (43.9)

The viscosity of the plasma, unlike the electrical and thermal conductivities, is
due mainly to the movement of the ions, since most of the momentum of the
plasma is concentrated in the ion component. Moreover, the momentum of an ion
is not much changed by collisions with electrons, and for this reason it is sufficient
to consider ii collisions only. From (8.11), the viscosity is estimated as n ~ N;Mlivg,
whence

n~M"T#e'L;. (43.10)
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The calculation of the coefficients for the expressions (43.8)—(43.10) requires the
solution of the linearized transport equation with the Landau colliston integral,
which can be done only by approximate numerical methods. As an example, in a
hydrogen plasma (z = 1) the coefficients in the expressions for o, k and 7 are
respectively 0.6, 0.9 and 0.4.

§44. Lorentzian plasmas

In calculating the electron contribution to the transport coefficients in a plasma, it is
in general necessary to take account of both ei and ee collisions. However, if the
ion charge is sufficiently large, ei collisions may have a predominant effect: the ee
collision cross-section is proportional 1o (e?)’ and the frequency v, of such
collisions is proportional also to the electron density N,; similarly, the frequency of
ei collisions is proportional 1o (ze*)’N, = €*z,N,, so that v; > v, if z > 1. A plasma in
which ee collistons may be neglected in comparison with ei collisions is called a
Lorentzian plasma. Although this is not a very realistic case, it is interesting both
methodologically and for possible application to other systems.T

Since the ion speeds are small compared with the electron speeds, they may be
neglected in the first approximation, i.e. the ions may be regarded as at rest with a
given distribution. In the problem of the behaviour of the plasma in an external
electric field there is a preferred direction, that of the field E. If the electron
distribution function differs only slightly from the equilibrium form, f = fy(p) + &f,
the small correction &f is linear in the field, i.e. has the form 8f = p - Eg(p). Under
these conditions, the electron-ion collision integral has the same form as that of the
collision integral in § 11 for the problem of diffusion of a light gas in a heavy gas:

C(f) = — va(v)5f, (44.1)
with the speed-dependent effective collision frequency
va(v) = Npoi®, (44.2)

and ¢ the transport cross-section for scattering of electrons by ions. With this
quantity given by (41.7), and zN; = N,, we find

vei(v) = 47rze*N,Lim*v>. (44.3)

In the rest of this section we shall write v(v) simply, omitting the suffixes ei.

Let us now calculate the permittivity of a Lorentzian plasma in a spatially
uniform (wave vector k=0) but periodically varying (« ™) electric field. The
correction 8f to the equilibrium distribution depends on the time in the same
manner, and the transport equation for it is

—iwdf — eE . dfo/ap+ v(v)8f = 0. (44.4)

tFor example, a weakly ionized gas, where ¢i collisions are replaced by collisions between electrons
and neutral atoms.
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Noting also that afy/dp = — vf/T. we therefore have
8f = — (eI T)E . vfyl[v(v) — iw]. (44.5)
The permittivity is found by means of the relation (29.4): —iwP =}, or
—iw(e— DEJ4T = —¢ J vaf d’p. (44.6)
Substitution of (44.5) and averaging over the directions of v (with (v,ts) = }8.a07),

we obtain

4mre? [ oMo dPp

e(@)=1 30T Jw+iv() (44.7)
In the limit w > v,T this gives
47e’N,  .47we*N,
e(@) =1t + it (o (o)), (44.8)

where the averaging is over the Maxwellian electron distribution. Calculating the
mean value for v(v) as in (44.3), we obtain

Q2 .4V(Q2w) ze'LN, @/

e(w)=1 _F-l_l 3 TR o) (w > ). (44.9)

However, the range of validity of this formula also has an upper limit given by the
general condition (41.4) for the logarithmic approximation in the collision integral
to be applicable, o < vra, = Q. (the frequency must be small in comparison with
the electron plasma frequency).f

Formula (44.9) has a special significance, since it is valid for any (not only large)
values of z. When o > v, the collisions cause only small corrections, and so the ei
and ee collisions may be treated independently. In the absence of ions, a uniférm
electric field would cause only a shift of the electrons as a whole, and collisigns in
such a system could not cause dissipation (represented by the imaginary part €” of
the pcrmittivity); under such conditions, the dissipation is due only t | the ei
collisions taken into account in (44.9).

In the opposite limiting case, when o < v, the permittivity is

e=i.4molw, o= (ENJT)Nvlv(v)). (44.10)

The quantity o in this limiting expression is the static conductivity of the plasma:
see ECM, §58. The calculation with v(v) from (44.3) gives

a2 T™
0= A Lm (44.11)

tThe symbol v Swithout argument) means the value of »(v) for v =vr. In the present case,
v= 41rzc‘N¢L/rr[”2T,ﬂ. X
$The calculation of €" for w » ), is discussed in § 48.
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The same result could, of course, also be reached by a direct calculation of the
electric current density

j=—eJ-v8fd3p,

with &f from (44.5) (with o = 0).

We shall also calculate the other transport coefficients for a Lorentzian plasma,
which are related to its behaviour in a constant (w =0) electric field and a
temperature gradient. Let us first recall the definition of these coefficients (see
ECM, §25).

The conditions of thermal equilibrium require, as we know, not only the constancy
of temperature but also that of u + U throughout the medium, where g is the chemical
potential of the particles and U their energy in the external field. In the present case,
we are concerned with equilibrium with respect to the electrons, so that g is to be
taken as their chemical potential, and U = — e, where ¢ is the electric field potential.
Accordingly, the electric current j and the dissipative energy flux q' are simultaneously
zero only if T = constant and gy — ep = constant, i.e. VI =0, Vu +eE=0. The
expressions for j and ¢ are written as follows, satisfying the condition stated:

1, 1,
E+oVu=—j+aVT, (44.12)
q=q— (¢ —ple)j=aTj—«VT. (44.13)

Here o is the electrical conductivity of the medium, k the thermal conductivity, « the
thermoelectric coefficient; the relation between the coefficients of VT in (44.12) and j
in (44.13) follows from Onsager’s principle. The quantity (¢ —u/e)j which is
subtracted from the total energy flux is the convective energy flux.t

To calculate the transport coefficients, we start from the transport equation

—eE-%—{;’+v-%—f:= — b5, (44.14)

Substituting the equilibrium distribution in the form$

fo=expl(pn —€)IT], (44.15)
we find

5f = — Tf(  (eE+Vp). v+f0T2v(v) .VT. (44.16)

The thermoelectric coefficient is calculated from the coefficient in the equation

+The relations (44.12) and (44.13) are written with a different notation in ECM, §25, where ¢ and E stood
for ¢ —ple and E+ Vp/fe. That definition is permissible in the phenomenological approach, but not
appropriate in the kinetic theory. where — ¢E must be the force acting on the electron.

$The use of the same letter € to denote both the permittivity and the electron energy muv? is unlikely to
cause any misunderstanding.
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i=—aoVT with E+Vuf/e =0. We write
j=—eJ-v8fd3p
—_ e [run—e€ 3
?Jf,, LSV VT) ',

and find after the averaging over directions

_ Ne /vMp-e\_ 1 { (vevv)
a_3aT‘< v(z) >_€T {'L (v'/v(v))}' @417

Calculation with v(v) from (44.3) givest

« =% (%—4). (44.18)

To calculate the thermal conductivity we note that for j=0 we must have
E +Vu/e = o« VT. Substituting this value in (44.16), with o from (44.18), gives

8f=TVf(v)(4—%)v.VT.

With this funcuion. the calculation of the energy flux

q= J- vedf d’p
leads to

_ N, /v%(dT ~¢)
"‘3_T“i< ) > (44.19)

_16v2 ™"
K=" ] (44.20)

and finally

PROBLEM

Find the collisional part of the damping of electron plasma waves.

SOLUTION. If the imaginary part of the permittivity is small. the contributions to it from Landau
damping and from collisions are additive. Then € is given by (44.9). and equating it to zero gives w = {0, — iy,
where the damping ratio is

___Ua__2VQw)ze'LN.
Y= Ven 3 mTT*

*In classical statistical physics, the chemical potential contains a term of the form {T" with an indefinite
constant { (corresponding to the indefinite addilive constant in the entropy). This in turn gives an indefinite
constant /e in . The indefiniteness does not, however, influence any observable effects. since such terms
(Lle)VT cancel on the two sides of (44.12). If fo is written in the form (44.15), this fixes the choice of the
constant {: p = T log[NJQmmTY"].
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The ratio
Y =(V2L3NENTIT) <1

by virtue of the condition for the plasma to be rarefied, and this justifies the use of (44.9).

§45. Runaway electrons

The rapid decrease of the Coulomb cross-section with increasing speed of the
colliding parlicles has the result, as we shall see, that in an electric field, however
weak, the distribution function of sufficiently fast electrons in a plasma is highly
distorted.

An electron moving at the thermal speed v in an electric field E acquires during its
mean free time a directed speed

V ~eEllmv ~ eElmuN.o;(v) ~ v'mE}4we’LN,,
with the cross-section o from (41.7). For v v,, where
v. = (47N LImE)", 45.)

we have V ~ v, and for v > v, the mean free path and time are governed by the speed
V. The momentum acquired by the electron in the mean free time is then

eEllV ~eE| VN.oi(V) ~ V'm*El4we’ LN, ~ mV(V/v. ).

The momentum transferred by the electron at the end of its free path is ~mV. Hence
we see that electrons with sufficiently high speeds will be accelerated without Liniit;
these are called runaway electrons. If v. > (T.Jm)"2, the phenomenon will be observed
only in the tail of the Maxwellian distribution; the electric field must then satisfy the
condition

E < E.=47we’LN,|T.. (43.2)

Under these circumstances the problem of runaway electrons may be solved as a
stationary one. The majority of the electrons, whose distribution is Maxwellian, act as
a large reservoir from which a small steady flux moves towards high energies.t

It is evident, from the fact that the runaway electrons result from directed
acceleration by the electric field, that they move chiefly at small angles 6 to the
direction of the field. If, however, we seek to calculate only the flux of runaway
electrons, their distribution function need not be determined completely; it is
sufficient to find the energy distribution f averaged over angles.

The transport equation for the electron momentum distribution in the electric field is

of of .
. — 5.3
FT eE p +divs =0, (45.3)

‘TThe phenomenon of runaway electrons was pointed out by H. Dreicer (1958); the quantit. tive theory
given here is due to A. V. Gurevich (1960).

PR 30 - pm
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where s is the collisional flux in momentum space. In spherical polar coordinates p, 6, ¢
in momentum space, with the polar axis along the force — eE, we have

—eE. 8flap = eE[cos 6 af/3p — (sin 6/ p)af/ 36}

:eE[coso a . f)_psmf)%(f m'ﬂ)]

The divergence of the flux is

d
psmf)af)( So sin 6).

div,s = (p sp)t

We average (45.3) over angles, i.c. multiply by 27 sin 0 d6/47 and integrate. All

terms containing /80 disappear, and the factor cos § may in the first approximation be
replaced by unity. We thus obtain for the averaged function f the equation

q ey P s (75 =0, (45.4)

This contains only the radial component of the flux in momentum space, which is
related to the energy transfer in collisions. The contribution to it from ei collisions is
evidently small in comparison with that from ee collisions.

Since therunaway clectrons are only a very small fraction of the total, in calculating
the flux s, we need consider only their collisions with the main mass of Maxwellian
electrons (not with one another), whose speeds are much less than those of the
runaway electrons. Under these conditions there is no need to calculate s, afresh; we
can write by direct analogy with (22.5)

of . p_ ]
- T v“(v)m[ mT. f (45.5)
where v,(v) = 47e’N.LIm®v?is the frequency of Coulomb collisions between fast and

slow electrons (cf. (44.3)).7 Since the expression (45.5) refers to electrons with speeds
v ~ v, we have for the Coulomb logarithm

L = log(mv.ale?). (45.6)
The guantity

S, =s, + eEf 4s.7)

is seen from the form of (45.4) to be the total radial flux (from collisions and from the
action of the field) in momentum space. According to the foregoing discussion, the
distribution of runaway electrons may be sought in a stationary form, i.c. the time

tIn deriving (22.5), we used only the smallness of the energy transfer in collisions, and thal of the target
particle speed relalive to the incident electron speed. To change to the present case, we need only replace M
in (22.5) by m and take as the mean free path I that for ee collisions.
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derivative in the transport equation (45.4) may be neglected. Then
47Tp2§; = constant = iy, (45.8)

This equation, with ;,,— given by (45.5), is a differential equation determining the
distribution function f. The constant n,,, gives the required total number of runaway
clectrons per unit time and volume.

We use the dimensionless variable u and constant b defined by

u=plp, b=EE, p.=(mTJb)" 45.9)
Then equation (45.8) becomes

2 - wp=, (45.10)

where the constant C differs from n,,, by a constant factor. Since we assume the ficld
E < E,, the parameter b < 1; in the present problem, this is the small parameter which
gives the order of the approximation.t

The solution of (45.10) is

f=F-CF I (/F) du, 45.11)
0
where
L 1 2
F-Gn n’:’T o exp{ﬂ(%u“— u‘)} 45.12)

is the solution of the homogeneous equation. The normalization factor in F is

determined from the condition that as u — 0 the function f should become the
Maxwellian distribution

N.
f() = (27THIT )3)2 exp( - u2I2b)

As u -, the function F increases without limit, whereas f(u) must remain finite.
Hence we have the condition f/F — 0 as u — =, from which the constant C is found:§

x

G,

exp{—ﬁ('iu“—uz)}u du]_l. (45.13)

The integral is calculated by the saddle-point method, the exponent being expanded
near its maximum at u = 1. This yields the following dependence of the number of
runaway electrons per unit time and volume on the field E:

ttrun ~ Nevee(v7.) exp(— EJ4E). (45.14)

tInparticular, analysis of the angular parl of the trzmsFort equationshows that the directions of motion of
the runaway electrons lic in the range of angles § ~ b,
$The formulation of the boundary conditions here is analogous to that in § 24.
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The coefficient of the exponential here is only dimensionally correct; a more accurate
calculation would go beyond the approximation being used and call for a more
accurate solution of the transport equation from the start.

§46. Convergent collision integrals

The transport equation with the Landau collision integral allows problems of
plasma physics to be solved only with logarithmic accuracy: the large argument of the
Coulomb logarithm is not fully determined. This uncertainty is due to the divergence
of the integrals at large and small scattering angles. As already mentioned, the
divergence at large angles has no fundamental significance: it results only from the
expansion in powers of the momentum transfer q, and does not occur in the
Boltzmann collision integral itself. The divergence at small angles is due to neglecting
the screening effect of the plasma on the scattering of particles by one anotherin it. To
calculate the collision integral to a higher than logarithmic accuracy, we must
comistently take account of screening throughout, and not only when determining the
range of integration in the Coulomb logarithm.

1t has becn noted in § 41 that the conditions for the collision integral with screened
interaction between charged particles to be applicable require that the distribution
functions should not vary greatly in times ~ af#,. and over distances ~ a. These same
conditions enable us to treat the screening of the charges macroscopically as the result
of dielectric polarization of the plasma.

We shall consider the problem in two limiting cases: (1) when the Born ap-
proximation of quantum mechanics can be applied to particle collisions, (2) when the
collision process is quasi-classical.

THE BORN CASE

The first case occurs when
lee’| D < 1. (46.1)
The influence of the dielectric medium on particle scattering is most clearly

expressed in the language of the diagram technique. In the Born approximation, the
scattering of two particles is described (in the non-relativistic case) by the diagram?

q+p Pp'~q

T (46.2)

P P

*+As in §41. the unprimed and primed quantities refer to the two colliding particles (which may be of the
same or different types).
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in which thebrokenline correspondsto the function47/q? the Fourier component of the
Coulomb potential of a unit charge (q being the momentum transferred in scattering).
The only effect of the medium is to replace this function by the potential component in
the medium, 47/q.qge.g, where e.5(w, g/#) is the permittivity tensor of the medium,
and ho is the energy transferred; cf. SP 2, §85. The scattering amplitude correspond-
ingly contains an extra factor q*/¢.qge.s, and the cross-section contains the squared
modulus of this. Thus

do = doweq*l|€upq. sl (46.3)

For simplicity, we shall henceforward assume the plasma to be isotropic. Then the
tensor e, reduces to two scalars € and €, and the product €,4q.9s = e,q2 involves only
one of these; we shall omit the suffix I, and denote by € the longitudinal permittivity.

Thus the scattering cross-section becomes

do = dowl|e(w, glh), (46.4)

where dog, is the ordinary Rutherford cross-section for scattering in a vacuum.7 Note
also that the energy transferred in a collision is related to the momentum transfer by

hw =q.V, (46.5)

where V is the velocity of the centre of mass of the colliding particles.f The magnitude
of the vector q is related to the scattering angle y in the centre-of-mass system by the
usual formula

q =2p|v—v]|sinx, (46.6)

where g = mm'[(m + m’).
The collision integral which automatically gives a correct treatment of large and

small scattering angles, and is free from divergence, is obtained by substituting (46.4)
in the usual Boltzmann integral (cf. (3.9)):

ch=5 [Uerare-a-reren e ey, wsn

the summation is over all types of particle to which the primed quantities refer.

The transport equation with the collision integral (46.7) is very complicated, not
only because the integrand cannot be expanded in powers of g, but because the
permittivity of the plasma s itself defined in terms of the distribution functions sought.
An important simplification is attainable only in the case of a slight departure from
cquilibrium, when the transport equation can be linearized. Then the permittivity is to
be calculated with the equilibrium distribution functions, and so is independent of the
Corrections sought.

tIn the scattering of identical particles (through angles that are not small), dogu is to be taken as the
Coulomb scattering cross-section with exchange effects (see QM, §137).

This is easily shown by expressing the velocities v and v’ of the particles in terms of V and the velocity
Y=V of their relative motion, and using the fact that V and |v — v| are unchanged in scattering.
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THE QUASI-CLASSICAL CASE
Let us now go to the opposite limiting case, where
|ee’| it > 1 (46.8)

and the quasi-classical approximation is applicable to the scattering of particles. In
this case, we cannot take into account the effect of the medium on the scattering in the
same manner for small and large scattering angles (as was possible in the Born case); it
is necessary to consider these two ranges separately and then join the results at
intermediate angles.

The field of a charge e moving with velocity v in a dielectric medium is given by the
equation

div D = 4mred(r — vt).
In Fourier components, this gives for the field potentialt

o 47T€ —tk.vt
o kv 0 - (46.9)

For small scattering angles, the change in the momentum of the particle is given (see
Mechunics, §20) by the classical formula

q=—f(6UIar)dt, (46.10)

where U is the interaction energy of the two particles, and the integration is taken
along the straight path r= p + v't (p being the impact parameter vector).} Expressing
the energy U = e’ as a Fourier integral:

ellk.r-ur) d),\

U = 4wee’ m(z—ﬂ_)—;, (46.11)

with » = k - v, and substituting in (46.10), we obtain

. &’k [ ke™*? [~
q=—4miee’ {

- = “1k.(v-¥)t
7)Y |lke(w, k) ). € dt }
Theinner integral gives 2w8(kp/|v — v'|, where ki is the component of the vectork in the

+The derivation of (46.9) assumes a linear relation between D and E, and therefore a sufficiently weak
field. This condition is certainly salisfied {in a slightly non-ideal gas)at dislances r = a. from which arises the
divergence thal is 1o be eliminated by the use of formula (46.9). These distances correspond 1o values of
k =< Ia. for which the permittivity is considerably different from unity.

1t does not matter whether q is calculated as 1he change in momentum of each of the colliding parlicles,
or as 1he change in momentum of their relative molion.
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direction of v — v'. Then, eliminating the delta function by integration over dk), we find

_4miee’ [ ke™P d%k,
v=v1] kle(w, k) Cm)*

q= (46.12)

where k,, like p, is a two-dimensional vector in the plane perpendicular to v—v'. The
frequency is

o=k, .v=k;.V. (46.13)
In the rest of this section we shall omit the suffix L and denote by k this

two-dimensional vector.
We now calculate from (46.12) the quantities

By = %f dodplv— v d’p, (46.14)

which appear in the collision integral when it is expanded in powers of the small
quantity q: the cross-section do in (41.4) is here written as the impact area d’p. Writing
the product of two integrals (46.12) as a double integral over d2k d?k’, we carry out the
integration over d’p by means of the formula

J e® & 32 = (27)%8(k + k).

The integration over d°k’ then simply removes the delta function, leaving

_ 2e%e"” k.kps d’k

Bag = [v—v]J) kY. V. k)"

(46.15)

where we have also used the fact that e( — o, k) = €*(w, k) by (28.9). These integrals
converge for small k, since |¢| >0 as o, k - 0.1

Equation (46.15) involves the permittivity at the non-zero frequency o = k. V:itis
therefore sometimes said to take account of dynamic screening. The integrand in
(46.15) depends on the direction of V through the argument k - V of the function €. This
dependence disappears when the integral is calculated in the logarithmic ap-
proximation, in which the integration is limited to the range from k~1/a to
k ~ uv¥|ee’|. The most important values of k in the integral are those far from both
these limits; in that range, |e|> = 1, and the integral reduces to [ k.k; I°k[k*. Averaging
the integrand over all directions of k in the plane perpendicular to v— v/, we return to
the previous expression (41.8) with L = [ dk/k.

To eliminate the divergence at large momentum transfers we must, as already
mentioned, join the collision integral expanded in powers of q to the unexpanded
integral (J. Hubbard 1961, O. Aono 1962).

+The climination of the divergence due to Coulomb field screening in the Landau collision integral is due
10 R. Balescu (1960) and A. Lenard (1960). The completely convergent e Xpression (46.7) was given by A, A.
Rukhadze and V. P. Silin (1961).
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Let us consider the difference
Culf)— Cs(f), (46.16)

where C, is the required convergent collision integral, and Cjp is given by (46.7), which
in the Born case is the correct collision integral, but here has only an auxiliary role.

We divide the range of variation of the scattering angle into two parts: (I) y < xi1, (II)
x > x1. where y, is chosen so that

lee'|fwati <€ xy <1. (46.17)

In classical scattering through small angles in a Coulomb field, the scattering angle y
is related to the impact parameter p by

p =2ee'| (v — v'Yx-

Hence the value y = y: corresponds, with the condition (46.17), to p = p; < a, so that
the screening at this distance is unimportant and the scattering may in fact be regarded
as purely Coulomb scattering. The same applies to the whole of the range p <p,, i.e.
x > x1. The scattering cross-section in this range consequently has the Rutherford
form, and the corresponding contribution to the collision integral is

cihH=2 flp+afp-q@-f)fE)ly-v]dok.

X>xy

The contribution from the range y > y; to the integral (46.7) is exactly similar: in that
range, g > qy, and by the condition (46.8)

Qilh ~ pbraxih = |ee’| | hbma > 1/ a,

so that we may put |e|* = 1 in (46.7). Thus a contribution to the difference (46.16) arises
only from the range y <y (p > pi), which remains to be considered.

Throughout this range, the momentum transfer is small, and so the collision integral
may be expanded in powers of q. The quantities B,s which appear in the expanded Cy
are calculated as the integrals (46.14) with q from (46.12). The contribution to these
integrals from the range p > p; is

1 _ (ee')z
(Bnﬁ)cl_zﬂ_zlv_vrl Faﬁ,
7o [Re™? rikge"“ %) 46.18
F,,,;—Ldp(fo £ k| ST~ k), (46.18)

where the limits in the double integrals (over d’p and d’k) are conventionally shown
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by the limits for p and k. We can rewrite the F,g identically as

> qyrh qyfh )
F‘.,;=J- dzp(J- ...dzk) (I ...d-k)
0 0 a Vo B
LI qyth . ayfh
—f d~p(f ..d~k) (J ...dzk)
0 0 a\Jo B
+J-‘d2p(J- ...dlk) (I ...dzk)
™ (1} a g \fh B
= = aith 5
+f d‘p(J- ...dzk) (J ..d"k) . (46.19)
” g h a Vo 8

The first term here, when transfermed as in the derivation of (46.15), gives a
contribution to (46.18)

2(ee’y [k, I\!,
Vvi)o K

This expression is the same as would be obtained by an expansion of the integral (46.7)
taken over the range y < y,;1 it therefore inakes no contribution to the difference
(46.16).

To transform the remaining terms in (46.19), we note that we may put € = | in their
integrands: the integrals then remain convergent, and their values are dctermined by
the range k ~ q,/#, in which ka > 1 and therefore |e| = 1. It is also important that, by
virtue of the condition (46.8),

qipylh = 2|ee’|[hve > 1; (46.20)

we need therefore retain only the terms that remain finite as ¢yp./h — 0. In this limit,
the third and fourth terms in (46.19) vanish. Thus there remains only

"2 no ah d? aifh . 21
(Bug)i— (Bug)s = — 2L " % (J ik e™ T,’l " ikger ). ws2n
0

2wv—v| Jo

where the suffixes cl and B signify that the values of B, relate to the expansions of the
integrals Cy and Cp respectively.

Each of the two integrals over d’k is parallel to the vector p; after integration over
these directions (in the plane perpendicular to v—v'), we obtain for the difference
(46.21) the expression (41.8) with the opposite sign and

4} i qfh £2m o 2
= o cos ¢ .,
L J; pdp[zTrJ; J; cosp.e d(pdk].

*The Rutherford cross-section for scattering through small angles, expressed in terms of q. is

dor, = _?Ec—)—zd
qlv-v]|

if we use the formulae g =~ p|v— vy, do =~ d’glpX(v—v')".
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Using the familiar integral representation of the Bessel functions, and the equation
Ji(x)=— Ji(x), we can rewrite this integral as

L= Lplpdp[flm Iy(kp) dkr

p1aifh . d
= [ - 1L,

or, integrating by parts,
L =tog(ainl) +2 [ 1Utx) - 1] 1og x dx.

Here we have used the fact that the parameter p,q,/h (which does not involve the
auxiliary quantity y,) is large; accordingly, the upper limit is replaced by infinity in the
remaining integral, and in the first term we put Jo(q,p:/h) = 0. With the values

J- Ii(x)logxdx =—C +log2,

0

I Jo(x)Jy(x) log x dx =3(log2— C),
0

where C =0.577. .. is Euler’s constant (y = ¢ = 1.78. . .), and with (46.20), we have
finally

L =log- el (46 22)

08 filv—v/|

The total result of these calculations is that in the gquasi-classical case the
collision integral without divergence may be expressed as

Ca(N) = Cs() — G, (46.23)

where Cy is given by (46.7), and Cp is the Landau collision integral with the
Coulomb logarithm (46.22). It must be emphasized that, in the latter, |v — v/ is the
exact variable, not the mean value d,y.

Because of the approximations made in the derivation, this result is of course
valid only with “improved logarithmic” accuracy: the transport equation with the
collision integral (46.23) enables us to improve the accuracy of the calculations only
as regards determining the exact coefficient in the argument of the large logarithm.
To this accuracy, the quantity h naturally drops out of all the results; in (46.23) it
acts only as an auxiliary parameter.

PROBLEMS

PROBLEM . In the Born case with improved logarithmic accuracy. calculate the imaginary part of
the permittivity of a singly charged (z = 1) equilibrium (7; = T.) plasma for frequencies w > vq.
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SOLUTION. In calculating €” when w2 v, we need consider only ei collisions, as explained in
connection with the derivation of (44.8). Since the collision integral (46.7) differs from the usual
Boltzmann integral only by the factor |€]™ in front of dors, the required €” can be calculated by means
of the same formula (44.8):

) = TN (2, M

where (...)e and (...), denote averaging over the equilibrium distribution of electron velocities v, and
jon velocities vi respectively. The only difference from the calculations in §44 is that o: is now defined
as

o= f (1 - cos x)|e(q . vih, glh)|? dog,, 2)

and that o: has to be averaged over the ion velocities (which of course are not negligible here); in the
argument w = q. V/h of the function ¢, the velocity of the centre of mass of the electron and the ion has
been replaced, as an approximation, by the velocity of the ion. The Rutherford cross-section is written
as

(ze)’'m’ 2w sm xdx 81T(zc Y'm?®

ap? sin'ix T’ dq, 3)

doge =

where
q=2p.sinly, 1-cos x=a12pd. 0=q=2p..
and pe = mv, is the electron momentum.
The function €(w, g/h) — 1 is determined by (31.11), and consists of electronic and ionic parts. Since its
argument in (2) hw = q .V, < qv,, the electronic part may be taken with w = 0. Then

€(q. vilh, glh) — 1 = (K} q*a )2 + F(vigdV2omi)}, @)

where viq is the component of v, along g, and we have used the fact that a, = g, if z = 1.
Substitution of (3) and (4) in (2) and an obvious change of variables gives

1 et [irdatint = le‘fz dedg
(on)i = S J:, [Z+2+ F(OF + [F(OI

where F = F'+iF". The integrationgver, dl is elementary; in substituting the limits, we must note that
#'Iplal <1, and reject all terms ~ h’/pa’ and those of higher orders. The result is

(o) = @me'tm?o)log2mueadh + A)], (5)
where

_ 1 " pf2+F [ L 2+F 5 ] s n? "z}
A_VFJ.U P { F [mn I z'n'] slogl2+ F')Y + F™} dE.

Here we have used the fact that F” and F” are respectively even and odd functions. A numerical
calculation gives A = —0.69.
The averaging in (1) is carried out by means of the formulae

(@Y= 2m=T)",

(%52) = G2r) [rerc]

C being Euler’s constant. The final result is

aa(mT)ma.

o= 4V@m N 0/

3 T e Lo Tloe T
log ap =3log2—3C + A = log 1.06 ©)

(V. L Perel’ and G. M. Eliashberg 1961).
PROBLEM 2. The same as Problem I, but in the quasi-classical case.
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So1 LTION. From (46.23) the expression for «; in the quasi-classical case is found by subtracting
Tog(ye /kv) from the logarithm in (5):

_ 2a¢’ 2moeae
((T,). = m logT + A]. (7)
For €. »e get formula (6), with the logarithm Lp replaced by

La = log( Faecauled. log ay=2log2—2C + A = log 0.63. ®)

PROBLEM 3. Determine with improved logarithmic accuracy the rate of energy transfer from electrons to
ions in a singly charged (z = 1) plasma. assuming the temperature difference between the electrons and the
ions to be small (8T = T, — T, < T, ).t

Sot1 LTioN  Sincethe ratio m/ M is small (and therefore sois the energy transfer per event), itis clear from
the start that the equation for the electron distribution function reduces toone of the Fokker—Planck type. [tis
(sec §2I)

o _ 1 8 {p,‘B(pe)[g£:+%f’]}'

P
al  pe ape

We multiply by p//2m and integrate over 4.’ dp.. After integrating by parts, we find as the rate of change of

the electron energy
dE. fe | te ] 1
—=— | Br|; -+~ f]dp.
& f g [ap. 1.1 4P
Assuming the electron distribution function Maxwellian, and the temperature difference small, we have

dE. _(1 T [P
d —(T. ﬂ)fﬂv’f’d”’

~ = (8TIT*INe(Boede. ©

The coefficient B. as in (21.11), is expreseed in terms of the mean square of the change in the clectron
momentum in a collision with an ion:

(4p.)

B =202 N, f (@peP)do. (10)

The value of Ap,. is given by (46.5):
Ape=—V.glte == V.. qlve = vigqlve.

Substituting in (10) and thence in (9), and using the relation between g and the scattering angle x from
Problem I, we get

dEJd1 = — (STIT)Nm*(t (vigond)e (N = Ne= N). (an

Formula (11) is exactly analogous to (I) in Problem I, and the subsequent calculations are therefore
practically identical. In the Born case,

d7e'T 2mvea,
(Vo = H"{cﬁ; [log—h—+ Al],

where 4 is an integral which differs from A in Problem 1 by having an additional factor. 25.2 in the
integrand, a numerical calculation gives A;=—0.52. The averaging over electron velocities is as in
Problem 1. The final result is

dE. 4V Q2mm)N’€
4k 4V @mmN'e

n Vi Ls8T, Ls =log(Be(mT)alh), (12)

tThis problem was discussed by R. R. Ramazashvili, A. A. Rukhadze and V. P_ Silin (1962).
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where . .
Tog Bp =2l0g2—:C+ A =log 1.26.

Similarly, in the quasi-classical case, we obtain an expression in the same form (I2) but with Lp
replaced by
La=Tlog(TaBule’), TogPu=21log2-2C + A, =log0.75. (13)

Formulae (12) and (13) refine the results of §42 by determining (for the case of a small temperature
difference) the numerical fuctor in the argument of the logarithm in (42.6).

§47. Interaction via plasnia waves

In some cases, the inclusion of dynamic screening of the Coulomb interaction of
particles in a plasma not only refines the argument of the Coulomb logarithm, but
also leads to qualitatively new effects. To investigate these, we can piu the collision
integral in a form that gives the exact contribition from small-angle scattering, but
only with logarithmic accuracy the contribution from large-angle scatiering.

In the quasi-classical case, the large scattering angles (x ~ 1) arise fromn small
impact parameters:

p =<|ee’|lnbls

The required collision integral has the Landau form, with the B,g from (46.15):

_ 2eey’ I k.kg dk

T v=v) ke VP “47.1)
where the integration is taken over the range up to

kmax ~ 1 allee’]. @7.2)

In the opposite (Born) case, the required form of the collision integral is fcund
by expanding the integrand in (46.7) in powers of q. The result is ag..n a I :.adau
integral, with the B, given by the same formula (47.1), except that

kmax -~ H«'_)rcllh s (473)

the value of k is g/h for a momentum transfer g ~ wb,4. Let us mention once more
that the physical significance of the cut-off at large k is the same in the classical
and Born cases: it takes place at scattering angles y ~ 1. The different relations
between k and y in the two cases lead, however, to different expressions for Kpa,.

The Landau collision integral with the B.g from (47.1) is called the Bulescu-
Lenard integral.t We can rewrite (47.1) in a form more convenicnt for the
subsequent analysis:

- kd
B.p = 2(ee’)? f f 5(w—-k.v)5(w—k. v)"—}‘Ld—‘Z, (47.4)
S kle(w, k)|

=¥max

“The formal derivation of this integral will be given at the end of § S1.
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where the integration is now over three-dimensional (instead of two-dimensional)
vectors k. The two delta functions in the integrand ensure the equality k.v=k.V,
i.e. that k is transverse to v—v". The integration over w replaces the argument w in
€(w, k) by the necessary value w =k.v=k.v =k.V.

Note that the factor |e(w, k)|™ in the integrand in (47.4) becomes infinite for
values of w =k .V and k such that e(w, k) =0, i.e. for values corresponding to the
dispersion relation for longitudinal plasma waves. These values of k may make a
large contribution to the collision integral. This contribution may be physically
described as the result of interaction between particles by their emission and
absorpiion of plasma waves. The effect will be considerable, however, only if the
plasma contains sufficiently many particles whose speeds are comparable with or
greater than the phase velocity v, = wfk of the waves, since only such particles can
satisfy the necessary relation w =k. V.

Let us consider a plasma in which the electrons and ions have different
temperatures T, and T;, When T, =T, only electron plasma waves with phase
velocity v, > v can propagate in the plasma without appreciable damping; the
number of electrons that can “exchange” waves in this case is therefore exponen-
itally small.

If T, > T, however, ion-sound waves also are able to propagate in the plasma;
their phase velocity satisfies the inequalities

vTi <<€ wlk << UTe- (475)

These waves can make an important contribution to the collision integral between
electrons (V. P. Silin 1962).

Let B denote the part due to this effect in the electron—electron quantities B,
It arises from the range of integration in (47.4) that lies near the root of e(w, k)=0
corresponding to the dispersion relation for fon-sound waves. This root w(k) has a
small imaginary part (the damping ratio of the wave); when w has real values in the
range of integration, the real part of the function € = €’ + ie” passes through zero,
while the imaginary part remains small. Using formula (30.9), we write the factor
|e]® in the integrand in (47.4) as

L __ 1 _ 7 s(e)

I'qi €,2+ Gni Ienl -

For the clectron—electron collision integral, the velocities v and v’ in (47.4) relate to
electrons, and because of the inequality w < kvr, the terms «w may be omitted from
the arguments of the two delta functions. Thus the relevant part of B% is

kokp P’k do

ke'(w, B’ (47.6)

B =2me* | [ 80c. 3. v)3(e)

the integration over d’k being over the range (47.5) for a given w.
We can transform the integral over d’k to new variables

k=Kk.n, ki=k.v, k;=k.v,
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where n is a umit vector along vXv'. Direct calculation of the Jacobian of the
transformation shows that d’k is replaced by dx dk, dk,/|vx v'|. The integration
over dk, dk, removes the delta functions (which make k; = k; = 0), and then k = kn.
The variable x takes both positive and negative values; with integration over
positive values only, we write

2re’ nun Ole'(w, )] x)]
(o _ E
Bdg v I I‘m x2|e”( dw dxk. 47.7)

The permittivity of a two-temperature plasma in the ion-sound wave region (47.5)
is given byt

e =1-Qw*+1/k%a?,

0 o 47.8
G'l_—_\/%ﬂ{v +v—exp( w2/2’\207.} @7

.3
l\ Te Ti

The main contribution to the integral over dx in (47.7) comes (as will be confirmed
by the subsequent calculation) from the range a.x > 1; the last term in €'(w, k) is
therefore negligible. Since

8(1 — Q) = 34[8(w — ) + 8(w + Q)]

the integration over dw in (47.7) gives

4we’Q);
(ply _
Bnﬂ "u"ﬂ Ival IK (Q" K)

or, substituting the expression for €” and using the variable £ = x2a?,

2\/(277)841) al d¢
o) Tele
Bow = nane =1 SV Ta? ) THexp(— 126 ¥ 1Ly (47.9)
where
L, = log(Q*v5/Q %) = log(2MT2ImTY). (47.10)

Because of the conditions (47.5), the integration in (47.9) must be taken over the
range (Q;ai/Q.a.)° < £ < 1. Since the integral converges for small £ the lower limit
may be taken as zero.

As L,— o, the integral in (47.9) tends to zero; assuming that L, is fairly large, we
shall calculate it in the logarithmic approximation, i.e. take only the first term in
the expansion in powers of 1/L,. The main contribution to the integral comes from
the range where the exponential term in the denominator is negligible. For this, we
must have— 1/2£+ 3Ly > 1, i.e. the integral is to be taken from 0 to 1/(L;~ 1)~ 1/L,,

tSee (33.3). The ionic contribution to €”is also included in (47.8). Although it is exponentially small in the
region (47.5), it determines the range of integration in (47.9) below.
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which gives simply 1/L,.t The final result is therefore

2V (Q2w)e' v T,
b _ Tele
Bl = n.ng ———IVXV'IT.-Ll . “47.11)
The total value of the B’ in the electron~electron collision integral is found by
adding (47.11) to the ordinary Coulomb expression (41.8), with the Debye length

a=(a+a;y " ~g

in the argument of the Coulomb logarithm L. The contribution (47.11) of the plasma
waves becomes predominant when

zTIT,.LLy> 1. (47.12)

§48. Plasma absorption in the high-frequency limnit

The frequency range in which the formula (44.9) is valid for the imaginary part of
the plasma permittivity is limited by the inequalities Q, > w > v, The first in-
equality is the general condition for the collision integral with screened Coulomb
interaction to be applicable. Let us now consider the limit opposite to this, for
which

w >, (48.1)

We can note immediately that here the real part € of the permittivity is certainly
close to umity, and the imaginary part €” is small.

Dissipation of the energy of the variable external field is caused by ei collisions,
whose duration is of the order of, or less than, the period of the field. This means
that, for o> Q,, collisions will be important which occur at distances ~ vp/ow <
tr/Q. = a.. At such distances the Coulomb field of the ions is not screened, and the
collisions are therefore purely two-particle ones, not multi-particle as they essen-
tially are when the interaction is screened. Under these conditions, the individual
field energy absorption events become processes inverse to bremsstrahlung in pair
collisions of charged particles. This enables us to use the principle of detailed
balancing to express €" in terms of the bremsstrahlung cross-section (V. L.
Ginzburg 1949).

The dissipation Q of the electromagnetic field energy per unit volume of the
medium and per unit time is expressed in terms of €” by (30.5). In order to relate
this quantity to the bremsstrahlung cross-section, we assume that the field is
created by a monochromatic plane wave in which the energy density is

€ = (E*+ H)/8w = |E[Y/8;

#In lhﬁ2 range that is important in the integral, £~ /Ly, i.e. x~ljaL{® Then xa~ adaL{®~
(TJT.L)"" > 1. in accordance with the assumption made above.
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in the latter expression, it is assumed that E is expressed as a complex quantity (cf.
the third footnote to §30). Since the permittivity is nearly unity, we put here ¢ = 1.
Then formula (30.5) may be written

Q = we"é. (48.2)

On the other hand, the dissipation is equal to the difference between the energy
Q.. absorbed in electron—ion collisions and the energy radiated in these collisions.
That is, the energy Qg of the stimulated (not the spontaneous) emission, which
generates photons coherent with the original field and in that sense indistinguishable
from it.

The cross-section for spontaneous emission of a photon, i.e. the ordinary
bremsstrahlung, may be written as

we'p) oo o d'k 5,
L be— €'~ hw) g dp, (48.3)

d(r\p =

where k is the photon wave vector, p and p’ the initial and final mamenta of the
electron. The product Njvdo,,, where N; is the number density of ions, is the
probability per unit time for the electron to undergo emission of a photon; the
function w(p’, p) depends also on the polarization of the photon emitted. Integrat-
ing over the directions of p’ and k, and summing over the polarizations of the
photon, we obtain the frequency-differential bremsstrahlung cross-section do,,; the
delta function in (48.3) is removed by integration with respect to €’ = p”/2m. Thus

do, = (dm*'muc)we’ do,
where w(p, p') is the value of w(p, p’) averaged over the directions of » and p": this
value is independent of the polarization of the photon, and hence the summation
over the latter amounts to multiplication by 2. With the “effective emission™ «,,
defined by
hwdo, = k, dw,
we can then write
w = (mvc’ldmPv'ho)k,. (48.4)
The stimulated emission cross-section differs from (48.3) only by the factor Ni..

the number of photons in the quantum state with wave vector k, and polarization e
parallel to E (see RQT, §44). Hence the total energy of the stimulated emission is

3
Q=N S [ Nuhow@', I @)3 (e - € = ha) ot &’ ',

where f(p) is the electron distribution function. We shall take this function to be
Maxwellian, depending only on the magnitude p. Averaging over the directions of p

BE 0 - N
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and p’, and noting that from the monochromaticity of the field
ZIN ﬂ= élhw
- ke (277)1 'y

we can write

QSI=N,-%’IW'f(p)8(6—e’—ﬁw) d’p d’p". (48.5)

The energy absorbed in the inverse transitions with change of electron momen-
tum p'— p (inelastic electron scattering in the electromagnetic field) is calculated
similarly. According to the principle of detailed balancing, the probability functions
w which determine the cross-sections for the direct and reverse processes are
equal. We therefore get an expression for Q. that differs from (48.5) only in that
the distribution function f(p) is replaced by f(p"). The dissipation Q = Qus — Qq; a
comparison with (48.2) shows that

&= () [ W@~ [@)l6(e — €'~ ho) d’p &’p". (48.6)

We shall consider only frequencies such that
ho<T (48.7)
Then the difference p’ — p is small, and we can put
fp)—f(p) =~ (dflde)hw = (hel T)f (p),
and in the remaining factors p = p’. Substituting this in (48.6) and expressing W in
terms of «, by (48.4), we finally obtain the following expression for the imaginary
part of the permittivity:
€"(w) = NN (7| To ) vk.), (48.8)
where the angle brackets denote averaging over the Maxwellian distribution of
electrons.
Let us apply this formula in two limiting cases: the quasi-classical case and the
Born case. In the first of these, i.e. when
zetho > 1, (48.9)
the frequency range w > (}, can be reduced further to
mvifze’ > 0> Q.. (48 10)
The quantity on the left is the reciprocal of the electron time of flight at a distance

from the ion such that the scattering angle is of the order of unity. It is easily seen
that (48.7) necessarily follows from the conditions (48.9) and (48.10). In the
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quasi-classical case the effective emission at the frequencies (48.10) in a collision
between an electron and an ton at rest is given by

= (162%e*/3v:c’m?) log 2mv’|ywze?), (48.11)

where y=e¢ =1.78..., and C is Euler’s constant; see Fields (70.21). Substituting
in (48.8) and carrying out the averaging we obtaint

.4V (@2m) z¢'N, O} 2323
€ =3 My m—7lo 8—72_‘6_7',), wzeim (48.12)

In the Born case, i.e. when ze’/hv <1, the effeclive emission at frequencies
how < T is given byt

ko = (162%€%[3v’c*m?) log 2mv*hw). (48.13)
A calculation with (48.8) gives

. _4V(Q2w) ze'N, 02 4T
S RS R R

(48.14)

which differs from (44.9) only in the argument of the logarithm.

§49. Quasi-linear theory of Landau damping

The theory of plasma oscillations in §§29-32 is based on solving the transport
equation in the linear approximation of perturbation theory. The condition for its
validity is that the correction 8f (29.2) to the distribution function be small in
comparison with the unperturbed function fy:

cE afu <

[k. v-—wl ap <fo “9.1)

For only slightly damped plasma oscillations with frequency =, and wave
number k <€ Q,fvy, it is thus necessary that

(eEIQ . )ofolap < fo.
For a Maxwellian plasma, this condition (with both sides squared) can be written

E/4w <N.T.. (49.2)
tUsing the result that
J"c “log xdx =—C.
0

$See RQT (92.16). In going from this formula to (48.14), we have also used the fact that when
hw < T = mv¥e the electron loses only a small part of its energy by radiation.
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This form has a simple physical significance: the wave-field energy density must be
much less than the kinetic energy density of the plasma electrons.

The condition (49.2) ensures that the correction 8f is small for most of the
electrons. However, even if it is satisfied, there are a relatively small number of
resonant particles for which (49.1) may not be satisfied, which are moving almost in
phase with the wave (k.v=w) and thus take part in Landau damping; their
distribution function may be considerably altered by even a weak field. This change
is a non-linear effect, and its nature therefore depends greatly on the spectrum (in @
and k) of the wave field, since it is only in the linear approximation that the various
Fourier components of the field act independently on the particles.

Here we shall consider electromagnetic perturbations in a plasma that are an
assembly of plasma waves with wave vectors taking a continuous range of values
in some interval Ak.

If the initial perturbation includes a wide range of wave numbers k ~ Q,/vr,, the
Landau damping extends to a large number of electrons that are in the same
conditions as regards the effect of the field on them. In consequence, the distortion
of the distribution function is relatively small at all speeds; the linear theory, with
the condition (49.2), is therefore valid throughout the development of the pertur-
bation.

On the other hand, if the perturbation contains wave vectors in only a narrow
range Ak near a value k< Q,/t,,, then the resonance range of electron velocities,

[Av] ~ A(QIK) ~ (vol ko)l AK|,  vo = (el koKl ko, (49.3)

is also small and lies near vy > vy,. Thus only a comparatively small number of
electrons participate in Landau damping, and the electron distribution function may
be greatly changed.

The quantitative theory of this phenomenon will be given here for the case where
the perturbation is an almost monochromatic wave whose amplitude and phase are
modulated in space according to some statistical law. The spectrum of k values for
the initial perturbation is narrow:

|AK| ko < 1, (49.4)
but at the same time

|AK|/k > (1] vo)(e] ol /1) "2, (49.5)

where ¢q is the order of magnitude of the wave electric field potential amplitude
(the significance of this condition will be explained below). By (49.2) (where
E ~ kegg) the expression on the right of the inequality (49.5) is small, e||/mve® < 1.
We shall also assume the field to be uniform on average throughout the plasma; this
means that E? averaged over the statistical distribution of wave phases and am-
plitudes is independent of the coordinates. Such an averaging is equivalent to one
over regions of space with dimensions Ax > 1/|AK|.
The field E at the initial instant is expressed as a Fourier integral:

E= f Epe™ " dkIQw), (49.6)
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where E_, = Ef since E is real. The hypothesis (49.4) as to the nature of the initial
perturbation signifies that the integration in (49.6) is in practice taken only over the
neighbourhoods of the points k = £ko. The condition of spatial uniformity of the
perturbation is easily formulated by writing the quadratic tensor E.E, as a double
integral:

ey 2k K

After averaging over the statistical distribution, this expression should be in-
dependent of r.t For this to be so, the mean value (E,E,.z) must contain the delta
function 8(k + k'). Since the plasma waves are longitudinal, we thea write

(Buo Eug) = 2y 552 (B, 50 +1c). “9.7)

This relation is to be regarded as a definition of the quantities symbolically denoted
by (E).. These are real guantities. The expression (49.7) is zero except when
k= ~k', and is symmetrical with respect to the interchange of k and k'. Hence
(), = (E?)_,; and a change in the sign of k is equivalent to taking the complex
conjugate. The mean square (E?) is expressed in terms of these quantities by

(E}) = f (E), d*kIQ2w). (49.8)

The integration in (49.6), and therefore in (49.8), is (as already mentioned) takcn
over the neighbourhoods of the points ky and ~ k. It is, however, more convenient
to eliminate — ko by putting (49.6) in the form

= ek icc, (49.9)
[ 2w)

where the integration is taken only over the neighbourhood of the point k = kg, and
c.c. denotes the complex conjugate. Accordingly, (49.8) is written as

(E?) =2 f (E) &’k/27r)’, (49.10)
k—kg
and the relations (49.7) as

(BraEtg) = QP (E), 5 500 ¥,
(49.11)
{Eia Ek'p) =0.

. tFor perturbations of the type under consideration, the integrals Ex = [ E(r)e”™ " d°x in fact (.!iverge,
since E(r) is not zero at infinity. This, however, is not important in the formal derivations. which involve
mean squares that are certainly finite.
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The time variation of the perturbation (49.9) is represented by
; d’k
— ik.r—wt)
E= - e E(t) _(211-)3 +c.c., (49.12)

where w(k)= £, is the plasma wave frequency, and the coefficients Ey(t) vary
slowly on account of Landau damping. The electron distribution function is
expressed similarly:

3
f = f()(ta p) + {Lzl‘o fk(t, p)ei(k.r—wl) (gﬂ'k)) + C.C.}- (4913)

The expression in the braces is the “random” part of the variation of the
distribution function, oscillating rapidly in space and time; it vanishes on statistical
averaging of the waves. The term f(t,p) is the slowly varying averaged dis-
tribution. t

Our object is to derive a set of equations to determine the time variation of
averaged characteristics of the state of the plasma, namely the functions (E?), and
fu(t, p). For such a set of equations to be closed, these characteristics must embrace
all electrons participating in the non-linear effects concerned. In turn, the velocity
range (49.3) corresponding to the spread of wave vectors Ak must then always
widely overlap the amplitude of the electron velocity oscillations due to the field of
the waves in resonance with the electrons. This is the condition expressed by the
inequality (49.5); (e|eol/m)"™ is the order of magnitude of the amplitude in question.
For, in coordinates moving with the phase velocity of the wave, the wave field is
static and consists of a sequence of potential humps with height |q. In these
coordinates, a resonant electron oscillates between two humps, and its speed varies
in the range between = (2e|py |Im)"z

One of the equations relating (F), and f, expresses the Landau damping of each
Fourier component of the field:

d(E)Jdt = — Zyk(Ez)k, 49.19)
where

Y= 210, ] af" X 8w—k.v) dp (49.15)

is, from (32.6) and (30.1), the wave amplitude damping ratio; the factor 2 on the
right of (49.14) appears because (E?), is quadratic.

The second equation is derived from the transport equation for a collisionless
plasma:

Ay A _ep. Uy,

TR r (49.16)

Let us first apply this in the linear approximation to an individual Fourier com-
ponent of the perturbation. In the last term in the equation, which already contains

tNot to be confused with the Maxwellian equilibrium distribulion.



§49 Quasi-linear Theory of Landau Damping 203

the small quantity E,e™*-*" we put f = f,. In the first term, we neglect the slow
variation of f, with t. Then we get for f, the usual expression

ie Ek af()

R i P (49.17)

where, in the subsequent integrations, « is to be taken to have the customary
meaning w + i0.

Next, we substitute in (49.16) the complete expressions (49.12) and (49.13) for E
and f, with f, from (49.17), and average over the statistical distribution of waves by
means of (49.11). All terms linear in the perturbation drop out; the quadratic terms
determine the derivative df,/dt as

Ho_ 20 {af(,f _Q(E)[ i 5 i ]d;k}
at 3p. Laps hou, K? “lo-—k.v+i0 o—k.v—i0](2n)’

Replacing the difference in the square brackets by 278(w — k- v) according to
(29.8), we have finally

af() ( (nl) af()) 49 18
o apuDap,;’ (49.18)

where

&’k

DE(p) = 2me® f E 5 50—k G 49.19

Equations (49.14) and (49.18) constitute the required complete set. The theory of
plasma waves based on them is called the quasi-linear theory.t

Equation (49.18) has the form of a diffusion equation in velocity space, with DY’
as the diffusion coefficient tensor; the superscript nl indicates that this “diffusion”
is due to non-linearity effects. The coefficients as functions of the electron velocity
are zero except in a range Av near vo, which is related to the spread Ak by (49.3). In
this velocity range, diffusion occurs and there is a corresponding distortion of the
distribution function (which remains Maxwellian for the bulk of the electrons). The
nature of the distortion is evident from the general properties of diffusion proccs-
ses: diffusion causes a smoothing, or in this case a plateau of width ~ Av on the
tail of the function fy(p) at v = v > vr., as shown diagrammatically in Fig. 13. With
this type of distortion, the principal change is in the derivative af,/dp, while f, itself
remains close to the Maxwellian value.

Let us estimate the relaxation time 7, for this process. Since the equalization is
to take place over a range Ap = mAv, we have

~ m*(Av)’ D™, (49.20)

To estimate the diffusion coefficient, we note that from (49.10) (E»)(Ak/27) ~ (E).
The presence of the delta function in (49.19) is equivalent, in order of magnitude, to

It was developed by A. A. Vedenov, E. P. Velikhov and R. Z. Sagdeev (1961). Equations (49.14) and
(49.18) were independently derived by Yu. A. Romanov and G. F. Filippov (1961) and by W. E.
Drummond and D. Pines (1961).
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} o)

14
Fic. 13.
multiplying the integral by 1/v,Ak. Thus
D™ ~ eXE} veAk ~ eXE) koAAv. (49.21)

Lastly, expressing (E°) in terms of the amplitude @, of the potential oscillations
(~ k*|@d), and substituting (49.21) in (49.20), we findt

7m ~ (Av) [kole|@ol/m)’. (49.22)

In the above discussion, it is assumed of course that 7, is much less than the
Landau damping time 1/y; otherwise, the waves are damped bcfore non-linearity
effects can appear. The applicability of (49.14), however, presupposes that 1]y is
much less than the electron mean free time: 1/y <1/v,, where v, is the mean
collision frequency. The latter condition does not guarantee the legitimacy of
neglecting collisions in the phenomenon considered, i.e. of using the transport
equation in the form (49.16): what is significant as regards the competition with
non-linear effects is not the total collisional relaxation time but only the time for
collisional relaxation in the range Av, which we denote by 7.q.

For relaxation in the range Av near vy> vy, which contains only a relatively
small fraction of all the electrons, the position is similar to that in the problem of
runaway electrons. The process is a diffusion in momentum space, the diffusion
coefficient

pteo — mzyu([))!)zr, = 41T€4LN¢T¢Im!)3 = szeg(vTc)v%'elv:" (4923)

i.e. the coefficient of af/dp in the flux (45.5) in momentum space.

tWhen Av ~ (e]pd/im)'” and the theory given here is, strictly speaking, inapplicable (the sign > in
(49.5) becoming ~), this estimate gives 7. ~ ko '(mle|pd)". This result was to be expected when the
spread Av of resonant speeds coincides with the speed amplitude of the electrons oscillating in the wave
field: 7w has the same order of magnitude as the period of these oscillations.
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The required collisional relaxation time in the range Av differs from (49.20) in
that D" is replaced by D“™":

2 27 pyteoll) (Av)y’ (ﬂ)l
Teon ~ M (Av)*[D o Lv(om) \ore) - (49.24)
When
Tnl > Teott» (4925)

i.e. D"< D" the non-lincar effects play no part: the collisions are able to
maintain the Maxwellian distribution near v, despite the perturbation from the
wave field, and accordingly the Landau damping ratio is given by the usual
expression corresponding to the Maxwellian value of the derivative afp/dp in the
neighbourhood of v,. Thus the inequality (49.25) is the condition for the strictly
linear theory of Landau damping to be applicable. The quasi-linear theory given
here is valid with the much weaker condition (49.2). The condition (19.25) may be
written

E*4m < N,T.[V (@) Ln*(vg/ve) Avlvel, (49.26)

where 7 = ¢N'""|T is the gascousness parameter. The smallness of the factor in
the brackets shows that the condition (49.2) is weak in comparison with (49.25).1

In the opposite limiting case where 7, <€ 7., the non-linear effects cause a great
decrease of the derivative dfp/dp in the range concerned, roughly in the ratio
D"/ D™, The Landau damping ratio is correspondingly reduced.

§50. The transport equation for a relativistic plasnia

If the velocities of the particles (electrons) in a plasma are not small compared
with that of light, the transport equation has to take account of relativistic effects
(S. T. Belyaev and G. I. Budker 1956).

We shall first show that the distribution function in phase space, f(t,r, p), is a
relativistic invariant. This is shown by noting that the spatial density and the flux of
particles, i.e. the integrals

N=Ifd3p, i=fvfd’p,

must form the 4-vector i* = (cN, i); cf. Fields, § 28.1 Since in relativistic mechanics
the velocity of a particle with momentum p and energy e is v=pc’le, we can write
this 4-vector as

it = CZI (p*fle) d*p, (50.1)

11t has already been mentioned that a strictly linear theory is inapplicable if 74> 1/y. This may be
rewritten as

EY47 < N, T.[(Avfvr.)(Avfvo)y/SL],

which may prove to be a weaker condition than (49.26).

$In this section, the Latin letters k and I denote four-dimensional vector indices. The scalar product
of two 4-vectors a and b is denoted by (ab) = aib"
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where p* =(elc, p) is the 4-momentum. The expression d’pfe is a 4-scalar (see
Fields, §10). It is therefore clear, since the integral (50.1) is a 4-vector, that f is a
4-scalar.t

Going on now to derive the transport equation, we note that the calculations in
§41 remain valid in the relativistic case as far as the expression (41.3), (41.4) for the
flux in momentum space. We need only recalculate the quantities

=3 f Galpbea do. (50.2)

The quantity v,y is, as before, the relative velocity of the two particles. In
relativistic mechanics, however, it is defined as the velocity of one particle in the
rest frame of the other, and does not in general reduce to the difference v—v' (see
Fields, §12).

Let us first ascertain the transformation properties of these quantities. The
product

viado. ff'd’p &°p' dx dt

is the number of scattering events in the volume d’x and the time dt, between two
particles with momenta in given ranges d’p and d’p’; this number is, by definition,
invartant. Writing it in the form

ee'vado . f.f . (d’ple).(d’p'[e) . d*x dt

and noting that the last five factors (between potints) are invariant, we conclude that
the first factor e€€'v,y do is also invariant. Hence it follows in turn that the integrals

W =1 ¢e Iq ' do (50.3)

form a symmetric 4-tensor. The quantities (50.2) are related to the space com-
ponents of this 4-tensor by

B = W¥ee'. (50.4)

We first calculate the 4-tensor (50.3) in a frame of reference where one particle,
say e, is at rest. The relativistic cross-section for Rutherford scattering of particles
e’ by particles e at rest (before the collision) with small scattering angles y ist

2 2
do = i(;—‘;’&—f— 2y dy. (50.5)

1The distribution function with respect to momenta only, i.e. f(t, p)=f f(i.r, p) d’x, is not a 4-scalar.
however; such a function is discussed in Fieids, § 10.

+This expression applies to the scattering of electrons by either electrons or ions. In the first case it
follows from RQT (81.7); in the second case, from the cross-section for scattering by a fixed Coulomb
centre, RQT (80.7).
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A calculation similar to the derivation of (41.8) gives the following expression for
the space components of the tensor (50.3):

W8 = 20r(ee’)L(v™8,5 — vivpmce’ v, (50.6)
The remaining components are to be taken as zero:

W®= W =0, (50.7)
since the change in the particle energy in the collision (g% in this frame of
reference is of the second order with respect to the small scattering angle, and so
W% and W would be of the third or fourth order, whereas the whole calculation
of the collision integral is accurate only as far as second-order quantities.

From (50.6) and (50.7),
Wk =~ W.* =—4x(ee’)* Lmce'[v'.

This 4-scalar may be written in an invariant form by noting that in the rest frame of
the particle ¢ we have

n2_ qqii2
(uu’) = e'fm'c?, [(uul)m, 0= _ e

~ where u* = p*mc, u™ = p*/m’c are the 4-velocities of the two particles. Hence

k_ n2 .4 (ull')2
Wi = —4m(ee’y’Lmm’c clauyY <1 (50.8)
From (50.6) and (50.7) we also find that
Why = Why =0, (50.9)

and, since these equations are relativistically invariant in form, they are valid in
any frame of reference.

The expression for the 4-tensor WY valid in any frame of reference must
evidently be symmetrical in the two particles. The general form of such a 4-tensor
depending only on the 4-vectors u* and u'* is

W” — agkl + B(ukul + urkull)+ 8(ukurl + urkul)’

where «, B and & are scalars. Determining these from the conditions (50.8) and
(50.9), we obtain

r.4 n2
H_ w2y mm'c (uu
W =2m(ee) Lc[(uu')z—l]”x

XA = [(ue'? — 11" — (u*u' + u™u™) + (uu)utu" + u™u")}. (50.10)
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Lastly, taking the space part of this 4-tensor in an arbitrary frame of reference,
we have the following final expression for the quantities B, in the collision
integral:

vy —v.v|[c)
C[,YZ,YI“(I —v. VIICZ)Z__ 1]3[2

"2 2 12
” V.V ',
X {('YZ'Y _(1 s ) - 1]8up “g—z Valp ‘% V.lp

2,12 r
+1% (l——rvc'v)(vavwv;vﬁ)}, (50.11)

B = 2m(ee’Y'L x

where
y=¢€mc*=(1-v}c)'?,

7:___ €’ImIC2: (1 _ DIZICZ)Aln’
are the Lorentz factors for the two particles. Despite its more complex form in

comparison with the non-relativistic case. the three-dimensional tensor (50.11)
again satisfies the relations

B,,ﬂ!)ﬂ = Bnﬂ!);;. (50.12)

To estimate the Coulomb logarithm, we note that in the relativistic case the Born
situation occurs: ze’/hv ~ ze*[hic < 1. Hence, for ee and ei collisions,

L =log(palh) = log(T.alkc). (50.13)

For ii collisions, T, must be replaced by T, (if the ions too are relativistic), or else
the ordinary non-relativistic expressions should be used.

The transport equation with the Coulomb collision integral is valid so long as

Rutherford scattering is the principal cause of variation of the electron momentum

and energy. The competing process here is bremsstrahlung (and also the Compton

effect, if the plasma contains an appreciable number of photons). The Rutherford
scattering (transport) cross-section is in order of magnitude

ore ~ 22(€2Imc) (mc ey’ L ~ 2% (e*Imc®) (mc? T.)’L. (50.14)
The cross-section for bremsstrahlung emission of a photon with energy hw ~ T, is
ow ~ (2 [137)(e}ImcH? log(TIme?); (50.15)

cf. RQT (93.17). These cross-sections are comparable if

Tdmc*~ (137Llog 137L)"".

PROBLEMS

PROBLEM 1, Find the rate of energy transfer from electrons with temperature 7. > mc? to ions with
temperature T; < Mc*,
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SoLUTION. The calculations in §42 remain valid as far as (42.3). We take the B from (50.4) and
(50.6) with v’ =c:

B = 4we*Z’Lic.

The result is

dE; _ dE. _ (1 T,) 4nz’e*NiN.L
dt dt )

“T. Mc
Expressing the energy of ultra-relalivistic electrons in terms of their temperature by E. = 3T.N. (scc SP
I, §44, Problem), we oblain

dr. _
= T

47z%e*N,L
3McT.
PRrRoBI.EM 2. Find the elecirical conductivity of a relativistic Lorentzian plasma.
SoLUTION. When we neglect ee collisions and go to the limit M — =, the process of solution in the

relativistic case is lhe same as for the non-relativistic problem in §44, The correction to the distribulion
function in a constant (@ = 0) electric field is again

&8f = — [eE.v]T.vi(p)lfo

(cf. (44.5)), the only difference being that the collision frequency is now determined by the relativistic
Rulherford scattering cross-section:

ri(p)= Neo. o =f§x2du =47 e’ LIvp.

Calculating the current as the integral — e f v&f d'p, we find as the conductivity
o ={v'pI)2wze’T.L.
In the ultra-relativistic case, v ~ ¢, {p?) = 12(TJc)’. and so

o = ¢Tdmze’L.

§51. Fluctuations in plasmas

The theory of fluctuations in plasmas is in principle constructed in the same way
as for an ordinary gas (8§19 and 20). The different-time correlation functions such
as

(8fa(ti, 11, p|)5fb(fz, . p2)), (6 (ty, 1) 8fa(ta, 12, p2))s

where ¢ is the electric field potential and a, b distinguish the types of particle,
satisfy (when t =t,—t,>0) the same equations, namely the linearized transport
equation and the linearized Poisson’s equalion, as the distribution functions f, and
the potential ¢. To solve these equations, the corresponding single-time correlation
functions are needed as an initial condition. But, in contrast to an equilibrium gas
of neutral particles, there is in a plasma a single-time correlation between the
positions of different particles due to their Coulomb interaction and extending to a
large distance (~ a). In the equilibrium case, this correlation is described by the
density correlation functions calculated in SP 1, §79. In non-equilibrium cases, the
determination of the single-time correlation functions is a difficult problen.



210 Collisions in Plasmas |

This difficulty may, however, be overcome in a general manner for the case of a
collisionless plasma. For such a plasma, the problem of fluctuations in a stationary
non-equilibrium state has a particularly natural formulation, since in the absence of
an external field any distribution functions f,(p) depending only on the particle
momenta are a stationary solution of the transport equation. The correlation
function of fluctuations relative to such a distribution will depend, as in the
equilibrium case, on the coordinates of the two points and on the two times only
through the differences r=r;—r;, t = t, — t,. If the plasma is collisionless, the times
t considered are much less than 1/v, where v is the effective collision frequency.
The method given below is applicable in just these conditions; the plasma is
throughout treated as collisionless. The method is based on a direct averaging of
the products of the exact fluctuating distribution functions f,(t, r, p).T

These functions satisfy the equations

dfe 0o, O, 0 3fa_

d ot ar “ar dp o GLD

where ¢ is the exact electric field potential, which satisfies the equation

te=—4n3 e [ L. (51.2)

Equations (51.1) are the analogue of Liouville's theorem. In these exact equations,
collisions have not yet been neglected. The exact distribution functions

fult,r, p) = 3, 8lr — ra(1)15[p— pa(t)] (51.3)

(with summation over all particles of type a) take account of particle motion along
paths r=r,(t) that are exact solutions of the equations of motion for interacting
particles. Equations (51.1) are easily verified by direct differentiation of the
expressions (51.3), using the equations of motion of particles in a self-consistent
field.

Equations (51.1) and (51.2) themselves are not very useful; to apply the dis-
tribution functions in the form (51.3) would mean following the motion of each
particle separately. However, if they are averaged over physically infinitesimal
volumes,} the ordinary transport equations are obtained. Putting fo=fo + 8fa
¢ = ¢ + 8¢, and averaging the equations (without any approximation), we obtain

e, e, 28 0fa_ <@£.&fa>
at Var “ar ap “\ar ap/ G149
LG =—4x ), e,,ffa d’p. (51.5)

The right-hand side of (51.4) is the collision integral.§

+1t is due to N. Rostoker (1961) and to Yu. L. Klimontovich and V. P. Silin (1962)

10r, equivalently, over the initial conditions of the exact mechanical problem, corresponding to a
specified macroscopic state.

§We shall return to this expression at the end of the section, and meanwhile note only that it
corresponds to the right-hand side of (16.7) in the case where the particles have a Coulomb interaction
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Subtracting (51.4) and (51.5) from the exact equations (51.1) and (51.2), we obtain
equations for the fluctuating parts of the distribution functions and the potential.
The terms in the transport equation that are quadratic in 8¢ and 6f, describe the
influence of collisions on the fluctuations. Neglecting these terms and considering
the case of spatial homogeneity, i.e. putting

fo=Tfa@), &=0, (51.6)
we obtain the equations
35fo . 08 _, 38¢ fa_
at TV ar % ap O 617
nde=—4nS e [of.&p. (51.8)

These equations enable us to express the functions 8f,(t,r, p) at any instant t in
terms of their values at some initial instant t =0, and hence to express the
correlation function

{&fu(ts, 11, p1)8fo (12, T2y P2)) (51.9)

in terms of its value for t;=1t,=0. This initial value of the correlation function,
which we denote by g..(r,— 2, pi, p2), is a largely (see below) arbitrary function. 1t
must be emphasized immediately that this is not the single-time correlation func-
tion which (together with the complete different-time correlation function) we are
rying to find. The central point which ensures the effectiveness of the method
under discussion is that with an arbitrary choice of the function g the correlation
function (51.9) thus calculated reduces in the course of time (when t, and t, are of
the order of the Landau damping time) to a function only of the difference
t =1,—t,, independent of the choice of g. The problem is thereby solved: this
limiting function is the required different-time correlation function, and its value
for t,—t,=0 is the single-time correlation function.

To carry out the above programme, we use the components of a Fourier
expansion with respect to the coordinates and a one-sided Fourier expansion with
respect to the time:

8fak(p) = f 4’ f dt e” - Vsf, (8, 1, p), (51.10)
0

and similarly for ¢&). Multiplying equations (51.7) and (51.8) by e ® ™40 angd
integrating over dt from 0 to « and over d’x, we obtain

i(k. v—0)8fik—iek . (3f/3p) 5 & = 8furl0, p),

—k%e =47 D e, f 8fSh d’p. Gl
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Similar equations have already been encountered several times (cf. (34.10), (34.11));
they lead to the result

= 8fal((0 p)
boud l(w ’\)2 It(k vV—w) &’p, (5112

where ¢ is the permittivity of a plasma with distribution f(p).t Multiplication of
two such expressions, followed by statistical averaging, gives

_ 164r* %
" Ke(w k)ea(w', k)

(8fak(0 )8fp,|((0 p ) .
Xg,e"e"fz(k V—w)ik v —a) PP (51.13)

(S(P (+] (+l

The mecan value in the numerator of the integrand is related to the Fourier
component g,u(p), p2) of the “initial’* correlation function g, (r, —r>, p, p2) by

(8fax(0, P)8fe (0, p)) = (27) '8k + K)gumlp1, 2);

cf. (19.13). Like any single-time correlation function, the initial correlation function
must contain a delta-function term expressing the cases where there is only one
particle in coinciding elements of phase space:

af (p)8(r,— 1) 8(p, — p2);

see (19.6). The Fourier transform of this term is 8.,f(p)5(p,— p2). Thus we must put
in 31.13)

{8fax(0, p)8fur{0, p))
= (27)’8(k + K) [Sapfa(P)5(p — P") + 1ulp> P, (51.14)

where w(p, p) is an arbitrary smooth (non-singular for real p and p") function, the
Fourier transform of some function w(r,—r; p,, p:) which tends to zero as
lrl—rz|—>0°.

On substitution in (51.13), the term containing this arbitrary function in (51.14)
gives

427)°5(k+ k') (p, p) &p &p’
kKe(w, Ka(w', k') £ In(k.v—w)i(k-v’—w’)' GL1

We shall show that this expression corresponds to a function in the time represen-
tation that decreases rapidly with increasing t or t'.
The change from the Laplace transform (8pSidp'r) (see the first footnote to

*We shall assume, merely to simplify the subsequent formulae, that lhe funclion f(p) is istropic, s0
that the corresponding permittivity tensor €,p reduces to scalars ¢ and €.
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§34) to a function of the times ¢, and t;=t,+t is made by means of the formula

(8‘Pk(tl)8‘Pk‘(t2))=I e B (B () dw dw'[(2)’, (51.16)

where the integration is taken along contours in the complex w and o’ planes which
pass above all singularities of the integrand. We are interested in the asymptotic
form of (51.16) as t,, t,— . To find this, we must lower the contours of integration
until they “‘catch” on the singularities; for instance, a singularity at «w = w, gives an
asymptotic time dependence exp(— iw.t) of the integral with respect to w. It is easy
to see that (51.15) has singularities only in the lower half-planes of w and ' (and
not on the real axes), and therefore the asymptotic form of the integral (51.16), with
(51.15) as (8o 8¢ ), contains only damped terms.

Let us consider, for example, the integral with respect to w. The factor 1/e(w, k)
in (51.15) has poles at the zeros of €(w, k), which are all in the lower half of the
w-plane.t The integral over d*p in (51.15) has a similar property: it has the form

P(2) dz
z—wlk—1i0

with z = v, the component of v along k, and the factor (2) can (according to the
assumed properties of ui(p, p?)) have singularities only for complex z: an integral
of this form has already been discussed at the end of §29, and shown to have poles
only in the lower half of the w-plane.

Thus the undamped part of the correlation function, which we wish to dctermine,
arises only from the contribution of the first term in (51.14) to the ir *egral (51.13);

(#) +) — 4(277) 8(k+kl fu(p) de
(Beuidpli) = 2 e I(w k.v

 Ka(o. Ka(w', k) 4 Y@ +k.viio  OMD

The integrand is transformed by putting

1 _ 1 1 1
(w—k.v+i0)(w' +k.v+i0) w+w' +i0 [w—k.v+i0+w’+k.v+i0]'

On the further integration with respect to ' in (51.16), a contribution not damped
as t »>o comes from the residue at the pole o’ = — w — i0, which is avoided by the
contour of integration in the way shown in Fig. 14. In this sense, the factor
I/(w + ) is to be interpreted as — 2mid(w + w’). The significance of the factors
1/(w £ k.v) in the subsequent integration with respect to w is given by (29.8),
according to which

1 1
w—k.v+i0 w—k.v—i0

—27id(w—k.v);

11t is assumed that the distribution f(p) corresponds to a stable state of the plasma, so that the plasma
waves are damped. It is evident that only in this case is there any meaning in the problem of stationary
fluctuations.

P< 10 .0
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FiG. 14.

this notation implies that the integrations with respect to w and o’ are taken along
the real axis.

Thus, to calculate the correlation function in the asymptotic limit of long times t,
we must make in the integral (51.17) the substitution

[(w—k.v+i0)(o +k.v+i0)) "' »— (27)’8(0 + w)6(w —k.v).  (51.18)
The result is¥

(5008042 = (27)'8(w + )8k + k) (8¢ ui.. (51.19)

where
2 _ 32773 2 ra _ 3
(8¢ )mk———k4lel(w’ k)|3; € f fo(P)8(w —k.v) &p. (51.20)

It is scen from the definition (51.19) (cf. (19.13)) that the (5¢?%),x are the required
Fourier transform of the correlation function—the frequency correlation function.
Thus formula (51.20) gives the solution of the problem stated for fluctuations of the
potential,

The other correlation functions are determined similarly. For example, express-
ing 8fh in terms of 8¢ from (51.11), multiplying by 8¢%) from (51.12), and
averaging, we obtain the correlation function for the potential and the distribution
function:t

ek _afa
k.v—w+i0 dp

8rle
a(w

(6‘10 8fa)wk: (8(|Dz)wk+ a’\) fu(p)s(w k V) (51 ‘)1)

The order of 8¢ and 8f, in (8¢8f.).x is significant: by definition (cf. SP 1 (122.11)),
(51.21) is the Fourier transform of the space-time correlation function

1To avoid misenderstanding, it may be mentioned that this is not the complete expression, but only the
part with the singularity in o + o', which governs the asymptotic form of the correlation function. In the
complete expression, not all terms contain 8(w + '), since the corresponding function of 1; and I depends
on the difference 1 = 11— 1> only asymptotically for large t; and I».

$Note that the avoidance ru]e for the conlour is opposne in the first term (e — IO instead of w + i0).
This is because, for w = — ', k=—k', we have (K'.v— ' —i0) ' =— (k. v—w + [0)"".
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(8(t,1)8f,(0,0)). If, however, the correlation function is defined as
{8fa(t. r)5¢(0, 0)), then we have

(3fab@)ur = (898fa)-u. v = (58f.) v (51.22)

cf. SP 1 (122.13).
Lastly, the frequency correlation function of the distribution function is

(8fa 8fb)wk = 2778ab8(pl - pz)fa(pn)ﬁ(w -k. V))
‘-’a‘-’b(&P 2)mk afa . a_fb
(w k.v,+i0)(w—k.v,—i0) (k ’ apl)(k apz)

_877 eue,,{( afa)f 8((0“](."2)
k? ap/)’ " (0, k)@ —~k.v,+i0)

afb Slw—k.vy) "
+ (" apz)f o, k)@ —K. vo— io)}' (51.23)

This is the Fourier transform of the correlation function

(8fﬂ(t’ r, pl)sfb(ov 01 pl))'

If the f, in (51.20)-(51.23) are taken to be the Maxwellian functions fo,, we obtain
the correlation functions of fluctuations in an equilibrium collisionless plasma.

Let us consider, for example, fluctuations of the potential. For a Maxwellian
plasma, the imaginary part of the longitudinal permittivity may be expressed as

el =452 5, & [ foup)ot —k vy d'p (51.24)

(cf. (30.1)); the generalization to particles of several types is obvious. Substituting
this expression in (51.20), we obtain

50wk = 87 Te(w, k)| wk e (w, k)|~ (51.25)

The correlation function of the longitudinal electric field is
(E.Ep)u = kokp (8070 (51.26)
This result could, of course, also be derived from the general macroscopic theory
of equilibrium electromagnetic fluctuations given in SP 2, §§75-77.1 According to

that theory, the frequency correlation function of the electric field is expressed in
terms of the retarded Green’s function by a formula which in the classical limit

+The self-consistent field in a plasma is a macroscopic quantity, and the macroscopic theory of
fluctuations is therefore applicable to it. The distribution function, however, is not a macroscopic
quantity, and its fluctuations always require kinetic treatment.
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(hw < T) becomes
(EnEﬁ )wk = (szIflC 2) im Dgﬁ(w, k); (5 1 .27)

see SP 2(76.3), (77.2). In a medium with spatial dispersion, the Green’s function ist

4rh k.k 4arhc?
fo,;(w, k)= —LTI:I_:F (&,ﬁ — %2) + ::zl;‘ k—i,éé (51.28)

Substitution of the longitudinal part of this function (the second term) in (51..27)
gives (51.25) and (51.26).
Lastly, let us return to (51.4) and show that the expression

3 [ase(t,r) ,
. <————ar 8f‘,(t,r,p)> (51.29)

on the right-hand side is in fact the same as the familiar expression for the collision
integral in a plasma. The:quantity (51.29) is obtained from the correlation function
{8¢(t, r)8f,(0,0)) by differentiation with respect to r followed by putting r=0.
Thus we find

<‘%‘—’i 5,‘") = f k(8¢ 8f,)ux dw d*kIQ2 ) =— f k im (5¢ 8f,).i do A*KIQ27),  (51.30)

the latter expression being derived by means of (51.22). From (51.21), with (51.20) and
(51.24), we have

) M o - 8l -
im (5 8fa)ux = {— k- 5{; (59— ﬁf f. }eu8(w —K.va)

__ 32ue, 2 ) of., = o _‘.’IL}
==igar 3 o [ {f 1 S
X 8(w—k.v,) d’py. 5(w —k.V,).

Substitution of this in (51.30) easily converts (51.29) to the Balescu-Lenard
collision integral (§47).

In this proof, it may appear strange that, to calculate the collision integral, it was
sufficient to consider fluctuations in a collisionless plasma. This occurs because the
important Fourier components of the electric field in collisions in plasmas are those
with k = 1/a > 1/1, so that collisions may be neglected. The situation here is exactly
similar to that in the derivation of the Boltzmann transport equation (§ 16): equation
(16.10) signifies the neglect of the influence of collisions on the pair correlation
function.

1This is obtained from SP 2 (75.20), by dividing that expression into transverse and longitudinal parts,
and replacing € in the two parts by &(w, k) and e(w, k) respectively.



CHAPTER V

PLASMAS IN MAGNETIC FIELDS

§52. Permittivity of a collisionless cold plasma

THis chapter deals with the properties of plasmas in an external magnetic field,
which are said to be magnetoactive. By forcing the charged particles to move in
helical paths along the lines of force, the magnetic field exerts a profound influence
on the behaviour of the plasma. In particular, it affects the dielectric properties.

Let us first recall some general properties of the permittivity tensor in the
presence of a magnetic field with induction B (see ECM, §82). As when the field is
absent, equation (28.6) is valid:

ep(—w, —k; B) = e¥s(w, k; B). G2

According to Onsager's principle, this tensor is symmetrical when the signs of the
field and the wave vector are simultaneously changed:

€ap(@, k; B) = €pa(w, — k: — B). (52.2)

If the medium is invariant under spatial inversion (as is an equilibrium plasma), the e.g
are even functions of k, and (52.2) becomes

€ap(w, k; B) = €, (w, k; —B). (52.2a)

It must be emphasized, however, that this property occurs only in a medium in
thermodynamic equilibrium, unlike (52.1), which follows from the definition of e,

In the general case, the tensor €,; may be divided into an Hermitian part
%(ec,,K +e€}.) and an anti-Hermitian part %(ea,; —€},). The latter determines the
dissipation of the field energy in the medium; cf. (30.3).

We shall begin the study of magnetoactive plasmas with the simple case of a
“cold” collisionless plasma. The temperature of such a plasma is assumed to be so
low that the thermal motion of the particles is negligible; the conditions for this will
be formulated below. In this approximation, there is no spatial dispersion, and the
permittivity depends only on the frequency of the electric field. There is also no
dissipation, and the tensor e, is therefore Hermitian:

€ap(w; B) = €}a(w; B). (52.3)
From this and (52.1), it follows that
€p(w; B) = €go(—w; B). (52.4)
217
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Separating the Hermitian tensor into real and imaginary parts, €.p = €. + ielp, We
have from (52.2) and (52.3)
€ap(w; B) = €pa(w; B) = eop(w; —B), } (52.5
€op(w; B)=—¢€g.(w; B)= —€op(w; —B). )

Thus, in a non-dissipative medium, the €. are even functions of the field, and the
ens are odd functions.

We shall suppose that the anisotropy of the plasma is due only to the presence of
a cqnstant and uniform magnetic field, whose induction within the plasma is
denoted by By. In such a case, the general linear relation between the induction and
strength of a weak monochromatic electric field is

D=¢,E+ (g~ €,)b(b.E)+igExXb, (52.6)

where b = By/Bo; €, ¢ and g are functions of w and B,. This relation is written in
tensor form as D, = e,gEg, where

€op = el&,ﬂ + (é" - él)b“bﬂ + igeaﬁyby- (527)

If the z-axis is taken along B, the components of this tensor are

(52.8)

Exx = €y = €, €= €, ]
€xy = TE, T iga €: = €y T 0.

From the condition for the tensor (52.7) to be Hermitian, it follows that €,, ¢ and g
are real, and from (52.4) it follows that e  and ¢ are even functions of the
frequency, g an odd function. The expression (52.7) necessarily satisfies Onsager’s
principle.

In weak fields the tensor e,z must be expandable in integral powers of the vector
Bo. Hence, as By— 0, the coefficient ¢, tends to a finite limit, the permittivity in the
absence of the magnetic field. The difference e_— ¢ = By’, and g = B,.

The calculation of e€,; in this approximation can be made directly from the
equations of motion of particles in a variable field E and a constant field By, as in
the derivation of (31.9). For example, for electrons

mdv/dt =—eE— ev X By/c. (52.9)

The velocity v varies with time in the same way ( x e™) as the field E. Neglecting
the spatial variation of E in the region of motion of the particle, we have from
(52.9)

iwy = eE[m + ev X Bp/mc.

The solution of this algebraic vector equation contains terms parallel to E, b and
E x b; if the coefficients in these terms are apppropriately chosen, we obtain

2 .
‘:’u’;' B(E.b)— 2B E x b}, (52.10)

1ew
T .

m(w - w%{e)
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where wg. = eBy/mc. The polarization P due to the motion of the electrons, and
therefore the induction D, are related to the electron velocity by (29.4):

—iwP=—iw E=j=—eNEv.

4

The ionic contribution to the polarization is calculated in the same way, and the
two contributions are additive. The result is

Q2 02
e=1- W0k O -0k
02+ 07

€'=I—T’ 52.1DH

_ wBenez _ wBiQiz
£= w(w?— wi) w(w—wh)’

Here

wge = eBolmc, wp = zeBy/Mc (52.12)

are the electron and ion Larmor frequencies;i the values of these parameters are
an important characteristic of a magnetoactive plasma (they are the frequencies of
rotation of charged particles in circular orbits in the magnetic field).

The ratios

welwee = zmIM, QQ, = (zm/ M) (52.13)
are small quantities. The ratio of the frequencies . and wg., or ; and wg, which
depend on entirely different parameters (the plasma density, and the field Bg), may
vary over a very wide range.

The ion contribution to the permittivity of a magnetoactive plasma may, despite
the large mass of the ions, be comparable with or even greater than the electron
contribution at sufficiently low frequencies w. As w — 0, the two terms in g cancel,
and g -0, as is easily seen by noting that

Qllwge = Q|wg (52.19
because of the electrical neutrality of the plasma (N, = zN;). The two terms in g
remain of the same order of magnitude when w ~ wg;, and the ion part of g is
negligible when o » wg. In the transverse permittivity e,, the two terms are

comparable only in the range

[ wBi(M/m)m -~ (wmwse)m-

tAlso called cyclolron frequencies or gyro-frequencies.
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The ion contribution is negligible here only if
@ > (wpwpe)” - (52.15)

Lastly, in the longitudinal permittivity ¢ (which contains the sum of Q. and Q)
the ion part is always negligible. Incidentally, ¢ is independent of B, because the
ficld E has been assumed uniform: in crossed uniform fields, the magnetic field
does not affect the motion of particles parallel to B,.

Let us finally consider the conditions for the above formulae to be applicable. In
applying equation (52.9) to the motion of particles, we have neglected the spatial
variation of E in the region where the particles are. The size of this region in the
direction of the constant field By is given by the distance vrfw traversed by a
particle moving with the mean thermal speed vy during the period of the variable
field. In the directions perpendicular to By, the size of the region when w < wg is
determined by

rp ~ v7lws, (52.16)

the radius of the circular orbits of particles moving with speed vr in the magnetic
field By, called the Larmor radius of the particles. The approximation described
above requires that these distances be small in comparison with those over which
the field E varies in the relevant directions:

l?'rlk_-llw <<€ l, ka_LIwB <1 5 (52 17)

where k. = kv, and k,, are the components of the wave vector along and across the
field B;. These inequalities must be satisfied for each type of particle in the plasma.

We shall see below that the frequency w must also not be too close to wg,, wp; Or
a multiple of these (the conditions (53.17)). Near such frequencies, the spatial
dispersion has to be taken into account even if the conditions (52.17) are satisfied.
A§ we shall see in §55, this eliminates the poles of the expressions (52.11) at
W” = Wg, Wpi-

§53. The distribution function in a magnetic field

The permittivity tensor in a collisionless magnetoactive plasma, with allowance
for spatial dispersion, is calculated from the electron and ion distribution functions
which are determined by the transport equation.

All formulae will be written for the particular case of electrons. The transport
equations for a collisionless plasma have been given in §27. For electrons, the
equation is

of,, of

_ Jof
FYRA R e(E+vxB/c) ap—O. (53.1)

Let the plasma be in a constant and uniform magnetic field By of any strength,
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and a weak variable electromagnetic field in which

E. B’ o g'-ru), (53.2)
From Maxwell's equations,

wB'Jc =k xE. (53.3)

We substitute in (53.1) B=Bo+B’, and express the distribution function as
f = fot+ &f, where f, is the stationary uniform distribution in the absence of the
variable field; the small correction 8f depends on 1 and r in the same way (53.2) as
the fields E and B’ to which it is proportional. Separating the zero-order and
first-order terms (relative to the weak field) in the equation, we obtaint

9
%.vxgﬁo, (53.4)
i(k.v—m)ﬁf—fvxm-%=ez-%°-{E+£vx(kxE)}. (53.5)

Let v, and k, denote the components of the vectors v and k along the field Bo; v,
and k,, the components in the plane perpendicular to By; ¢, the angle between v,
and the plane of k, and By, measured in the direction of rotation of a corkscrew
driven along By. The variables v, v, and ¢ are cylindrical polar coordinates in
v-space. In these variables, (53.5) becomes

i(k,v, +k, v, cos ¢ ~ w)8f + wp08fldp = e{E + wi vx (kX E)} < dfoldp. (53.6)

From (53.4) it follows that 3fo/d¢ =0, i.e. fo can be any function of p. and p, only:

fo=fop= p1). (53.7)

a result that is obvious for a collisionless plasma, since p, and p, are the variables
not affected by the magnetic field.
To simplify the formulae, we use the notation

a = (k:v, —w)wp, B =k lws, (53.8)
Q(vs, v )=—e—g~°-{E+le(kXE)} (53.9)
7y V1. Wpe ap @ - -

If fo depends only on the electron energy e = p?/2m, the derivative 8fy/dp=
v dfol/de, and its product with the second term in the braces is zero, so that

g="Cdo, g (53.10)

Wpe de )

+In a cold plasma, there was no need to take account of the Lorentz force exerted by the weak field

B’, since it is of the second order of smallness when the intrinsic movement of the particles (in the
absence of the field) is neglected.
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With this notation, (53.6) becomes

38flap +i(a + B cos 9)8f = Qg); (53.1D

the arguments v, and v, of Q are omitted. The solution is
L4
8 — e—i(uw+ﬂ sinw)J‘ ei(u¢’+ﬂ sin @) I)d r’
f : Qe do

or, with the change of variable of integration ¢’ = ¢ — 7,

o e .
8f =B sme‘ e® sm((F‘")_'“‘fQ((P —7)drt.

0

The constant C is determined by the condition that the function &f be periodic in
¢ with the period 2. Since the integrand and the coefficient of the integral are
periodic in ¢, this condition is satisfied if the limits of integration are independent
of ¢, for which we must take C =« or C =—. The choice between these two
possibilities is decided by the Landau contour rule (29.6): the integration is to be
taken with w > w +i0, i.e. @ a—i0. Such an integral is convergent only with
C = oof, The final result is

8f = ¢ B sinq:J‘ e sin(w~f)—ian((P -7) dr
0

= J-z exp{— iar — 2iB cos(p —37) sin 37}Q (¢ — 7) d=. (53.12)
o

In the limit B,— 0, this should become (29.2). To tuke the limit, we note that for
a > | the important range in the integral is 7 << |. Then sin(¢ —7)~sin ¢ — 7 COs ¢,
and the integral becomes

o = Q) [ e ar

= Q(p) L i eXp{—i'r E—Vlﬂ} d-.

Wae

Taking the integral with w —» @ +i0, we obtain

5f = Quglik . v— ), (53.13)

the required result.

If the field frequency is equal to the Larmor frequency wg. or a multiple of it, we
have simple or multiple cyclotron resonance (of the electrons). To study the
dielectric properties of the plasma near such resonances, a different method of

tThis conclusion depends on the sign of  in 1he exponent. For ions, the charge ~e is replaced by ze,
5o 1hit wee ~> ~wp Then a - a + i0 when w - w +i0, and C would have to be taken as ~=.
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solving equation (53.11) is convenient, based on expanding the function sought in a
Fourier series with respect to the variable ¢.
With the substitution
&f = g Bsineg (53.149)
in (53.11), we obtain for g the equation

agla(p + uxg = eiﬂ Sin“’Q(vz’ Uy, (P)'

The solution is sought as a Fourier series

g= 2 €“g(v,v)) (53.15)

and the coefficients g, are found to be

g = Qdi(a +5),

Q;(Dz, [)_L) = 2_1; J;)- ei(ﬂ sin r—sr)Q(vb vy, T) dr. (53 16)

The expansion (53.15) automatically makes 5f a periodic function of ¢.

First of all, the expression of §f as the series (53.14), (53.15) allows an
immediate formulation of the conditions for spatial dispersion to be negligible. The
wave number appears in the terms of the series through the parameters

B=kiviJwp, a+s=—(w—swp=— k) ws.

The permittivity of the plasma is determined by the distribution function at speeds
v ~ vr. The wave number does not appear in this function if

klvl<w3, Iw—sw3|>|k1|!)'r. (53[7)
The first inequality (53.17), and the second one with s =0, are the same as the
conditions (52.17). We see that, as well as these conditions, the frequency « must
not be too close to any of the cyclotron resonances.

In the neighbourhood of these resonances, the distribution function can be
represented by a single term of the Fourier series under certain conditions, namely

Ikzll)'r <<€ wg, Iw - nwgl << wg, (53.[8)

where n is any of the numbers 0, =1, 2. __ It is easily seen that the nth term in the
expansion (53.15) is then large compared with the others:

En ™ anBl(Ikszl + |w - "wBI)> Qn,

whereas g, = Q, for s# n (since |Swp — 0| = wg). Retaining this one term, we find
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for the electron distribution function

_  wge expli{ne — (kyv,]wg,) sin ¢}]
o = kv, — (w0 — nawgo)]

3

(53.19)
Q= 2_:7_ L- expl— i{nT — (k v,/wg,) sin THQ(v,, vy, 7) dT.

The dependence of the distribution function on the angle ¢ is given explicitly by
this formula. In particular, when n = 0 and k, — 0, the distribution is independent of
¢. The source of this property is evident from the condition w < wg,, i.e. (53.18)
with n = 0: the Larmor rotation frequency is much greater than the field variation
frequency, and this ‘“averages” the distribution frequency over the angle of
rotation.+

§54. Permiittivity of a magnetoactive Maxwellian plasma

The electron contribution to the permittivity tensor is calculated from the
distribution function by means of the formula

Ll —8U
P, =‘—F47-‘1Eﬂ=%fvﬂ 5f d'p (4.1

and the ion contribution is similar with —ze instead of e. For a Maxwellian plasma,
the integration over d’p in this expression can be carried out explicitly.
The function 8f is given by the integral (53.12), and from the definition (53.10)

Q =~ (eE.v/wgT)fo. (54.2)

We can rewrite the integral more compactly by using instead of k = (k, k,) and
E = (E, E,) the vectors

K = (k,7, 2k, sini7), E=(ELE), (54.3)

where k, is k, turned through i7 in the plane perpendicular to Bo, and E, is E,
turned through 7. Then 8f becomes

8f = —v

nge

f exp{—l— (wr—K. v)}fo(p)]:: -vdr,
0 WBe
where fi(p) is the Maxwellian distribution function.

+The relevant arguments are given more fully for an analogous situation in § 1.



§54 Penmittivity of a Magnetoactive Maxwellian Plasma 225

This expression is substituted in (54.1), and the variable of integration p= myv is
changed according to

v=u—iKT/mwg.
The integration over d’u is elementary, and the result is

ieN, ("f= T -
P= (E nlw%,E\E B K)K) exp[—

Mwwg, Jo

wpe 2Mwpge

- 2
iwr KT ] dr. (54.4)

According to the definition (54.3),
K= k.2r° + 4k,’ sin® %’r.

By writing (54.4) in components, we find the components of the tensor €., The
coordinate axes are chosen as follows: z along By, x along k,, and y along By Xk
(Fig. 15). A simple calculation gives

021~ . w
€p —Oup = oo ); Kep EXPYIT wne
€

+i0

k22 7 = 2K, 2, sin? gT} dr,  (54.5)

where
Kex = €OS 7~ (kyrg.)* sin’ 7,
Kyy = €OS T + 4(k, rg.)” sin® iz,

Kz = | (kere)szy

) . (54.6)
Kay = — Ky = —sin 7 + 2(k, rg,)” sin T sin’ 37,
2 o
Kx = Kzx = —K:K rg.7 sin 7,
Kyz = — Kz = —2kk rk,7 sin?iT;

rg. = vrJwg, is the electron Larmor radius.

z4 By

k

[

|

} 8

} Boxk,

—

| y

kl

Fi1G. 15.
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The equations
€xy = TE€yxy, €z T €z, €y T Ty, (54-7)

are evident as follows: with fixed coordinates, Onsager’s principle gives e,s(Bo) =
€s.(—Byg), and with the above choice of axes tied to the directions of B, and k;, the
y-and z-axes are reversed when By— —B,. With these axes, therefore,

€xy (B()) = T€yx (— BO) H
(373 (B()) = € (_ BO) ’ (548)
€yz By = €zy Bo.

Now B, (the direction of the z-axis) is a pseudovector; k; and By Xk, (the
directions of the x-and the y-axis) are true vectors. Hence, because of the
requirement of invariance under inversion of the coordinates, the components e, and
€., which contain one suffix z, must be odd functions of By, and all other components
must be even functions. Hence equations (54.8) imply (54.7).

Because of the relations (54.7), the Hermitian and anti-Hermitian parts of the
various components e,3 = €.p + iclp are differently expressed in terms of their real
and imaginary parts. The division into Hermitian and anti-Hermitian parts is
expressed by the sum

. - r M
€1x i€y, € i€ €xn i€x;

(€)= | —ie5, €y ey, | + [—e i€, €] (54.9)
€ —iél;z €z ley; —e;z ie’z’z

Although all the calculations have been made for the electron part of the
permittivity, exactly similar formulae are valid for the ion contribution. The change
to the latter is made by putting Q,, vy, = Q;, v and wg. > —wp, and simultaneously
changing the upper limit of the integral in (54.5) to —=; see the third footnote to
§53. Then, with the change of the variable of integration 7— — 7, we return to the
previous expressions (54.5), (54.6) with Q;, vy, wg instead of Q. vy, wp, and a
change in sign of k., and k;,. Thus the rule for going from the electron contribution
to the ion contribution to the permittivity is to replace the electron parameters by
ion parameters and at the same time to change the sign of the components ¢, and

€

§55. Landau damping in magnetoactive plasmas

When the thermal movement of plasma particles is taken into account, the tensor
€.p acquires an anti-Hermitian part. In a collisionless plasma, since there is no true
dissipation of energy, this part of the tensor is due to Landau damping.

We have seen in §30 that the mechanism of Landau damping depends on the
transfer of electromagnetic field energy to particles moving in phase with the wave:
the damping involves particles for which w =k.v, i.e. the component of the
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velocity v in the direction of k is equal to the phase velocity w/k of the wave. In a
magnetoactive plasma, this condition is somewhat altered: the components of the
particle velocity and the wave phase velocity along the constant field B, must be
equal:

vk, = w. (55.DH

This is because the motion of the particle transversely to By is in circles and cannot
involve any systematic transfer of energy from the field to the particle: if the
particle moves in phase with the wave and gains energy from it in one part of the
circle, a similar amount of energy will be transferred from the particle to the field in
the opposite part of the circle.

In a magnetoactive plasma, however, there is a further mechanism of collision-
less dissipation, due to the Larmor rotation of the particles. In coordinates moving
with the particle at speed v, along the field By, the particle moves in a circular orbit
with frequency wg. Such a particle is electrodynamically an oscillator radiating at
frequency wgp (synchrotron radiation). When an o-cillator is placed in a variable
external field, it absorbs at this frequency. The electromagnetic wave frequency in
coordinates moving relative to the plasma is modified by the Doppler effect and is
' = w — k,v,. The particles concerned in the absorption are therefore those for
which

w — kv, = wg.

If k, =0, the wave field is uniform in the directions transverse to By, i.e. the
stimulating force on the oscillator is independent of the latter’s coordinates. Under
these conditions, the oscillator absorbs only at its frequency wg. If, however,
k, # 0, the stimulating force depends on the coordinates of the oscillator, and so
there is absorption at multiple frequencies also, i.e. when

w —k,v, = nwg, (55.2)

where n is any positive or negative integer. This mechanism of dissipation is called
Landau cyclotron damping; the cyclotron resonance is simple (n = 1) or multiple,
according to the value of n.

Thus there can be considerable damping in frequency ranges for which

|w — nws| s |k Jvr, n=0,%1,%2,..., (55.3)

the value n =0 corresponding to the condition (55.1). These resonance absorption
lines exist at the electron and ion frequencies wg, and wg;

Mathematically, the conditions (55.1) and (55.2) correspond to the poles, at these
points, of the various terms in the Fourier-series expansion (53.14)~(53.16) of the
distribution function. The anti-Hermitian parts of the tensor ¢, arise from the
residues when the poles in the integral (54.1) are avoided by Landau’s rule. The pass-
age to the limit By — 0 is mathematically peculiar. In a magnetic field, the pole values v,
(for a given k,) form a discrete sequence determined by equation (55.2). As the field
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decreases, the poles come closer together, and in the limit By = 0 the pole values v,
depend not on a discrete number n but on the continuous parameter k. vy, in
accordance with the condition

w=k.v=kuv, +k,.v,,

as shown in going from (53.12) to (53.13).
Let us calculate, as an example, the perniittivity tensor in the region of a simple
(n = 1) electron cyclotron resonance. We shall also suppose that

|k|erdews. <1, kivrdwse <1. (554

Then it is sufficient to use for the distribution function just one term of the Fourier
series—the expression (53.19), corresponding to the given value of n. Because of
the second condition (55.4), this function can be expanded in powers of k,. When
= 1, only the zero-order term need be taken in such an expansion, since cyclotron
absorption at the frequency wg. does not require the external field to be non-
uniform in the xy-plane.
Thus we write the distribution function as

5 = Q wse” (55.5)
li[kzvz - (w - sz)] ? ’

with

— efo 2 —ir

Q] = _27TTsz J;) E.ve "d7.
Writing
E.v=Ew, cos 7+ E, sin 7+ E,v,
and carrying oul the integration, we obtain
ev .
Q= —2Twl3, foE; —iE,). (55.6)

With this distribution function, the polarization vector (54.1) has only x- and
y-components. After the integration over v, dv, do, they are

L o €Ne [m \"r® mvzz) dv,
Pi=—ib, = (B ~iE)7 "o (217T) Le"p( 2T ] 0. — (0 — wae)lk, —i0 sgn k; -

An integral of this form can be expressed in terms of the function F defined by
(31.3). We obtain finally as the components of the permittivity tensorf

o . _QE2 w—sz)
e l=6,— 1=l 2w(w—wse)F(\/2”TE|k1| ’

5.7
€z — 1 = €xz =€vz=0-

#The pole v, = (w ~ wpe)/k; is passed below or above, according to the sign of k;; this is the reason for
the presence of the modulus of k: in the argument of F.
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The anti-Hermitian part of this tensor, which describes the damping, is

T lIZQ 2

€= €y = ey =30
2 w|k,|vre

exp{— (L; v—f;:’i)-}. (55.8)

The Hermitian part, in the immediate neighbourhood of w = wg., has the form

ex—l=¢e,—1=—¢€") =— QX w— wg)2ovik?,
Yy y (w — wp) 2007, (55_9)

| — wpellvre| k.| < 1.

At the point w = wp. itself, this part passes through zero and changes sign. We see
here how the inclusion of spatial dispersion removes the poles of tiie permittivity
(52.11) of a cold plasma: the discontinuous variation shown by the broken line in

Fig. 16 is replaced by the continuous line.T

~-.

F1G. 16.

In the limit |k,| >0, the expression (55.8) reduces to a delta function:

e =€y = ey > (MO N20)8 (0 — wae): (55.10)

when o — wg. # 0, (55.8) is zero in the limit, and the integral of this function over dow
is w0 [2w for any value of k.. The significance of the result is clear: in the absence
of spatial dispersion (k — 0), the width of the absorption line tends to zero, and
damping occurs only when w coincides exactly with wg.. Formula (55.10) may be used
in place of (55.8) in expressions integrated with respect to w.

The formula (55.10) can also be derived directly from the expressions (52.11) for
the permittivity of a cold plasma, by means of Landau’s avoidance rule, according

tThe expression (55.7) does not have the property (52.1), of course, which would occur only if the

absorption line near w = ~wp, were considered as well as that near » = wpe

Pri10.pP
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to which the frequency w at a pole is to be taken as w +i0. Thus the pole factors in
(52.11) are really to be understood as follows:

1 1 1 _ 1 ]
wi—wzgg_)Zwyg [w—wge+i0 w+wg +i0]’
and according to the rule (29.8)

1 P 1 i
——— P
' — W o’ wh 2wp,

[6(0 — wae) — 8(w + wa.)]. (55.11)
Making this change in (52.11), we obtain (55.10).

When k, =0 (i.e. k L By), there is no Landau damping in a magnetoactive plasma:
the speed of the particles no longer appears in (55.1) and (55.2), and these
conditions cannot be satisfied except when w coincides exactly with some nwg. 1
This property is due to the non-relativistic approximation; in a relativistic plasma,
the Landau (cyclotron) damping can occur even when k, =0. The frequency of
rotation round the direction of B, for a relativistic charged particle with energy ¢ is

wpmcle = wpV (1~ v?ch,

with wp defined as before. This value is to be used in place of wp on the right-hand side
of the condition (55.2). In particular, for k, =0 we have

o = nwgV(1—v¥c?; (55.12)

to allow this condition to be satisfied, it is necessary only that « < nws.

Landau damping in a magnetoactive relativistic plasma can occur even in the
limit k>0 (unlike the cases of a magnetoactive non-relativistic plasma and a
relativistic plasma with no magnetic field). It is due to particles in simple cyclotron
resonance with a uniform variable field—the condition (55.12) with n = l—and
therefore exists at frequencies w < wp; see Problem 2.

PROBLEMS

PROBLEM 1. Find the permittivity tensor for a magnetoactive plasma at < |k:|vre; the conditions
(55.4) also are assumed satisfied.

SorLuTon. In the zero-order approximation with respect to the small parameter k,vrdws. the
distribution function for this case (the s =0 term in the Fourier series (53.14), (53.15)) is

8f = Quonddi(k:v; ~ w),

where

tIn the limit Bo->0, the damping of course reappears because of electrons that sutisfy the condition
w=k.v=k .v.
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With this function 8f, the polarization vector P is in the z-direction, and the only non-zero component of
the 1ensor €. — 8qp is

_ 4ue’ [ folp)v d°p

1= T N —o =0

After the identical transformation

w

vl =ki:(kzvz — W)+

the integral of the first term over dp: gives zero, and the second term yields the result

02
€z 1 =m[F(w/\/2|k,|uT,)+ 11.

The imaginary part of this is

€ = 70l exp(—w?12k. v}.)
2z iﬂrlk_zlxz—!r: z (74

PROBLEM 2. Find the anti-Hermitian part of the permittivity tensor for an ultra-relativistic mag-
netoactive electron plasma in the limit k- 0.

SOLUTION. In the relativistic case, the transport equation (53.5) remains unchanged, but in the
transformation to (53.6) the relativistic relation p = ev/c® (where € is the elcetron energy) in place of
p = mv replaces wg. by wpemc?fe; the subsequent formulae in §53, with this change, then remain valid.

When k =0, damping arises only from the simple cyclotron resonance. Hence, to calculate the
anti-Hermitian part of €., it is sufficient to take the term with s = I in (53.14) and (53.15). Analogously to
(55.5) and (55.6), we find
___iepicie”fe

2Te(w —- wpanc-fe)

o = (Ex— iEy).

The ultra-relativistic (T > mc?) function fo ist

fo=(Nec*18aT e ",
The polarization vector is calculated as
P= [ weiierw b,
where d’p is to be expressed as p* dp do = pe de do/c”. The integration over do, with cp = (2~ m*c*)'?,
gives
6&x— 1 =€y -1 =iy
__Q2mc’ [T (€= mPeye™ de

120°T" Jme? € — wpemc?jor +i0 °

The i_ntegral has an imaginary part if the pole € = wp,mc’Jw lies in the range of integration, i.e. if w < wp..
In this case the final result is

QZ 3 2,312 2

»” " . Tiie W Pe w mMcC wpe

hoeh=eh =T 1mug) el )
e

§56. Electromagnetic waves in a magnetoactive cold plasma

We can derive a general equation giving the dependence of the frequency on the
wave vector (the dispersion relation) for free monochromatic waves propagating in
a medium with any dielectric tensor e,z(w, k).

1In this expression, the normalization factor is written with ultra-relativistic accuracy; we cannot put
€ = ¢p, on account of the subsequent integration with respect to p from 0 to «,
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For an electromagnetic field whose dependence on the time and coordinates is
given by exp(— iwt + ik . r), Maxwell’s equations (28.2) becomet

kxXE=wB/c, kXB=—-wD/c, (56.1)
k.B=0, k.D=0. (56.2)
Substitution of the first equation (56.1) in the second gives
w’Dfc?=—k X (kX E)=Ek>~k(k . E).
or in components
E.k*~ kkgEg = WD, = wzeﬂuE‘,Icz. (56.3)

The condition for these linear homogeneous equations to be compatible is the
vanishing of the determinant:

|k28,,,; —k.kg — wzg,ﬁlczl =0. (56.4)

This is the required dispersion relation.}¥ For a given (real) k, it determines the
frequencies w(k) (in general complex), i.e. the eigenvibration spectrum of the
medium. In the general case where frequency dispersion and spatial dispersion are
present, equation (56.4) defines an infinity of branches of the function w(k).

Let us consider electromagnetic waves in a magnetoactive cold plasma whose
permittivity tcnsor is given by (52.7) and (52.11).§ Since this tensor is Hermitian,
the values of k’c?/w’ determined by (56.4) are obviously real.

In the absence of spatial dispersion, €,; depends only on w, and the dispersion
relation (56.4) is therefore algebraic with respect to k. Expansion of the deter-
minant gives by a simple calculation|

Alkclw)' + B(kclw)z +C=0. (56.5)
where
A= egkklk? =€, 5in” 0+ ¢cos’ 0 =g, (56.6)
B =—¢, (1 +cos’ ) —(e,>—g) sin’ 6, (56.7)
C=¢le’—g), (56.8)

and 6 is the angle between k and B,. For given values of w and 6, equation (56.5)

“The variable magnetic field B of the wave is not to be confused with the constant field Bo

iCalled in crystal optics the Fresnel equation.

§Electromagnetic waves in a magnetoactive cold plasma were first studied (the role of ions being
neglected) by E. V. Appleton (1928) and H. Lassen (1927).

IIn which it is convenient to take one of 1he coordinate planes, say xz. to pass through Be and k.
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yields two values of k7, so that in general two types of wave can propagate in the
plasma.t

Let us first consider the cases of wave propagation exactly along (6 =0) and
exactly across (0 = 3) the magnetic field. These have special features.

When 6 = 0, the roots of the dispersion relation are

2 2 2
(55) S — L (56.9)

w w(wiwm)—w(wiwn,)'

It is easy to see from (56.3) that these waves are transverse (E, = 0) and circularly
polarized (E,/E, = ¥1). The infinity of (56.9) at w = wpe Or w = wg; corresponds to
resonance: the frequency and direction of rotation of the vector E coincide with
those of the Larmor rotation of the electrons or ions. Figure 17 shows, as an
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illustration, the approximate variation of n’=(ck/w)’ with w. As w -0, the values
of n?tend to the limit 1 + QY w} =1+ c}u.’, where wp; is neglected in comparison
with wg,; us is defined by (56.18) below. The propagation of undamped waves
corresponds, of course, only to those parts of the curves (shown by continuous
lines in Fig. 17) for which n?>0.

When 6 =0, equation (56.5) is satisfied also if =0, corresponding to ordinary
longitudinal plasma waves whose frequency w =~ Q, is independent of k.

"When 6 =, the two roots of the dispersion relation are

(cklw)’= ¢, (ckjw)’ =¢€,—gle,. (56.10)

1The waves concerned are usually distinguished as ordinary and exiraordinary. These terms do not,
however, mean the same thing here as in the optics of uniaxial crystals; neither of the waves behaves
like a wave in an isotropic medium.
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The first corresponds to a wave with dispersion relation independent of Bo:
wi~ck?+ Q2.

This is a transverse wave (E L k) and is linearly polarized, with E || B,. The second
root (56.10) corresponds to a wave with E 1 By and having both longitudinal and
transverse components relative to k. If the frequency is so high that the ion
contribution to €, is negligible, namely w > (wgewg;)"?, the condition (52.15), then in
this wavef
ck\? QA0 Qh
R L L L . 56.
(5) = "ot (56.11)
In the general case of any angle 6 (not zero or 31), we note first of all that for
each value there exist frequencies for which the coefficient A in (56.5) becomes
Zero:

€ = €, sin’ § + g cos? 6

2 2 2 92_
—I—Q—‘:z—n'coszo—[ QL + -

= o —wh wz_w%ﬁ]smzozo- (56.12)
If the frequencies given by this equation, called the plasma resonance frequencies,
are such as to satisfy also the “slowness™ condition w <€kc, then from §32 they
correspond to longitudinal characteristic oscillations of the plasma. The vanishing
of the coefficient of k* in equation (56.5), which is quadratic in k%, signifies that one
of its roots becomes infinite; as A — 0, the roots are —~C/B and —BJ/A.

Equation (56.12) is cubic in w? and has three real roots. These are easily
determined by using the fact that /), and wgifwg. are small. Two are found by
neglecting the ion contribution in (56.12):

0l = A0+ wh) 2L + wh) — 40 whe cos? 6] (56.13)

The ions must, however, be taken into account in the range o = wp; where the third
root lies; for this root, we easily find

w? = whi(l— (zm/M) tan’ 6), (56.14)

assuming that Q, > wy. Formulae (56.13) and (56.14) for wi(6) and wy(6) are
inapplicable when 6 is so close to ja that cos 6 <m/M. In this range,

w0 = wh = 0507 + wi)(QS + wl,),
(56.15)

w? = Qlwk cos’ 6(Q2 + w},).
The role of the ions is not negligible for either w; or w,.

tPlasma oscillations in which the ions play no part are called high-frequency oscillations, and those in
which the influence of the ions is important are called low-frequency oscillations.
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Figure 18 shows diagrammatically the dependence of the frequencies w;, w,, w;
on the angle 6.7 The curves of w;(6) and w,(6) nowhere intersect. They respectively
begin at 6 = 0 from the higher and lower of the frequencies ), and wg,. At 6 =ix
they reach the respective values

on = Q]+ wh)'? (56.16)

Win

wy
max { £, WEE)\———//

min (Qe’ “ee ’\
Wz

Wg; w3

8=0 =772
FiG. 18.

and wa. The frequencies wy, and w,, are called respectively the upper and lower
hybrid frequencies. When Q2 > w}.(and so certainly 7> w}), 0y = (wpws)'’
The position of the frequencies w,, w,, w; largely determines the configuration of the
various branches of the spectrum governed by the dispersion relation (56. 5). Being
quadratic in (ck/w)?, ithas tworoots for given w and 6. If we follow the variation and the
infinities of these roots as functions of w for a fixed 6, we easily obtain Fig. 19, which
shows the functions diagrammatically. The points of intersection with the abscissa
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tIt may be noted 1mmcdmtely that oscillations wilh the frequency w; exist in practice only in a narrow
range of angles close to Y. At other angles, they are strongly damped by the cyclotron absorption at
simple ion resonance.
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axis are given by C = 0, i.e. /= 0 or €,” = g’ Their position is indepcndent of 6, and
one of them, corresponding to =0, is always o = Q..

The spectrum of characteristic oscillations for a magnetoactive cold plasma thus
has a total of five branches. Two of these (I and Il in Fig. 19) reach the low-frequency
oscillation region; the limiting values (as w — 0) of the phase velocity in these branches
are

(k) = ua|cos 6|/(1 + usfc?H)'?,
(k= ual(1 + ulcH'?, (56-17)

where
Iy = ch,-IQ,- = B()I(47TMM)”Z (56 18)

is called the Alfvén velocity. The expressions (56.17) are easily found from (56.5) by
using the limiting values

e =1+ulc?,

q=—-Qw?, g~ o.

When 1, < c, the phase velocities (56.17) are respectively ua|cos 0] and u,. These
limiting values correspond to waves which exist in a cold plasma in accordance
with the ordimary equations of magnetic fluid dynamics (see ECM, §52); the
spectrum of hydromagnetic waves has three branches, in all of which w(k) is linear
but in general depends on the direction of k:

(w/k)a>= us’cos? 6,
(wlk)f = Hul + ua +[(u + up) — 4nn,’ cos® 61"}, (56.19)

(wlk) =Hu2 + ux? ~ [(nl? + u)? — dulus’ cos” 613,

where u; is the speed of sound calculated formally from the adiabatic com-
pressibility of the medium. The phase velocity of the first branch, called Alfvén
waves, is exactly the same as the limiting value for the first branch (56.17). In order
to go to the limit of a cold plasma in the second formula, we must put i, =0, since
in a gas u, ~(TIM)'"™. Then (w/k);, corresponding to fast magnetosonic waves, is
equal to the limiting value of (wfk)y. The third branch, with (w/k), (slow mag-
netosonic waves), has a velocity which tends to zero as u,— 0, and therefore does
not appear in a cold plasma. The assumption of a cold plasma enables us to neglect
the thermal spread of ion velocities and to describe them in terms of fluid
mechanics even in the absence of collisions. The condition u,4 <€ ¢ justifies neglec-
ting the displacement currents in the equations of magnetic fluid dynamics.

In the opposite case of high frequencies, the phase velocities of two branches
(IV and V) tend to w/k = ¢, corresponding to transverse high-frequency waves in an
isotropic plasma, as we should expect, since the magnetic field plays no part when
w > wg,e.

Lastly, let us consider the interesting case of waves which can exist when
Ql, > wg,; the resonance frequency is then w;= wg cos §. We shall take the
frequency range intermediate (on branch II) between w, and w; =~ wg;, defined by

wp <0 <wpcos 0, w<’wg,. (56.20)
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The condition w > wy; enables the ion contribution to g to be neglected, and from
the condition w <€ wg, we have

&y = ig = i wwg,. (56.21)

With the conditions (56.20), we also have ¢> g >€,.
The required solution of the dispersion relation is found more directly by writing
the latter as

k% s — kok ey — (0 D8, =0, (56.22)
B Y B B

changing from the tensor €. in (56.4) to its inverse (i.e. expressing E in terms of D
in equations (57.3)). The components of the inverse tensor are

€ xx_e_lyyk—ellgzr e_lzz: ll€||, e_Ixy=-€7Iyx"'tl‘lg.

and the largest of these is € ',,. Neglecting the other components, and taking thc
xz-planc to be that of By and k, we obtain the dispersion relation

—c_uzlc2 ik’lg | _ 0
—ikYg —w¥c? ’
whence
o = k*cHwp Q) |cos 6]
= cBy|cos 0|k*/4meN.. (56.23)

These are called helicon waves;T they are of purely clectron origin.
The name of these waves arises from the nature of their polarization. The
equation k - D = 0 (56.2) gives, with the above choice of coordinate axcs,

D, sin9+D,cos 6 =0. (56.29)
From equations (56.3) written as
(k%€ 0g ~ kokye 1105 = (0%/c)D,, (56.25)
we find D, =—i|cos 6|D,. In the same approximation (i.e. retaining only €',
among all the €”',5), the electric field of the wave lies entirely in the xy plane,
which is perpendicular to By: E; = € ',4Dg = 0. The other field components are
E,=e'yD,, E = e_'y,D, =—¢,D,
and from (56.24)
E, = i|cos 6|E,. (56.26)

+In geophysical applications, whistlers.
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Thus the wave is elliptically polarized in the plane perpendicular to By; when
0 = 17, the polarization becomes linear. In coordinates £y with the [-axis parallel
to k,

E;= —i‘%gi E, E;=Etan. (56.27)

The vector E describes a circular cone about the direction of k.

The expression (56.21) for €, has a simple physical significance. When ws, > o,
together with the condition (52.17) k,vr/wp. = k,rge <1, which is everywhere
assumed satisfied, we can suppose that the transverse (relative to Bg) motion of the
electrons takes place in a constant and uniform field E. When a charge moves in
constant and uniform crossed fields E and B, its mean transverse velocity (the
electric drift velocity) is

Vv, = cEx B()IB()Z; (56-28
)

see Fields, §22. This corresponds to (56.21). Thus helicon waves are associated
with the electric drift of electrons in the plasma.

§57. Effect of thermal motion on clectromagnetic wave propagation in
magnetoactive plasmas

When the thermal motion of the particles is taken into account, the dispersion
relation in general becomes transcendental, and yields an infinite number of
branches of the function w(k). The vast majority of these oscillations are, however,
strongly damped. Only in exceptional cases is the damping so weak that the
oscillations can be propagated as waves. These cases include, first of all, the waves
considered in §56, for which the thermal motion causes (if the conditions (52.17)
and (53.17) are satisfied) only small corrections to the dispersion relation, and a
small Landau damping rate.

We have seen, however, that for waves in cold plasmas there are frequency
ranges in which the ratio ck/w becomes indefinitely large (the neighbourhoods of
plasma resonances). But as k —» o the conditions (52.17) are certainly violated, so
that it becomes necessary to take account of the thermal motion. We shall now
show that doing so, even as a small correction to the permittivity, eliminates the
divergence of the roots of the dispersion relation, and generates some qualitatively
new properties of the plasma oscillation spectrum (B. N. Gershman, 1956). As we
shall see, the conditions for the Landau damping to be exponentially small may still
be satisfied, so that the anti-Hermitian part of €, 1s still negligible. We shall take
the particular case of the neighbourhood of high-frequency plasma resonances,
where it is sufficient to include the thermal motion of the electrons only.

The correction terms in €, are proportional to (kvr.)>.1 Similar corrections arise
in the coefficients A, B, C in the dispersion relation (56.5). To investigate just the

‘TThey are derived from the first-order terms in the expansion of the integrand in (54.5) in powers of
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divergent root of this equation, it is sufficient to include the correction terms in the
coefficient A only, which vanishes at the resonance point in the absence of the
corrections.

In the neighbourhood of the resonance frequency w, (say), we write this
coefficient as

A = a(w — w))~ Ay (vreklen)’. 7.1

The second term is the correction due to the thermal motion.The coefficients a, and
A, are taken at the point @ = w, so that they are independent of the variable o (but
of course depend on the direction of k, i.e. on the angle 6). Putting « = w, also in
the coefficients B and C, and denoting the resulting values by B, and C,, we obtain
as the dispersion relation in the neighbourhood of the resonance frequency

[ar(w — ©1) = Ay (vE/c ) kclwi)I(kelw)* + B.(kclw))’ + C, = 0. (37.2)
We are concerned with the root of this equation which as vy, » 0 becomes
(kelwy)’ ~—BJla,(w — wy),
o — wy; = —B,w?a,c’k’. (57.3)

Since (kc/w,)? in this solution is large, the term C, which does not contain the large
quantity is to be omitted from (57.2) in finding the solution. Then we have the
dispersion relation

W~ W= (Alr/ar)(va¢/w|)2 - (Brlar)(wllkc)z. (57.4)

Here two cases are to be distinguished according to the sign of A, (4, and B, are
always positive).t

In Fig. 20, the continuous curve shows the dispersion relation (57.4) for A,, > 0.
The curve meets the abscissa axis ati

k? = (wlcvr) V(B AL)- (57.5)

As vr, — 0, this point moves to infinity on the right, and we come back to the curve
corresponding to the dispersion relation (57.3) for a cold plasma (shown by the
broken curve in Fig. 20).

The allowance for thermal motion thus causes the oscillation spectrum branch to
be extended into the range w > w,. In the limit of zero external field, it is this part
of the branch which corresponds to ordinary longitudinal plasma oscillations: in the
absence of the field, B, =0, the frequency w; coincides with (,, and the whole

*It is casily seen from (56.6) and (56.7) that B, is positive: eliminating €; by means of the condition
A =0, we find B, = €,* tan’ 0 + g% sin® 8 > 0. From the expressions (56.6) for A and (52.11) for &, and g it
follows that dA/dw > 0, and therefore a, = (3A/3w)u-u IS positive.

tFor this value of k, the ratio kvrlw: contains (vr,/c)"z. and is therefore small. This is the
above-mentioned condition for the Landau damping to be small.
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w-wy
A

6. 20.

curve of w —£), as a function of k? becomes a straight line from the origin, whose
equation is the same as (32.5).F

When thermal motion is neglected, the oscillations in plasma resonances are
longitudinal. This property does not in genmeral occur when spatial dispersion is
taken into account: A = ek kg/k” = ¢ becomes a function of k, and the condition
¢ =0 for the oscillations to be longitudinal is incompatible with relaiion given
by the dispersion relation between the same variables w, k and 6. Both at the
plasma resonance points themselves, which cease to be distinctive, and near them,
the waves remain almost longitudinal, however: since A is small and the wave is
slow (w/kc is small), the transverse component E® is small in comparison with E®,
according to (32.10).

Let us now turn to the case A,, <0. Figure 21 shows how w — @, varies with k in

w-wy

Fi1G. 21.

tFor this reason, the waves which (in a magnetoactive plasma) correspond to the upper part of the
continuous curve in Fig. 20 are usually called plasma waves, in contrast to the ordinary or extraordinary
waves corresponding to the lower part of the curve. This terminology is conventional, however: there is
really just one branch of oscillations, whose point of intersection with the abscissa axis (v = wy) has no
distinctive feature.



§58 Equations of Fluid Dynamics in a Magnetoactive Plasma 241

this case. The curve does not enter the region w > w,, but has a maximum at the
point

kz = (wlzlchz)(BrllAlrl)”z, W W= (szzlarC )(IAlrIIBr)llz- (57-6)

When vy, — 0, this point moves to infinity on the right, at the same time approach-
ing the abscissa axis, and we again return to the form (57.3).

As a further example, let us consider the transverse waves near electron
cyclotron resonance, propagating along the magnetic field. When thermal motion is
neglected, the dispersion relation for these waves is given by (56.9) with the lower
signs, and in the neighbourhood of & = wg, 1

o = wg(l —Qk zcz) (57.7)

with kc <€ (), ; the whole of this spectrum is at w < wg,.

To examine these waves with allowance for the thermal motion of the clectrons, itis
necessary to construct the dispersion relation with the permittivity tensor (55.7)
which applies to the cyclotron resonance region.} Expanding the determinant (56.4)
(with the vector k parallel to the z-axis), we obtain

k*c? 02 W — Wy,
T I+ (VZvaz)

w o(w — wg,)

(57.8)

Outside the resonance absorption line, i.e. for |wp, — w| > kv, but of course still
|wge — @| € wg,, this relation becomes

el 0 e (_(w—ws,)z)
Wb wpe(w — wg,) 2 wpekvr, P 2k™vy, )

Hence we again have the dispersion relation (57.7) for the real part of the
frequency, and the expression

= E Wpe & * {___1_ & ¢ Wpe 2}
Y \/2 one e (Ge) oo 3 (G) () (579
for the Landau damping rate.

As w approaches closer to wg,, in the range |wg. — w| <kvr,., the damping rate

increases and becomes comparable with the frequency w; in this range, wave
propagation does not occur.

§58. Equations of fluid dynamics in a magnetoactive plasma

If the characteristic spatial dimensions L in a moving plasma are large compared
with the mean free paths,

L>1, (58.1)

tWe assume the particular case where not only wp, — w < ws. but also €. > wse, 50 that unity is
Certainly negligible on the right of (56.9).

tFormulae (55.7), it will be remembered. also presuppose the fulfilment of the condition (55.4):
wp, > kyr,.
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we may suppose that thermodynamic equilibrium with local values of the tem-
perature (the same for electrons and ions), pressure, etc., is established by
collisions in any small region of the plasma. The movement of the plasma may then
be described by the macroscopic equations of fluid dynamics.

The equations of magnetic fluid dynamics have been given in ECM, §51, but it
was assumed that the transport properties of the medium (viscosity and thermal
conductivity) were independent of the magnetic field. For this to be true in a
plasma, the following conditions are necessary:

v > wgi, Ve > Wpe
(of which the second follows from the first). These conditions are often too
rigorous, and it is therefore necessary to derive equations of fluid dynamics that are
free from the restriction mentioned.t
The equation of continuity for the mass density p remains, of course, as usual:

dplat + div(pV) =0, (58.2)

where V is the macroscopic velocity. The general form is also the same for the
Navier-Stokes equation

aV, P 1, . _ a,
p[ - +(V.V)V,,]+ax0 £ GxB), =-Tet (58.3)

and for the energy conservation equation
'(T‘: CpVi+pU + B8m) = — div[pVEV2+ W)~ 0’ .V+ cExBldw +ql, (58.4)
[¢

where o/g is the viscous stress tensor, o’ .V denotes the vector with components
o0asVy q is the energy flux (including both the dissipative part due to thermal
conduction and thermoelectric effects, and the convective transfer of energy by the
current; see the definition (58.8) below), and U and W the internal energy and heat
function of the medium per unit mass. The tensor o4z and the vector ¢ must be
expressed in terms of the gradients of thermodynamic quantities and the velocities;
the form of these expressions depends on the magnetic field.

The following remark should be made in connection with equation (58.3). This
equation takes into account the force exerted on the plasma by the magnetic field
(the last term of the left), but not the force e(zN, — N,)E exerted by the electric
field. This treatment is justifiable here, since it follows from the condition (58.1) that a
fortiori L a, and the plasma is therefore quasi-neutral, so that we can put
zN; = N,, and there are no uncompensated charges in the plasma.}

tMoreover, in ECM, §51, the terms representing the thermoelectric effect were omitted from the
equations,

$This argument is based on the inequality | >a, We are everywhere considering a fully ionized
plasma. Tn a partly ionized one, the inequality [ 3 a need not be satisfied, because the mean free path is
reduced by collisions with neutral atoms, and then [>a is to be regarded as a further necessary
condition for the bulk electrical force to be negligible.
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Equations (58.2)-(58.4) must be supplemented by Maxwell’s equations for a
quasi-stationary electromagnetic field (the displacement current being then
omitted):

14B

curlE = T divB=0, curlB=4mxjlc. (58.5)

To say the field is quasi-stationary means that its frequency of variation « < c/L.
The electric field induced by the variable magnetic field is E ~ wLB/c < B for this
reason, we need include in (58.4) only the magnetic, and not the electric, field
energy density. The neglect of the displacement current is, moreover, in ac-
cordance with the assumption that the plasma is quasi-neutral: the last equation
(58.5) implies that div j= 0.

Lastly, the “generalized Ohm’s law” equation is needed:

E+VxB/c=F, (58.6)

where F is some linear combination of the current j and the gradients of the
thermodynamic quantities. The combination of E and B on the left of (58.6) arises
(cf. ECM, §49) from the transformation of E when we go from the rest frame of a
given volume element in the medium to a frame in which the element is moving
with velocity V.

In a quasi-neutral plasma, the relative concentration of the electron and ion
components is a given constant (NJ/N; = z). Hence only the temperature and the
pressure are independent thermodynamic variables; the problem of expressing F
and q in terms of the gradients of these variables (and the current j) is formally the
same as in the theory of thermogalvanomagnetic effects in metals (see ECM, §25).F

The relations between j and ¢, and between the field and the gradients of
thermodynamic quantities, are written as generalizations of (44.12) and (44.13):

Yope . . aT

F, + e, O aplp T 0ap “ax—” . (58.7)
= M . 9T

qa e Ja +ﬁaﬁ]ﬂ Kap aXl;' (58.8)

Here p. is the chemical potential of the electrons; the tensors o.p, Q.p, Bog depend
on the magnetic ficld B as a parameter. The absence of the term —gj (cf. (44.13)) on
the left of (58.8) is due to the fact that this has already been included in (58.4) by
means of the Poynting vector in the energy flux, as is easily seen by using
Maxwell’s equations (58.5) to transform its divergence. In the stationary case (§ 44),
we have

—div cEXBl47 =§. E= —div(e}).

*We must repeat that the discussion refers to a fully ionized plasma. The presence of several types of
heavy particle (various ions, neutral atoms) would make it necessary to consider the corresponding
diffusion processes.
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Thus the energy flux q in (58.8) already excludes the transfer of energy —ep by
particles.

By Onsager’s principle, the coefficients in the relations (58.7) and (58.8) satisfy
the relations

0ap(B) = 08 (—B), Kup(B) = Kpa(—B), (58.9)
Bup(B) = Teep,(—B). (58.10)

Since B is the only available vector parameter, the dependence of the tensors on
the direction b = B/B may be written in the general form

aaﬂ(B) = a.&,ﬁ + agbabﬂ + a;ea,,,b,, (58.1 1)

and similarly for the other tensors; the scalar coefficients a,, a2, a; are functions of
the field B, satisfying the condition of symmetry under inversion (B is an axial
vector and its components are unaffected by inversion, as is required for the
components of the true tensors a,g, etc.). Expressions of the form (58.11) neces-
sarily satisfy the relations (58.9), and (58.10) becomes

Bop(B) = Tar,p(B). (58.12)

In the practical application of the expressions (58.7) and (58.8) in magnetic fluid
dynamics, the gradient of the chemical potential is more conveniently expressed in
terms of the pressure and temperature gradients by

Vll't =-5 VT +(”N2)VP0 e = We — Tse

where P, = N, T = Pz[(1 + z) is the partial pressure of electrons in the plasma, and
s. and w, are the entropy and heat function per particle in the electron component
of the plasma. We finally write (58.7) and (58.8) in vector form as

E+VxBlc +(1/eN,)VP,
=jloytijdor+ RBXj+ (VT )+ al(VT); + NBXVT, (58.13)

q+(wde)j= oyTig+ s Tis + NTBX j— (VT)— &, (VT), + FBXVT.  (58.14)

with a fresh notation for the coefficients (all of which are functions of B), and the
suffixes || and L denoting vector components longitudinal and transverse with
respect to B. The definition of the coefficient oy in (58.13) differs from that in (58.7)
by the inclusion of s,/e. The coeflicients &, N and & represent the Hall, Nernst and
Leduc-Righi effects. The terms ®#Bxj in (58.13) and ¥BXVT in (58.14) are
non-dissipative transport effects, which do not appear in the products E - j and
q - VT and therefore do not cause an increase of entropy.

The general expression for the viscous stress tensor o/g in terms of the gradients
of the macroscopic velocity has already been given in §13. When applied to a
plasma, this expression is somewhat simplified by the vanishing of the two second
viscosity coefficients ¢ and ¢,. The vanishing of { is a general property of
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monatomic gases such as plasmas. The reason for the absence of the {, term is
explained in §59.

The remaining terms in (13.18) may conveniently be rearranged for application to
a plasma, since in general the magnetic field there has a strong influence on the
viscosity, not a weak one as in a neutral gas; there is therefore no sense in
distinguishing the ordinary viscosity coefficient n. Here we put o, in a form
differing from (13.18) only in that the 7 term is replaced by

106(3babg — 8,5)(bybs Vs — 1 div V), (58.15)

where (instead of h) b= B/B; see the penultimate footnote to §59 regarding the
desirability of this definition of n,.
If the z-axis is taken parallel to b, the stress tensor components are

o == Ve: = div V) + (Vi = V) + 203V,
0y ==V =3div V) + (Vi = V) = 213V,
ol =2no(Vy — 3 divV),

(T;y = zﬂlvxy - "h(vxx - Vyy),

Oxe =2m Vi + 204V,

(58.16)

U;z = 27]1 vyz - 27]4vxz-

§59. Transport coefficients of a plasma in a strong mzgnetic field

To calculate the transport coefficients of a magnetoactive plasmz we must, as
usual, seek the particle distribution functions in the form f = f,+ 8f, where &f is a
small correction to the local-equilibrium distribution and is proportional to the
corresponding gradient of the thermodynamic quantities. On substituting this
expression in the transport equation, e.g. for electrons,

e . e af. e f

dJ
.Y e € e 5
TV oy eE ap Cv><B ap c(.), (59.1)

we put f,=fg in the four terms on the left; the fourth term then vanishes,
since 3fo/ap is parallel to v, so that the term in §f. must be retained there, and we
find as the equation for 8f,

afOe afOe afOe [4 asfc
—_ - — . = - 4 '2
otV p €E 2p cV*B ap 1(8f.), (59.2)

where [ is the linearized collision integral.

1tIn the calculation of the permittivity of a plasma in §29, the magnetic-field term in this equation was
omitted because it is a second-order small quantity when E and B are small. In the present problem, the
magnetic field B (unlike the elecinc field E) is not assumed to be small.

Pk wo.-g
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Let us note first of all that the longitudinal electrical conductivity oy and thermal
conductivity kj are independent of B, and have the same values as in the absence of
a magnetic field, i.e. are the ordinary scalars o and «. It is obvious from symmetry
that, when the vector E or VT is parallel to B, the distribution function &f is
independent of the position angle ¢ of the transverse velocity v, in the plane
perpendicular to B. Also, vxB. 85f/ap = — (Blm)aéf|d¢, and so, when 35f[d¢ =0,
the magnetic field does not appear in the transport equation.t

For a similar reason, the viscosity 7o, which determines the viscous stresses o 55,
is independent of the magnetic field (and therefore is the same as the ordinary
viscosity 1) when the velocity V is parallel to B (along the z-axis); it then depends
only on z, and in the expressions (58.16) there remain only the terms in o}, =
oty =—30% = —indVidz

Lastly, the coefficient {; would have to be independent of the field. For the
velocity distribution mentioned, it would contribute to the stress tensor o}, =0y, =
o1, = L,dV/dz. Since this effect is absent in the absence of the field, {; = 0 even when
the field is present.f (Note that this reason does not depend on the plasma being
classical; the result ¢, =0 is therefore valid in the relativistic case also, whereas
¢# 0 in a relativistic plasma.)

The calculation of the other transport coefficients can be carried out similarly in
the limit of strong magnetic fields, when (for each type of particle) the Larmor
frequency wg > v. Under these conditions, collisions function as a small cor-
rection.§

ELECTRICAL CONDUCTIVITY

Let us first calculate the coefficients which determine the electric current in the
plasma. This is conveniently done in a frame of reference such that a given plasma
volume element is at rest. Neglecting quantities — m/M, we can regard such a frame
as coinciding with the rest frame of the ion component. The electric current is then
purely electronic. We have therefore to solve only the transport equation for
electrons.

The left-hand side of the transport equation would have to be transformed by
means of the equations of fluid dynamics in the same way as was done for an
ordinary gas in § 6. In the chosen frame of reference, the macroscopic velocity (but
not. of course, its derivatives) is zero at the point considered.

There is, however, no need to carry out the complete calculations here (for
electrons). First of all, the term 38f,/at can be omitted altogether. The differen-
tiation with respect to time leads to terms containing the derivatives aT/at, aP/at

tWe must at once add, however, that these arguments (and similar ones below) assume that the
process of particle scattering is independent of the magnetic field. For this to be so, it is necessary that
the field should satisfy the inequality (59.10) below.

+We must again emphasize that all these statements depend on the form of the term in B in the
transport equation (59.2); they therefore do not apply to an ordinary gas, whose molecules have a
magnetic moment through which (not through the particle charge as in « plasma) the interaction with the
magnetic field takes place in that case.

§The transport coeflicients for a magnetoactive plasma were calculated by R. Landshoff (1949), E. S,
Fradkin (1951) and S. I. Braginskii (1952). The analytical method given below is due to 1.E. Tamm
(1951).

[IThis has essentially been assumed already by making use of the parallelism of the vectors afo/ap and
v.
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and aV/at. Of these, the first two can be expressed in terms of the scalar div V (cf.
(6.16)), and such terms, as we know, cancel in any case for a monatomic gas (such
as a plasma). The derivative aV/d1, expressed by means of the equation (58.3) of
fluid dynamics, contains a factor 1/p, or 1/M; the inclusion of such terms in the
transport equation would give only corrections ~ m/M, which are of no interest.
Next, in (59.2) we can put E= 0, since we know that E can appear in the required
current j only as the sum E+(1/eN,)VP. Lastly, since we do not propose to
calculate the “longitudinal’ transport coefficients oy, k|, 1o, which are independent
of the magnetic field, all thermodynamic quantities for the plasma may be regarded
as depending only on the coordinates in a plane perpendicular to B, Denoting by V_
the operator of differentiation in that plane, we can thus write the transport
equation as

(v-V)fo =(elc)v B . 38fJap + 1 (5f.). (59.3)

This equation in turn can be solved by successive approximation in powers of
1/wg.. The first approximation, denoted by the superscript (1), entirely neglects the
collision integral, so that the equation is

asflh 1
VXb-—aLV—=w—H:(v.Vl)f0e, (59.4)
with b = B/B. The solution is
S =Ly bXVife, (59.5)
Wpge

as is easily seen by direct substitution. It is evident that this solution can be used to
calculate only the non-dissipative transport coefficients: in the absence of col-
lisions, there is no dissipation of energy.

The electric current density is given by the integral

j=-e f vofed’p. (59.6)
Substitution of (59.5) gives

i = (mcIB)b XV,  {(v)V)N,
= (;nCI3B)b X V_LNe(vz)r

where the averaging is over the Maxwellian distribution. The result is
i"=(c/B)bxV,P., V.P,=—(Blc)bxj". (9.7

Comparison of this expression with the definition of the coefficient & in (58.13)
shows that

= —1/N.ec. (59.8)
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In the next approximation, we seek the solution of equation (59.3) as &f, =
5f" + 8., and obtain for 5f the equation

wpeVXb. 68f,‘3’/av = — I(8f,(”)
= (ap)T (v+ bV, foo): (59.9)

the operator V, cannot be taken outside I, since in the linearized collision integral
the integrand contains among its coefficients quantities such as N, which depend on
the coordinates.

As already mentioned, the magnetic field is assumed so strong that wg, > v.. In
this section, however, we shall make the further assumption that

rpe = vT(Ich > Qe (59.10)

i.c. that wg, <€Q,; this places an upper limit on the field. When this condition is
satisfied, the field causes almost no curvature of the electron trajectories (and still
less of the ion trajectories) in the collision region, and so has no effect on the
collision process. The operator I therefore does not depend explicitly on the field.
Then, by symmetry, the right-hand side of equation (59.9) must have a vector
structure of the form v.bx V_p(r?); as regards the variable v, this is of the same
kind as on the right of (59.4), but with bx V, in place of V,. The solution of (59.9) is
therefore

B = = 1(v. 5 X (b X V1 o) = — (v . V. fa). (59.11)
wp, W Be

In the calculation of the current, a non-zero contribution comes only from ei
collisions: since, under the conditions assumed, collisions are a small effect, the
contributions to the conductivity from ee and ei collisions may be considered
separately, and this means, for example, that contribution from ee collisions is
calculated from the distribution function obtained by solving the transport equation
with only this collision integral on the right, as if the electrons did not collide with
the ions at all. In that case, the integral [ v&f? d’p with 82 in the form (59.11) is
zero, because the law of conservation of momentum in collisions with any
distribution function f, gives identically

J- vC..(f)d’p =0;

cf. §5.
Thus, in calculating the electric current, I in (59.11) is to be taken as the
electron—ion collision integral. Thent

Li(v . Vif()z) = - va(v)v. Vi)fm, (59.12)

*Cf. (44.1).. A formula of this type for C(f) is valid if collisions take place with particles which may be
regarded as immovable and if 8f has the form v- Ag(v), with A a constani vector. In the present case, A
is represented by the vector operator V,.
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where, from (44.3),

va(v) = 47ze*NLIm%*.

The contribution to the current from the distribution function (59.11), (59.12) is

«) eN, 2
J 30, V(v va(v))

_ 4V (2m)ze’ LN,

= 32
BT V(P T). (59.13)

To calculate the required transport coefficients, we must substitute the current
jo =i +§® in equation (58.13):

1
eN,

V.P. =:]TL+§/2Bijl+alViT +NBbXV,T, (59.14)
. 1

which determines these coefficients. First of all putting VT = 0 and collecting terms
of order 1/wg,, we find that

j(”IU_L + % Bb X j(!) — 0‘
whence

01 =37"2NI2 Py, (59.15)

where v,; (without argument) denotes
Vei = Vei(v1e) = dmze L NeJm T2, (55.16)

The quantity (59.15) is of the same order as the conductivity (43.8) in the absence
of the field, which here is equal to o}

Similarly, putting VP, = 0 in (59.14) and collecting terms ~ 1/wg,, we find

RBb X P+ NBbXVT =0,
whence
N =—vi27)?mcwl. = —3cN,j20,B*. (59.17)

The coefficient a; appears only in the next approximation with respect to 1/wg,;
its value for z =1 is

ay = 0.36(valwge)?. (59.18)

ELECTRONIC THERMAL CONDUCTIVITY

The heat flux in the plasma consists of electronic and ionic parts; let us first
consider the former. It is calculated as

Qe =3m J-vzv of.d’p. (59 19)
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In the first approximation with respect to 1/wg., substitution of (59.5) gives
q¢" == (m/2wp )b X V. . (v)vo)IN,
= — (mf6wg.}b X VN, (v,

whence

g’ =~ (5¢/2eB}b x V,P, T
= — (w/e)j"— (5¢P.,2eB)bx V, T, (59.20)

where w, = 5T/2 is the electronic heat function per electron. Comparison with the
definition of the coefficient & in (58.14) shows that

%, =-5cN.TI2¢B. (59.21)
In the next approximation, the integral (59.19) is to be calculated with the
distribution function (59.11). However, both ei and ee collisions contribute to the

heat flux. For the former, we again use (59.11) and (59.12), obtaining

q =~ (MNJ6wk )V (v va(v)),

whence
4
@4V (@m) () 2 [k f;’;ﬂ: V.(PIVT). (59.22)

To find from this the corresponding part of the thermal conductivity k;, however,
we must also use the condition j= §¥ +§? =0, since by (58.14)k, is defined in terms
of the heat flux in the absence of a current. With (59.7) and (59.13), we find that this
condition leads to the following relation between the pressure and temperature
gradients:

(/B XV, P, =il __g 1.
¢ V(Zw)mwf,, o

in the calculations, we everywhere neglect terms above the second order in 1/wg,.
Using this relation to calculate the sum ¢ + ¢*, we find

N 13 N.Tv,
= — = .23
Kie ™6V 27) mwg. (59.23)

This formula has a simple physical significance. In order of magnitude, the
thermal conductivity must be «, ~ C.D,, where C, ~ N, is the specific heat of the
electrons per unit volume, and D, the electron diffusion coefficient across the
magnetic field. The latter in turn is estimated as ((Ax)%)/8t, where ((Ax)?) is the
mean square displacement in the time &t. In a magnetic field, the transverse
displacement is due only to collisions, and the electron moves a distance ~ rg,.
Hence D, ~ vurk., which leads to (59.23).

Let us now deal with the contribution from ee collisions. The calculations here are
more laborious, and we shall only outline them,
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In (59.11), I is now to be understood as the linearized Landau collision integral:

Le(8f) = — divys'™,

where

2 ' 1
280p — WoW, aof. af & 35 of
tee) — 4y J-” of « { GOle | s e ¢, O0le o l__()ﬁ} 3
Sat 2we’L, w foe ap} fe aps fée o f‘ap,; d’p’ (59.24)

and w=v—v. The integral (59.19) with this distribution function becomes, on
integrating by parts,

= (112wk) I {v’s“ + 2v(v. s*N} d°p. (59.25)
The coefficient here is written so that 8f, in (59.24) is to be taken as (v . Vy)fq. The
differentiation V, need only be applied to the temperature T in the exponent of the
Maxwellian function fq.:
(v. V)foe = foe(mv?2TY) v. V, T
the terms arising from differentiation of the coefficient of the exponential cancel.}
After a simple though fairly lengthy calculation, the integral (59.25) is brought to

the form —«'@V, T, where}

4
(ec) — wL.e

w. V) ,
Kle m[{wvz+-(——r)—+ ...]fo,(p)f(,,(p Yydp d’p’,

w=v—V, V=4v+v), and the dots in the braces stand for terms containing odd
powers of w .V, which vanish on integration. Noting that

foe(P)oe(p') & exp(=mV*IT — mwl4T),
and carrying out the integration over d’p d’p’, we have finally

(ee) __ 2 N e TVef

Kie = T e 7 (59.26)
where
Vee = 4me* N L Jm'"PT (59.27)

Thus the total electronic contribution to the transverse thermal conductivity is

N Tve ( 13 ) (59.28)

K =—-V————l+-—z
e 3 'rrmw%,

4

=This is evident from the general property noted in §6: the collision integral for like particles is zero
for functions of the form vfa.

=The pressure gradient does not appear here, and so there is no need to eliminale it by means of the
condition j= 0.
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foNIC THERMAL CONDUCTIVITY

First of all, note that the condition wg; > v; for the approximation under con-
sideration to be applicable to ii collisions is stronger than for electrons. Since
vi ~ ve(m/M)'", and wg ~ wsMm/M, it follows from wg > v; that wg, > v (M/m)"?,
which is stronger than wgs. > ve; the condition rg; > a is certainly satisfied, being
weaker than (59.10).

The transport equation for ions is analogous to (59.2):

af(,; af(), af(), ze aﬁf.
da =—i Al It . X
ar TV ar —+zeE - ap p vXB ap + 1(5f3) (59.29)

As regards the transformation of the left-hand side, however, there is a difference

from the electronic case. Substituting

N; s
foi= @aTM)™ exp{—M (v — V) [2T},

we must now differentiate V with respect to t (and then again assume that the
frame of reference is so chosen that V =0). With V=0 we have from the equation
of motion in fluid dynamics

ﬂ=—lVP+—l—ij,
bl p pc

where the pressure P = P, + P; and the density p = N;:M. The transport equation

then becomes

v.Vlfo.—%v (VlP—%jXB)=—ZC—evXB-%+I(8f.-), (59.30)

where we have again, as in (59.3), put E=0 and written V, in place of V.}

We can solve equation (59.30) by successive approximation with respect to 1/wg.
In the first approximation we have, analogously to (59.5),

f"’——v bx(Vlfo, Jo g py f"'T,xB)

N.T cN
In this approximation, from (59.7), V.P. = j X B/c, whence
5 = —‘ v.bX (v Soi— f" V,Py ) (59.31)

This distribution function gives, of course, no contribution to the

tFor electrons, the second term on the left would contain not Mlp but m/p=m/MN,, thus being
negligible.
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current, [ 5f"vd’p =0, as we should expect in a frame of refercnce where the

ionic component of the plasma is at rest. The heat flux is then

¢’ =1iM f vlv 5f " d’p

= (M/6wgi)b X [V,(Ni(v)) -~ ((v)/ T)V. P}
= (5cPi{2zeB)Bx VT,

whence

% =5cNTI2zeB* = — %,]z*. (59.32)

To calculate the heat flux in the next approximation, only ii collisions are
important: ei collisions make a contribution that is smaller by a factor~ (m/M)'%,
because the ion momentum change in collisions with electrons is small. The
calculations are exactly similar to those given above for ee collisions.t The ionic
part of the thermal conductivity is therefore obtained from (59.26) on replacing the
electronic guantities by ionic ones:

w1 = 2N Tval3V aMwd;,  vi = 4wz’ LNJM 2T, (59.33)

A comparison of (59.33) and (59.23) shows that (when z ~ )k,; — ki (MIm)"%
Thus, in fields so strong that wg; > v;;, the transverse thermal conductivity is almost
entirely ionic. The electronic conductivity becomes comparable when wg —~
(On/M)"v;; in making the comparison, it is to be taken into account that in such
fields the effect of the magnetic field on «, is negligible. In still weaker fields, the
ionic contribution to k, becomes unimportant; in that case, if wpe > Ve, K, Is given
by (59.28).

ViscosiTy

The momentum of a moving plasma is concentrated mainly in the ions, and the
viscosity is therefore determined by the ion distribution function. Since collisions
between an ion and electrons do not greatly change its momentum, only ion—ion
collisions need be taken into account in the transport equation.

The left-hand side of the transport equation (59.29) is transformed in the same
way as in §86 and 8, and takes the same form as there.f Thus the transport equation
for the viscosity problem is

(MIT)v,,vﬂ(V.,p —%8,#; diV V)f()i = —(ZGICM)V XB. 68f;l6v + Iii(sfi)- (59.34)

The solution of this equation is to be sought in the form

4
8fi = 2=0 gn(vz)vsy"&)v'yvsy (59.35)

tThe term in VP, which distinguishes (59.31) from (59.5) is unimportant here: this part of the
distribution function is « vfo;, and has zero collision integral; cf. the last-but-one footnote.

$Here it must be noted that the plasma pressure P = (Ni+ N,)T = Ni(1 + z)T, and the heat capacity
per ion is 3(1 + 2)/2.
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where the V% are linear combinations of the components ot the tensor Vg, which
appear in the expression

4
Top= 2 Vel (59 36)

for the viscous stress tensor, according to the definitions (13.18) and (58.15); it will
Le recalled that all the V&%) = 0. The stress tensor is calculated as the integral

—Ou = J- Muavp 8fid’p.

Substituting (59.35), averaging over the direction of v by means of the formula
(vavﬂv,vs) = ,—'sv“(&,ﬂ 815 + 8,,7 8p5 + 8,,5 Spy) N

and comparing with (59.36), we find
e =— (2M/15)Jv4g"(v2) d’p. (59.37)

The equations which determine the functions g, are obtained by substituting
(59.35) in (59.34) and equating the coeflicients of the various tensors V' on the two
sides of the equation. We shall omit the details of these fairly laborious cal-
culations, and give only the final results.

Non-zero viscosity coefficients 73 and 74 arise even when the collision integral is
neglected, and are therefore proportional to 1/wg. The coefficicnts 7, and 7, arise
only in the next approximation, when collisions are taken into account, and are
therefore proportional to 1/w%:t

M =14m2 = 21"(2e) LINIS(MT) i,

1 (59.38)
m =111 = N.T2wp.

Lastly, it may be noted that all the expressions derived in this section for the
“transverse” transport coefficients remain meaningful even under conditions less
stringent than the general formula (58.1). It is easy to see that the correction to the
distribution function is small provided that the characteristic dimensions of the
problem are large in comparison with the Larmor radius ry of the corresponding
particles; this ensures that the above expressions are applicable. The condition is
sufficient also for the applicability of the equations of fluid dynamics themselves,
if the pressure and temperature gradients are everywhere transverse to the mag-
netic field.

In this discussion, we have everywhere considered a plasma in which the
electron and ion temperatures are equal. However, “two-temperature” conditions

tThe suitability of defining the viscosity 7o for a magnetoactive plasma as in (58.15) is due to the fact
that all the other coefficients 7 then tend 1o zero as B -,



§60 The Drift Approximation 255

often arise. because of the large mass difference between electrons and jons. In
such a case, we can again formulate equations of the fluid dynamics type, and
calculate the transport coefficients that occur in them.t

PROBLEM

A plasma inhomogeneous in the x-direction is confined by a magnetic field in the z-direction. With the
condition wre > vei, determine the density and magnetic field distributions in the plasma, assuming the
temperature distribution given (I.E. Tamm 1951).

SOLUTION. The gradients of the temperature T and the pressure P are in the x-direction, and so is
the electric field E (a potential field in the stationary case) which results from the inhomogeneity of the
plasma. The confinement signifies that there is no movement of the plasma or electric current in the
x-direction: V. =0, j, =0.

Using these results and Maxwell’s equation curl B =4mjlc, we obtain by taking the y-component of
(58.13)

(c/4m)dBldx = —j, = No.B dT/dx.
Substitution of (59.17) for .No. gives

d (B? 3..dT
E(E)__iN'El N

The magnetic field is “expelled™ from the hotter parts of the plasma.
By taking the x-component of (58.3) and neglecting the viscosity terms which make a contribution of a
higher order of smallness in 1/B, we obtain a second equation.
d(P. + Pi)ldx = j,Bc,
which by means of the same Maxwell’s equation can be converted (when z = 1) to

2N,T + B/87 = constant. Q)

Eqnation (1) may be put in a more convenicnt form by eliminating the magnetic field by means of
equation (2). After integration, we have
N.T" = constani. 3)

The formulae (2) und (3) give the solution. The temperature distribution comes from the equation of
thermal conduction.

§60. The drift approximation

In examining the transport coefficients of a plasma in a strong magnetic field
(§59), we used the Landau collision integral, which assumes the inequality rg. > a
(59.10). We shall now show how this limitation may be removed, i.e. how formulae
may be obtained which are suitable even for fields so strong that the opposite
inequality holds for electrons:

ree <a. (60.1)
Here it is convenient to make use of a particular approximation called the drift
approximution, made in the transport equation itself and not only in the solving of

1This topic is dealt with by S. I. Braginskii, Transport processes in a plasma. Reviews of Plasma
Physics 1, 205, Consultants Bureau. New York, 1965,
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it. The drift approximation is valid if the magnetic and electric fields vary
sufficiently slowly in space and time: the field frequency w and the effective
collision frequency v must be small in comparison with the Larmor frequency, and
the characteristic distance 1/k over which the fields vary must be large compared
with the Larmor radius. These conditions must be satisfied for each type of particle
to which the drift approximation is applied. In the present section, we shall write all
formulae for the particular case of electrons; the corresponding formulae for ions
are obtained, as usual, by making the changes e - —ze, wg = —wgi, m = M, Thus we
shall assume that

W, Vei <€ Wpge, l”\ > rpe. (60.2)

The method in question is based on approximately solving the equations of
motion of charged particles in specified fields E(t, r) and B(1, r), taking account of
the slowness of variation of these with t and r. The motion of particles in such
ficlds is a combination of a rapid rotation (with frequency wy,) in circular Larmor
o1bits and a slow movement of the guiding centres, i.e. the centres of these orbits.
The method of solution is to separate the rapidly oscillating component of the
motion and average over it.

The position vector and the velocity of the electron may be written as

r=R(1)+{(1), v=V+{ V=R, (60.3)

where R is the position vector of the guiding centre, and ¢ the oscillatory position
vector of the electron relative to it.t In the zero-order approximation, where the
space and time variations of the field, and collisions, are entirely neglected, we
have simply a motion in crossed uniform and constant fields E and B. As we know
(see Fields, §22), the vector £ in this case is exactly in the plane perpendicular to B,
and rotates in that plane with a constant angular velocity wg. = eB/mc, remaining
constant in magnitude. The radius || of the circle is related to the constant speed
[€] = v. by |¢] = v_lwp.; the vector relation between £ and £ is

{=—-bx g, (60.4)
where b= B/B. The centre of the orbit moves with velocity
R = V() = U()"b + Wo,

where vy is the speed of the uniformly accelerated motion along the magnetic field,
which satisfies the equation

miy=—eb.E (60.5)
and .
wo=R,=(c/B)EXb (60.6)

is the electric drift velocity in the plane perpendicular to B.1

+The quantity V in this section is not to be confused with the macroscopic velocity denoted by V in
§59.

tHere we assume. of course, that E/B < 1, so that w < ¢ and relativistic effects may be neglected.
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From now on, we shall use this approximation, neglecting terms arising from the
non-constancy of the fields E and B, i.e. shall regard these fields as constant.
Accordingly, the suffix 0 will be omitted from all quantities.

The essence of the drift approximation is to change, in the transport equation, to
the slowly varying quantities R, v and v, =|{|. These together constitute five
independent variables in the distribution function.

The phase volume element in the new variables is

d'xd’p =d’R.2mn’ dyy. v, dv,
=2mm’d'R dudJ, (60.7)

where the guantity

J =1’ (60.8)
will be convenient later. As regards the derivation of (60.7) it must be remembered
that in the approximation used the ficlds may be regarded as constant,

The electron current density can be expressed in terms of the new variables. For
one electron, the current density is —ev8(r —r.), where r denotes variable coor-
dinates in space, and r, the position of the electron. Puttingv=V +{ andr, = R+ ¢,
we write

—ev8(r—r.) = —e(V+O)[6(r—R) - ¢ - V.(r - R)].

We average this expression over the angle of rotation by means of the obvious
relation

wpellalb X £)g) = (LLp) = 101 80ps

where a and B are two-dimensional vector suffixes in the plane pc:pendicular to
the magnetic field. The result is

—eV8(r— R)+ (incJIB)b XV, 8(r — R).

Multiplying this by the electron distribution function f. and integrating over
d*p =27m’ diydJ, we find the current density in R-space: T

je=—¢€ J Vf.d’p — (mc|B) curl (b[lf,d’p). (60.9)

The first term here corresponds to charge transfer with the moving Larmor
orbits; the second term takes account of the rotation of particles in these orbits,t
and has a simple physical significance: if it is written as ¢ curl M, the vector

M= —(mbIB)J-f,Jde (60.10)

tWith integration by parts in the second term, which transfers the operator V. to bf.

tA similar averaging of the charge density —ed(r—r,) gives the usual expression —ef f. d’p:
correction lerms due to the rotation of the pariicles would appear here only when second-erder small
quantities (second derivatives with respect to the coordinates) were taken into account.



258 Plasmas in Magnetic Fields

is the magnetization of the plasma due to the rotation of the charges. The magnetic
moment (60.10) is independent of the sign of the charges and is in the direction
opposite to the magnetic field, i.e. corresponds to diamagnetism.

Let us now transform the transport equation to the new variables. Since the
distribution function f, relates to the same element of phase space as before, which
is simply put in the different form (60.7), the transport equation again has the form
df.ldt = C({.), or, expanding the left-hand side in terms of the new variables,

o, ofe co . o
ar TUaR, T BEXP 3R]

= C(f.), (60.11)

where we have used an obvious notation for the components of the vectors, and
taken account of (60.5) and (60.6). In this approximation there is no term in v,,
since v, does not vary during the drift.

Next, let us express the collision integral in terms of the drift variables.t Note
first of all that a collision in these variables is an ‘“instantaneous” change in the
velocities vy and v, and the components R, perpendicular to the magnetic field, of
the position vector of the guiding centre. The parallel component R) is almost equal
to the corresponding coordinate of the particle itself, and is unchanged in the
collision.

Collisions occur only between particles which pass at impact parameters p not
exceeding the screening length a: p < a. If p is much less than the Larmor radii of
the colliding particles, the magnetic field has no effect on the scattering process,
since at such distances the field causes no appreciable curvature of the particle
trajectories. It is not natural to describe such collisions in terms of the drift
variables. The use of the collision integral expressed with these variables is
therefore appropriate only when for at least one of the colliding particles rp <€ a.

In a Coulomb interaction of particles, with or without a magnetic field present,
distant collisions, and accordingly small changes in all the variables, are important.
The derivation of the collision integral in p-space given in §41 therefore remains
valid in the space of the variables R, = (X, Y), vy, J (with the z-axis along the
magnetic field), if we now replace the momentum components by the four variables
a{X, Y. v, J} and take Ag,, Ags,... to be the changes in these variables in
collisions.

The collision integral is again brought to the form

4
C{f)y=- kEI as./ ogy
= - 35,]3R, — dsyldvy— 3s,]aJ (60.12)

(the flux s, has, by definition, components only in the plane perpendicular to B).
Here it is important that the volume element in the space of the variables g
reduces simply to the product of their differentials; the collision integral is
therefore an ordinary divergence. The proof given in §41 needs only slight

1This was done by E. M. Lifshitz (1937) for an electron gas, and the result was generalized to plusmas
by S. T. Belyaev (1955).
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changes. First of all, in (41.2) we have used the fact that Ap= q = —Ap’, by the law
of conservation of momentum. For the drift variables considered here, there is of
course no such relation. Repeating the derivation without this assumption, we find
for electron—ion collisions (for example)

4

3| €ogateafotioga + gabgofafiogd dp,  (60.13)

s aei) —
f

where d’p; =2wM?*dJ;dvy, the Ag: are the changes in the quantities g, in a
collision, and the angle brackets denote averaging over collisions.

An important point in the derivation of (60.13) is the possibility of interchanging
the initial and final states in the collision integral, after which the terms linear in Ag,
evidently cancel; this also allows the integration to be taken over all g-space. In
§41 this transformation was effected by virtue of the symmetry under time
reversal, which relates the probabilities of direct and reverse collisions. When a
magnetic field is present, this symmetry exists only if the direction of the field B is
reversed, and therefore relates the collision probabilities in essentially different
fields. However, we shall see that in this case the symmetry under time reversal is
restored by integration over impact parameters.

Lastly, in (60.13) we have used the fact that mutual scattering of Larmor orbits
occurs only when they pass at distances not exceeding the screening length a.
Assuming that the distribution function varies only slightly over such distances, we
have put approximately fi(R;, vy, J;)) = fi(R., vy, J;) and integrated over d*R;. This has
left in (60.13) only the integration over d’p;; the averaging over collisions includes
integration over the positions R;. In specific cases below, this averaging will be
expressed by means of the appropriate scattering cross-section. ‘Here we shall
simply note that the mean values (AR AJ), (AR, Auy) are zero, as is seen from the
fact that the products AXAJ, AYAJ (and the same with Ay in place of AJ) form a
vector in the xy-plane. Since there are no preferred directions for the Larmor
orbits in that plane, this vector must give zero on averaging.

An important property of the collision integral in the drift variables is that when
it is included in the transport equation there is a change in the expression for the
particle flux (in ordinary space) in terms of the distribution function. To see this,
we write the transport equation as

e [ OVI) 9 oy OSes 3sq  3Se
at T oR, Taq WIS TR, Ty A (60.14)

V can be taken under the differentiation, since B and E are assumed constant.
Integration of this equation over d’p gives

6N,Iat+divRJ-(Vf,+su) d’p=0, N, = er d’p, 60.15)

where the suffix e to the electronic variables is omitted for brevity; N, is the spatial
number density of orbits, and the expression acted upon by divy is therefore the
flux of orbits. We see that the ordinary expression [ Vf, d’p is augmented by the
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collision term f's., d*p, which is essentially the diffusion flux transverse to the
magnetic field. With this description, in contrast to the ordinary description of
diffusion, it appears directly in the transport equation.

When these expressions are used we must, of course, take account of the fact
that the electric current density is related to the flux of actual particles, not of
orbits. According to (60.9), the flux of particles differs from the flux of orbits by a
curl term which represents the magnetization. The final expression for the electron
current density is therefore

jo = ~e f Vf. &’p — (melB) curl (bJ-f,Jd‘p)—-J-es“ d'p. (60.16)

The significance of the expression (60.13) can be appreciated only when the mean
values in it have been evaluated. We shall show how this done for the case of the
electron integral in electron-ion collisions.

The calculations are done in different ways in two ranges of values of the impact
parameters p, specified by the inequalities

N p<rpe, (l)rg.<p<a. (60.17)

The integrations with respect to the parameter p will be logarithmic, as is usual for
Coulomb scattering. With logarithmic accuracy, no distinction is necessary be-
tween strong (>) and weak (>) inequalities. The ranges (60.17) therefore cover
essentially the whole variation of the impact parameter; in accordance with (60.1). it is
of course assumed that rg, < ¢. For the existence of range L, it is also necessary that

Tge > Pmin = ze*Imvi,, (60.18)

where pn, is the impact parameter for which the scattering angle becomes ~ I; we
are here considering only the quasi-classical case e/fivy, > 1.

We shall also suppose that rg; = a. Then, for all impact parameters p =< a, the
influence of the magnetic field on the motion of the ions (in a collision) is
unimportant: the ion path is only slightly curved by the field at distances ~ p. We
can neglect the ion recoil in the limit m/M — 0, i.e. take as zero the changes in all
the ion characteristics R,, vy, J.1 Then the second term in the braces in (60.13)
vanishes, so that the electron—ion part of the electron current becomes

0 = %N,-(AXGAX,;)““ fd 9. (60.19)

The quantities (AX,AX},) form a spatial tensor transverse to the field, which we
write in the explicitly transverse form

(AX.AXg) = (AR, )(Sup — babp); (60.20)

tThis cannot be done if there are impact parameters such that a ® p > rg. In such collisions, the ion
drifts in the field of the electron, and its large mass does nol take effect.
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the flux (60.19) then becomes

s = —IN{(AR )V, f., (60.21)
where V = Vg —b(b. Vg) is the operator of differentiation in the directions trans-

verse to b.
The expressions for the “velocity fluxes” analogous to (60.19) are

s{ = —IN{((Ae))Yof Jav+ (AvgAT Yaf Jad }, ]

s = —IN{A e ATYaf au+ (AT Y af Jad ). (60.22)
In equilibrium, i.e. for a Maxwellian distribution
f. = constantxexp{—-%@ vi+])}. (60.23)

the collision integral must be zero. Substituting (60.23) in (60.22) and equating the
fluxes to zero, we have

(AgATY D = — (A = ~ (1 y(AT ). (60.24)

Let us first calculate the contribution from range I, where the magnetic field ¢an
be supposed not to influence the scattering process, since at such distances there is
no appreciable curvature of the path for ions or electrons. The natural variable to
describe the collision is then the ordinary momentum p of the electron, and the diift
variables must be expressed in terms of this. According to (60.3), (6U. ‘) and (60.8),

r=R—(l/mwg)bXp;, vy=pym, J=pY2m".

Since the coordinates r of the particle, unlike the coordinates R of the orbit centre,
are unaffected by the collision, we hence find

AR, = (Hmag)b X q, Apy=qim, AT =(1/mYp_.q,, (60.25)
where q is the small change in the momentum p.

Denoting by the suffix I the contribution from this class of collisions, we now
write

{AR_P) = J (AR Yvdo =(l/mw}i.) J q.lvdo, (60.26)

where do is the cross-section for scattering of an electron by an ion at rest. With
do given by (41.6), the integration gives

(AR, P = % Y1 +cos 6), (60.27)
Bel
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where 6 is the angle between v and b, and
Li=log(mrgv}./ze?) = log(mv ./ zelwp.) (60.28)

is the Coulomb logarithm cut off at a maximum impact parameter p ~ rg. (the upper
limit of range I). Finally, expressing this result in terms of the drift variables, we
have

gnz’e’c’Ly ol +J

((AR.L)Z)IW.) = B? ( v112 ¥2J )3/2 . (60.29)

A similar calculation gives

(i) . 81722641_4 .’Uﬂ
{(Ayiad ) m? (v"z +27 )sz s

(60.30)

and the remaining two quantities are determined from (60.24).

Let us now turn to range 1I. Here the drift variables are the natural ones, and the
collision is described as a drift deflection of an orbit moving in the direction of b
(the z-direction) in the Coulomb field of the ion at rest. The speed v, and therefore
J are not changed by the drift; this in turn implies the conservation of vy, because
of the conservation of energy in scattering by a heavy ion. Hence range II makes
no contribution to the quantities (60.24).

The contribution to {(AR,)?) is calculated as

(@R = (OR,ulde = [ (AR.Yfofd’p. (60.31)

where p is the position vector of the orbit centre (thc value of R,) before the
collision. The change in R, as the orbit travels in a constant uniform magnetic field
B and a constant electric field E = ezR/ R’ (the field of the ion) is determined by the
drift equation

dR,[dt = (¢/|B)b X E = (zec| B)b X R, [(R{ + R ,*)"; (60.32)

see (60.6). In the first approximation, we can put on the right of this equation R, =~ p,
Ry = yt. The total change in R in a collision is found by integrating (60.32) with respect
to t from — to o, and is

AR, = (2zec| Blvj)b % plp*. (60.33)

Substituting this expression in (60.31) and carrying out the integration (with
logarithmic accuracy, corresponding to the limits of range 1), we find

(AR = 872’’’ LBy, Lu=log(alrs.). (60.34)

The contributions (60.29) and (60.34) are in general of the same order of
magnitude:

Nl((AR_L)z) -~ Veiriie 3
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where v; is the mean electron-ion collision frequency. The particular feature of
(60.34) is that it becomes infinite as v;— 0, whatever the value of v,. The physical
significance of this divergence is that when the speed vy is small the orbit spends a
long time in the field of the ion, during which the drift carries it to a great distance.

In reality, of course, formula (60.34) becomes invalid when v is small, for a
variety of reasons: (1) if rg; > a, then for Ju] < vy the ion can leave the electron
during the collision time, and this mechanism cuts off the divergence at |vf ~ vr; (2)
in deriving the formula, it is always assumed that JAR,| <€ p; (3) the orbit can leave
the ion in question because of drift in the field of other particles (a three-body
collision).

The above formulae solve the problem of constructing the transport equation in
the drift approximation. In particular, it enables us to find the transport coefficients
for the plasma in the first non-vanishing approximation with respect to 1/B; see
Problem 1.

Lastly, it has to be explained how the integration over d?p formally restores the
symmetry under time reversal, as already utilized in writing (60.13). The loss of this
symmetry is shown by the change in sign of the deflection AR, in (60.33) when the
direction of B is reversed. The previous sign can be restored, however, by changing
the sign of the integration variable, p — —p, so that the change in the sign of B can
have no effect in this approximation. (In range I, the magnetic field never affects
the scattering process.)

PROBLEMS

PROBLEM 1. In the drift approximation, determine the Hall cocfficient ? and the transverse
conductvity o, of the plasma (S. T. Belyaev, 1955).

SoLUTION. Considering a plasma wilh an electron density gradient (but with no eleclric field or
temperalure gradient), we assume the distribution function fo Maxwellian in (60.16) and (60.21),
obtaining

j=(cTIB)bx VN, + eD,V,N,,
the transverse diffusion coefficient being
D =IN{(ARDY,
where the bar denotes averaging over the Maxwellian distribution of the electrons. On comparing with
the general expression (58.13), we find in the first approximation with respect to 1/B the previous
expression (59.8) for . In the next approximation,

o: = T|e! N.RB’D: . (H

In range II (see (60.17)), we take ((AR})) from (60.34). With logarithmic accuracy,
lel™ = (mpaTY? | exp(—mef12T)duvy|vf

= 2(mf20T)" log(vrd Veu)

where vma 1s determined by one of the mechanisms mentioned at the end of the section. For example,
putling vmin~ vri, We find

DY = [(2am)2%e ¢ INJT ' B*] log(MJm) log(a/ ree) - @
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Similarly, taking ((AR.)") from (60.27), we find the contribution to the diffusion coefficient from range I
Dy = [4Q2mm) P2 ANJIT B log(mv el 26 wpe) - 3)

If the inequality (59.10) opposite to (60.1) is assnmed to be satisfied, then range Il does not exist. and
the logarithm in (3) is replaced by its ordinary Coulomb value (41.10), Then substitution of (3) in (1)
gives formula (59.15) for a..

PROBLEM 2. Determine the transverse diffusion coefficient D. for collisions between electrons and
neutral atoms.

SOLUTION. Because the electron-aton interaction is short- -range, there is only range 1, in which « is to
be taken as the size of the atom.t Formula (60.26) also remains valid, but we must now substitute in it
the cross-section for electron scattering by a neutral atom. After integration over angles, D is
expressed in terms of the transport cross-section «: for this scattering:

D, =iNJ(AR ) = (NJ2whe) v 'on.

where N, is the nuinber density of atoms. With the cross-section o independent of the electron speed,
we have on averaging over the Maxwellian distribution

D 2 (2 r)”- N.an
C (um )

m

tThere may be some doubt as to the applicability of the collision integral (60.12) for scattering by 2
short-range potential, which of course occurs with angles of the order of unity. It is easy to see.
however. that in this problem only the change in position of the orbit centre, AR, ~ rg., need be small in
comparison with the characteristic distances over which the electron density varies; this corresponds to
the condition for the equation of transverse diffusion to be applicable (cf. the end of §59).



CHAPTER VI

INSTABILITY THEORY

§61. Beam instability

ACCORDING to the results of §34, the ampliiude of a perturbation wi.h wave vector
k in a homogeneous unbounded medium has the asymptotic form (a~ t —» =)

¢ Ttk 61.1)

where w(k) is the frequency of waves propagating in the medium. In particular, for
longitudinal waves in a plasma the frequencies w(k) are the roots of the equationt

g(w. k)= 0. 61.2)

The frequencies w(k) are in general complex. If the imaginary part imo = —y <
0, the perturbation is damped in the course of time. If, however, v <0 in some
range of k, such perturbations grow: the medium is unstable with respect to
oscillations in that range of wavelengths, and |v| is then called the instability growth
rate. We should emphasize immediately that, in referring to an “unlimited” in-
crease of the perturbation, as exp(|y|t), we are considering here and subsequently
only the behaviour in the linear approximation. In reality, of course, the increase is
limited by non-linear effects.

In a collisionless plasma, the imaginary part of the frequency is due to Landau
damping. The thermodynamic equilibrium state of the plasma, corresponding to the
absolute maximum of the entropy, is stable with regard to any perturbation.
However, it has already been noted in § 30 that, for non-equilibrium distributions in
plasmas, the absorption of energy of the oscillations may be replaced by am-
plification. This is shown by the appearance of a range of values of the independent
variables k and o (w>0) in which the imaginary part of the permittivity is
negative: €(w, k)< 0. It must be emphasized, however, that the existence of such
ranges does not in itself necessarily signify that the plasma is unstable (at least in
the linear approximation); some branch of the plasma oscillation spectrum must
also actually fall in this range.

A typical instance of instability is afforded by a directed beam of electrons
passing through a plasma at rest (A. I. Akhiezer and Ya. B. Fainberg 1949, D.
Bohm and E. P. Gross 1949). The beam is assumed to be electrically compensated:

1For an anisotropic plasma, this dispersion relation refers to quasi-longitudinal “slow™ waves (see
2).
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the sum of the electron charge densities in the plasma and the beam is equal to the
ion charge density in the plasma. The system is homogeneous and unbounded, i.e.
both the beam and the plasma extend throughout space, and the directed velocity V
of the beam is everywhere the same. We shall assume that V is non-relativistic.

Let us first suppose that both the beam and the plasma are cold, i.e. that the
thermal motion of their particles is negligible. The necessary condition for this will
be ascertained later.

In the electron oscillation frequency range, the longitudinal permittivity of the
plasma-beam system has the form

_ Qez Qelz
€lw.k)— 1= ! -—m.

(61.3)

The first term on the right corresponds to the plasma at rest; Q, = (4we’NJ/m)"? is
the corresponding electron plasma frequency. The second term is due to the beam
electrons. In a frame of reference K’ moving with the beam, the contribution of the
beam electroas to & — 1 is —(£,'w')’, where o' is the oscillation frequency in that
frame, and (), = (47we’N,'Im)'” (N.’' being the electron density in the beam). On
return to the original frame K, the frequency «’ is replaced by

w'=w-k-V, (61.4)

and we have (61.3).1
We shall assume the beam density to be small, in the sense that

N, <N, (61.5)

and so 1.’ <(},. Then the presence of the beam changes only slightly the principal
branch of the spectrum of longitudinal oscillations of the plasma, i.e. the root of the
dispersion relation ¢ =0 for which w=~(),. As well as this branch, however,
another branch appears, on account of the presence of the beam, which we have
now to consider.

In order that the term with the small numerator €, should not disappear from
the disnersion relation

Q2 Q2

—Jf+_—(w—k-v—)2= 1. (61-6)

this smallness must be compensated by that of the denominator. We therefore seek
the solution in the form w =k -V + 8, where § is small. The equation then becomes

Q2 o2
TR ! (61.7)

1The law of transformation for the frequency is easily found by transforming the phase factor of the
wave. The position vector of a point in the frame K’ is r' = r— Vt. Hence

k-r~ot=k-r'—(w—-k-Vit=k-r— o't
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whence
— 4+ Qe’ .
N RO (©1.8)

the condition § <k-V requires that [k- V| should not be too close to {}. The
assumption that the plasma is cold implies that kvr, < w, and in the present case
therefore that vy, <€ V: the speed of the beam is much greater than the thermal
speed of the plasma electrons.

If (k- V) > Q7 then both roots (61.8) are real, and the oscillations do not grow.
If, however,

(k ° V)I < -Qeza (6 1.9)

the two values of & are imaginary, and the one for which imw =im & >0 cor-
responds to growing oscillations. The system is thus unstable with respect to
oscillations having sufficiently small values of k - V.

A different situation occurs when the thermal motion of the electrons is taken
into account. In the general case, we have in place of (61.3)

&(w, k) = (0, k)~ Q/(w ~ k- V), (61.10)

where ‘€™ pertains to the plasma in the absence of the beam. Solving the equation
¢ =0 by the same method, we now find

8= =0/ [[ef(k- V, k)" 61.11)

Because of the Landau damping, €/ always has an imaginary part (for any k).
Consequently, & is always complex, and by virtue of the double sign in (61.11)
im 8 >0 for one branch of the oscillations, i.e. these are unstable. For large V,
corresponding to the cold-plasma case discussed above, the part of im ¢ due to the
Landau damping becomes exponentially small, and we return to (61.8).

In the above analysis, the thermal spread of electron speeds in the beam has
been neglected. This is justifiable if the amount of it

vi <|5|/k. (61.12)

PROBLEMS

PrOBLFM 1. Determine the boundary of the beam instability region in a cold plasma for values of
k' V close to (.

SoLUTION. For small values of (k - V)’ ~ (/. (61.7) is insufficiently accurate. Retaining the term of the
next order in § in the equation € = (, with ¢ from (61.3), we obtain

0l 9 L2008 2Ak-V-00) 25
T TRV RV 0. .

With new variables £ and 7 defined by

8= £G00)", =N K- V-0,
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we reduce this equation to
E+rtt= n

(taking the particular case where k * V is close to + Q.. not to —(1). All three roots of equation (1) are
real if 7> 3.2 ¥, and this determines the instability region. Two of them correspond to the two roots of
{61.6), and the other corresponds to the oscillation frequency of the plasma at rest. which is close to
them if ), =~k V.

PROBLEM 2. Investigate the stability of ion-sound waves in a two-temperature plasma (T.» T,) in
which the electron component moves relative to the ion component with a macroscopic velocity V, and
V < pre.

Sol1 OTION, With the condition V < vy, the directed motion of the electrons has hittle effect on the
dispersion relation for the ion-sound waves, which is again given by (33.4):

fﬂ—(ﬂt " ! 2)
v e ’

L he electronic purt of the damping rate is found from (33.6) by the chunge (61.4):
v =k« V - w)(mzm/8M)"'’ 3)

I'he instability condition is k<V > @ for this to be so, we must always have V - /K. Near the
instability Emit. 1he factor k- V — o in (3) is small, and it may then be necessary to take account in vy of
the ionic part of the damping, which in ordinary conditions is small.

§62. Absolute and convective instabilities

If the dispersion relation has roots in the upper half-plane of w, a small initial
perturbation in the form of a plane wave will grow, i.e. the system is unstable with
respect to such a perturbation. In reality, however, any initial perturbation is a
wave packet of finite extent in space, and the plane waves are only its separate
Fourier components. In the course of time, the packet spreads out. and its
amplitude (in an unstable system) increases. Simultancously it moves in space, like
any wave packet. Here there are two possibilities.

In one case, regardless of the movement of the packet, the perturbation increases
without limit at every point in space. This is called absolute instability. In the other
case, the packet moves so quickly that the perturbation tends to zero as t — o« at
any fixed point; this is convective instability.

We must emphasize immediately that this difference is a relative one, in the
sense that the nature of the instability has to be defined in relation to a particular
frame of reference, and may be different in different frames: an instability con-
vective in one frame becomes absolute in a frame moving with the wave packet,
and an absolute instability becomes convective in a frame that moves sufficiently
rapidly away from the packet.

This, however, does not mean that the difference between the two types of
instability has no physical significance. In actual problems, there is always an
experimentally preferred frame of reference relative to which the instability is to
be considered. The permissibility of regarding a physical system as infinite in
extent does not exclude the fact that it really has boundaries such as walls, which
constitute a laboratory frame of reference. Moreover, the actual boundedness of
the system may have the result that in convective instability the perturbation is



unable to develop before the packet is carried out of the system (tor example, by
the flow of liquid in a pipe).

The theory below, which leads to criteria distinguishing the two types of
instability, is a very general one.t The system may be any that is homogeneous and
infinite in at least one (the x) direction. We shall therefore not specify here the
nature of the medium and the perturbation in it, denoting the latter by some (¢, r)
and considering only the case of a one-dimensional packet. For a three-dimensional
system, this means that the perturbations considered have the form

(e, 1)y = (8, x)e' B+

with given k; and A..

Let us express (t, x) as a one-sided Fourier expansion with respect to the time
from t = 0 (the instant when the perturbation arises) to t = %. The components will
be denoted by ¢(w, x):

o(w, x) = L "t x)edt. (62.1y

We shall have to consider perturbations which increase as t — «. We shall assume,

what is in fact true, that this increase is not more rapid than an exponcntial

exp(ayt). Then the integral (62.1) can be made to converge by regarding w as a

complex quantity with im w = o > . In this region, ¢(w, x) has no singularity as a

function of. the complex variable w. In the region im w < gy, however, ¢(w, x) is to

be treated as an analytical continuation, and here it has singularities, of course.
The inverse expression for (t, x) in terms of its Fourier transform is

~tic

(L, x) = J- e “o(w, x)g—:, 62.2)

with ¢ > gy, so that the contour of integration (which we shall call the w-contour)
passes above all singularities of ¢(w, x) in the upper half-plane of .

The function ¢(w, x) in turn can be expanded as a Fourier integral with respect
to the coordinate x:

e(w, ¥)= I Y& e "“dk, (€2.3)

7T
for brevity, the suffix in k, is omitted.

The function ¢&? is obtained in each specific case by solving the linearized
“equations of motion” of the system concerned:

o = gl Aw, k), (62.4)

tSuch a criterion was first established by P. A. Sturrock (1958). The formulation given below is due to
R. . Briggs (1964), whose analysis we shall largely follow in §§62-64.
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where g, is determined by the initial perturbation, and A(w, k) is a characteristic of
the system itself. For example, in a plasma the “‘equation of motion” is the
transport equation, A(w, k) is the longitudinal permittivity of the plasma, and g, is
expressed in terms of the Fourier component of the initial perturbation by (34.12).

We shall assume that g« as a function of the complex variables w and k has no
singularity for finite values of these variables, i.e. is an entire function of them.¥
Then all the singularities of ) are singularities of the factor 1/A(w, k). The
equation

Alw, k)y=0 (62.5)

is the dispersion relation of the system. Its roots w(k) give the frequencies of
oscillations with specified (real) values of the wave number k. As we have seen in
§34, it is these frequencies which determine the asymptotic (as t — ») law of time
variation of the Fourier component of a perturbation with a specified value of k:

(1) o i = gl

On this basis, the determination of the asymptotic law of variation of the pertur-
bation at a given point in space would require the investigation of the integral

w(r, X) o J’e—uu'(k)lem“(k)leila dk. (62-6)

In the presence of instability, when w"(k) >0 for some range of values of k, one
factor in the integrand increases without limit as t »> o, and the other oscillates
indefinitely rapidly. These opposite tendencies make it difficult to estimate the
integral.

Instead, let us return to the form (62.2) for ¢(1, x), before the integration with
respect to w is carried out. We move the w-contour downwards until it ‘‘catches”
on the first (the highest, i.e. with the largest ") singularity of ¢(w, x); let this point
be at w = w, (it will become clear that w,. is indcpendent of x). Evidently, the
asymptotic value of the integral is determined by the neighbourhood of that point,
so that

P, x) « ™ = exp(—iwt + 0, "I). 62.7)

If ©.">0, the perturbation increases at any fixed point x, i.e. the instability is
absolute, but if w.”<0 the perturbation tends to zero at a fixed point, i.e. the
instability is convective. Thus the required criterion involves simply a deter-
mination of w,.

The function ¢(w, X} is given by the integral (62.3) with ¢5) from (62.4):

Buk e dk

M, B¢ 27 (62.8)

olw, x) =

tFor this to be so, it is always necessary that the intial wave packet should diminish in space
sufficiently rapidly (faster than exp(— ajx|)).
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Since g.« is assumed to be an entire function of k, the singularities of the integrand
as a function of the complex variable k are at the singularities of 1/A(w, k); these
are usually poles, the roots k(w) of (62.5).

For some value of w, a point on the w-contour, with a sufficiently large positive
imaginary part o” = o, let the singularities lie in the k-plane as shown in Fig. 22:
some in the upper and some in the lower half-plane. The contour of integration
with respect to k in (62.8), which we call the k-contour, lies along the real axis. We
now modify w by gradually reducing w”. The singularities move in the k-plane and may
reach the real axis for some w.t These values of w are not singularities of the
function ¢(w, k): there is no objection to moving the k-contour in such a way as to
remove it from the neighbourhood of singularities that have crossed the real axis,
as shown in Fig. 22b. A singularity of the integral occurs, however, if two moving
singularities come close together and pinch the contour of integration between
them, thereby eliminating the possibility of removing this contour from their
neighbourhood (Fig. 22c).

Thus the value of w which determines the nature of the stability is chosen from
among those such that two roots k(w) of the dispersion relation fall together. Only
cases such that the two roots approach from opposite sides of the k-contour are to
be considered; that is, as w” — 0 these roots must lie on opposite sides of the real
axis. Note, incidentally, that the values of w. must be independent of x, since they
are determined solely by the properties of the function 1/A(w, k).

When two simple roots of the equation coincide, a double root is formed, near
which the dispersion relation is

Alw, k) ~ (@ ~ 0 )(3A]dw), +3(k — k)(3*A] kD). =0, 62.9)

so that k— k. « *(w— /)" 1 At the point & = w,, the function w(k) satisfies the

© , © ®

8 . N
¢ .
4
4 \\ \ AN
c \
. \i /fr\ \ <
. A / A /
c / /
{a) (3] )

FI1G. 22.

tFor an unstable system, the singularity must reach the real axis of k while " >0, at least for some
range of values of «’, since there are certainly roots of A(w, k) = 0 such that ©” >0 for real k.

tln some cases there may be a coincidence of a still larger number of roots, forming a multiple root of
higher order. Such cases, however, can in general occur only for particular values of the parameters of
the system, since they impose additional restrictions on the points w., k.: in the expansion of A(w, k),
other coefficients besides (3A/3k), must be zero.
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condition
dwldk =0, (62.10)

i.e. w. is a saddle point of the analytic function w(k).
The integral (62.8) taken over the neighbourhood of the point k = k. is

ik x

olw, x) Vo —a) (62.11)

the function ¢(w, x) thus has a square-root pole at w = w.. The integral (62.2), taken
now over the neighbourhood of the point w = w,, as a function of r and x, has the
form

u(t, X) ' g ke, (62.12)
Y Vi

since this asymptotic expression has been derived for t —» o and fixed x, it is valid
only if |k.x| < |w.t].

Although the coalescence of roots of the dispersion relation is the principal
source of singularities of ¢(w,x) (and usually determines the nature of the
instability), another type of singularity may be mentioned, which occurs at a
frequency for which the root |k| » .7 The imaginary part of such a frequency e,
however, is in practice always negative and therefore certainly cannot cause
absolute instability (if w.” were positive, the system under consideration would be
unstable with respect to oscillations of infinitesimal wavelength). We shall meet
such a case later; see (63.10).

As has already been emphasized, an instability convective in one frame of
reference (the laboratory frame) may be absolute in another frame. Let us seek the
speed V of the frame in which the instability is absolute and has the greatest
growth rate.

The change from the laboratory frame to one moving with speed V is made by
changing o to w —kV in all formulae. As we have seen, the value w. corresponds
to the instant when, as «” decreases on the w-contour, two poles of the function
1/A(w, k) in the k-plane coalesce, and these poles must approach from opposite
sides of the real axis, so that one of them must first cross that axis. Let omax
denote the maximum value of w” (independent of V) for real k. Since w."(k, V) is
certainly less than the value of w” at which the pole crossed the real axis, we have
w."(k, V) = wn. for all V. This means that the highest value of w.” is reached if the
poles coalesce on the real axis at the maximum of «”(k). Replacing w(k) by
w(k)—kV in (62.10), and separating the real and imaginary parts of the equation

tSuch a root causes an essenlial singularity of ¢(w,x). For example, if |k]—> % according 10
k " = C(w — w.), the contribulion from the neighbourhood of the singularily to the integral (62.8) is

ix
oto.0 = oo e}
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(for real k), we find two equations:

dw"dk =0, (62.13)
V = do'[dk. (62.14)

Thus the greatest growth rate of the instability is given by the maximum value of
w"(k) as a function of real k. The speed of the frame of reference in which such an
instability occurs is determined by the corresponding value of dw’/dk. This value of
V may naturally be taken to define the group velocity of the wave packet in a
convectively unstable medium.

§63. Amplification and non-transparency

So far, we have considered instability problems as regards the development with
time of a perturbation specified in space at some initial instant. The Fourier
expansion of such a perturbation includes components with real values of the wave
veetors k, and their time dcpendence is governed by the frequencies w(k), the
complex rodts of the dispersion relation.

There is, however, another possible formulation of the instability proble 1, in
which we consider a perturbation set up with a specified time variation in some
region of space. The Fourier expansion of such a perturbation contains com-
ponents with real frequencies w, and their propagation in space is governed by the
wave numbers k(w) found by solving the dispersion relation, this time for k;
correspondingly, the wave numbers, not the frequencies, are complex. (As in §62,
we are considering a one-dimensional problem, and therefore write k =k, in place
of the vector k.)

The fact that the wave numbers are complex may have various meanings. In
some cases it may simply mean that the relevant waves cannot propagite in the
medium (non-transparency): in other cases it may signify amplification of the
waves by the medium as they propagate from the source. We must emphasize at
once that the sign of imk certainly cannot be the criterion for distinguishing
between these two possibilities: the waves can propagate in the positive and the
negative x-direction, and a change in the direction of propagation is equivalent to a
change in the sign of k.

It is physically obvious that only an unstable medium can amplify. Hea:, for
example, it is clear immediately that there is non-transparency for transverse
electromagnetic waves in a plasma with dispersion relation w? = Q2+ ¢2k? (see §32,
Problem 1) at frequencies o < £,, for which k(w) is imaginary: the function w(k)
given by this equation is real for all real k, so that the system is certainly stable.

For an exact formulation of the problem let us consider a point source as regards
the coordinate x, called a signal, which starts at t =0 and thereafter creates a
monochromatic perturbation ¢ (with some frequency wg), called the response of
the system to the signal. The source strength is then

=0 t<
g(1,x) for 0,} ©3.1)

= constant X 8(x)e ™ for t>0.
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We shall not specify the physical nature of the perturbation ¢, nor therefore that
of the source strength g. The only important point is that the wk-components of the
perturbation are determined from the source by

ok = BulA(w, k). 63.2)
This expression is derived from the inhomogeneous linearized “equation of
motion” of the system, in which g(t, x) acts as the “right-hand side”, just as (62.4)
was the solution of the homogeneous equation with the initial condition specified
by the function g(0, x). The source (63.1) ist

8.« = constant/i(w — wy). (63.3)

['he function (t, x) is then found from the inversion formula

wotio e—iwl dw
(1, x) = constant X e O(w, x) m&;, (63.4)
@ Tty 3.5
(v, x)= XN k. (63.5)

This expression necessarily satisfies the equation ¢/(t, x) = 0 for t <0 in accordance
with the conditions of the problem: the perturbation occurs only after the source
comes in at 1 = (.

The problem is now to find the asymptotic expression for (1, x) far from the
source {}x| > =) in steady conditions, i.e. at a long time after the source begins to
operate (1 —»=). If the perturbation then tends to zero as x —» o, we have
non-transparency: if it increases in one or other direction from the source, there is
amplification. In either case, we can evidently speak of only a convectively
unstable (or a stable) system. With absolute instability, the perturbation increases
without limit in the course of time at every point in space, so that no steady
conditions can possibly be reached.

To find the required asymptotic form, we note first of all that the asymptotic limit
t >« must be taken before |x| - oo: since the perturbation cannot propagate to
infinity in a finite time, ¢ —~ 0 as |x| > o for finite 1.

As in §62, we move the contour of integration with respect to w in (63.4)
downwards in order to get the asymptotic expression as t — . The analytical
properties of @(w, x) are similar to those of ¢(w, x) in §62. Since the system is
assumed only convectively unstable, ®(w, x) has no singularity in the upper
half-plane of w, and the highest singularity of the integrand in (63.4) is the pole
@ = wyp on the real axis. Hence the asymptotic form as t - o is

P(t, x) & et D(wy, X). (63.6)

tIn calculating g.4, it must be remembered that the integration in the inverse Iransformation formula is
taken along a contour with im w > 0; hence ¢"' -0 as 1 — o,
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To find the asymptotic form of ®(wy, x) as |x| > «, we must now move the path
of integration with respect to k upwards for x > 0 or downwards for x <0, until it
catches on the pole of the integrand in (63.5), i.e. the root of the equation
Alwg, k)= 0.

Let k.(w) and k.(w) denote the poles which as im w — o are respectively in the
upper and lower half-planes of k. As im w decreases, the poles move, and for a real
w = wy they may either remain in their original half-plane or enter the other
half-plane. In the first case, the contour of integration in ®(wo, X) remains on the
real axis as in Fig. 22a; in the second case, it is deformed as shown in Fig. 22b, so
as to embrace the poles ki(wp) and k_(we) (points A and C) that have “‘escaped”
into the other half-plane. In either case, when the contour is moved up or down, it
catches on the poles k, and k. respectively. The asymptotic form of (1, x) as
x = + is determined by the contribution from the lowest pole k,(wg); that as
x —> —o is determined by the highest pole k_(wo). The pole concerned is thus the
closest to the real axis (if all poles of a given class are still in their original
half-planes), or the farthest from the real axis among those which have moved into
the other half-plane. With these values of k, and k., we have

(1, x) « expliks(wo)x —iwgt} for x >0,} ©3.7)

exp{ik-(we)x — iwpt} for x<O0.

For a stable systein, all poles remain in their original half-planes when o = wy,
since the absence of oscillation branches with im w(k) > 0 (for real k) means that a
pole k(w) can cross the real axis only with im o < 0. Hence, in (63.7),

im Kk (wg) >0, imk (wo)<0,

so that the waves are damped in both directions from the source.

In the case of convective instability, the poles k(w) reach the real axis with
im w > 0. There are therefore certainly poles k, or k_ which have entered the other
half-plane for o = wy, i.e. which have im k,(wg) <0 or im k_(wp) >0. The presence
of such a pole k,(wo) or k (wg) amplifies the wave to the right or left of the source
respectively.

From the preceding arguments, we arrive at the following criterion for dis-
tinguishing cases of non-transparency and amplification for waves from a source
with frequency wo in a convectively unstable system: a wave with complex k(wg)
and real wg is amplified if im k(w) changes sign when im « varies from += to 0
with a given re o = wo; if im k(w) does not change sign, there is non-transparency.

The criterion has its origin in the requirements of causality. When the source
ecomes into action instantaneously, the perturbation must always decrease as
X — + 2, simply because it cannot propagate to an infinite distance in a finite time. On
the other hand, this “infinitely rapid™ onset of the source can take place as e " with
im w — + 2, It is therefore clear that waves that are amplified (for real w) in one or
other direction from the source must be damped in that direction when im o — <. and
this leads to the criterion formulated above.

The results obtained have a further facet which allows us to determine the
direction of wave propagation in a medium with absorption or amplification. In a
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transparent medium (i.e. when w and k are real), the physical direction of
propagation is that of the group velocity vector. In particular, in the one-dimen-
sional case a wave with a positive or negative derivative dw/dh moves in the
positive or negative x-direction respectively. In a medium with absorption or
amplification, however, we can say that waves of the k. and k groups propagate in
the positive and negative directions respectively. For real « and k, this general
formulation is the same as the previous one: small changes in w and k are related
by

)
Ok = fuldk’

from which we see that, if w acquires an imaginary part im w > 0. k moves into the
upper or lower half-plane according as dw/dk >0 or <0.

As a simple example of the application of the criteria derived in §§62 and 63, let
us consider the instability of a cold electron beam in a cold plasma, discussed in
§61. The dispersion relation for this system is

02 012
W’ T kVE

1; (63.8)

see (61.6) (for waves propagating in the direction of the beam, k-V =kV). The
roots k(w) of this equation have, as |w| - =, the formt

k=(0xQ,)V. (63.9)

When im o — o, the two roots are in the same (upper) half-plane, i.e. both are in
the k. (w) class. In their movement, therefore, they cannot pinch the k-contour as im o
decreases, so that the instability is convective. The asympiotic behaviour of a
perturbation created at the initial instant is governed by the frequency o = Q,, near
which the roots of equation (63.8) tend to infinity according to

k= 0,02 12V{(w—-Q,). (63.10)

Thus, as t — «, only undamped plasma waves remain from the perturbation.

For real values of w <{},, equation (63.8) has two complex-conjugate roots k(w).
The one for which im k(w) <0 has moved from the upper to the lower half-plane.
Thus, when waves are propagated from a source with frequency wy < (., they are
amplified in the direction of x >0, i.e. “down” the beam.

§64. Instability with weak coupling of the two branches
of the oscillation spectrum

Let us apply the general method developed in §§62 and 63 to investigate the
instability which results from the “‘interaction” of oscillations with neighbouring

tNote that (63.9) is the same as the dispersion relation for 1he beam itself in the absence of the plasma
at rest,
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values of w and k and belonging to different branches of the oscillation spectrum of
a non-dissipative system (here denoting one in which both true dissipation and
Landau damping are absent).

If the two branches w = w,(k) and o = w;(k) were completely independent, the
dispersion relation would separate into two factors:

[0 — wik)w — wi(k)} = 0. (64.1)

Near a point of intersection of such branches, the functions w (k) and w.(k) would
have the general form

wl(k) = wg + vy(k — ko),

(64.2)
wAk) = wo+ vo(k — ko).

where v, and v, are some constants, wg and ko the (real) values of w and k at the
point of intersection.

Such a case is, however, not realistic in general. The coupling between the two
branches could be completely absent for (at best) some specific values of the
system parameters, and would appear when these were very slightly changed.t To
rcprescnt an actual situation, therefore, it would be necessary to take into account
the presence of a weak coupling between branches. This has the effect of sub-
stituting a small quantity € for zero on the right of (64.1). The dispersion relation
near the point then becomes

[@ — wo— vi(k ~ ko)llw — wo— vak — ko)l = €. (64.3)

The solution for w is

w(k) = wo = H(v; + v2)(k — ko) £ [(k — ko) (v~ v2)* + 4€7]"3, (64.4)

and the solution for k is

I
k(w)— ko= 200

> {(v, + vy} — we) £ [(w ~ we(v1— v)* +devi:]'M). (64.5)
iv2

The existence of coupling between the branches shifts their point of intersection
into the complex region. The functions w(k) for real @ and k vary in form
according to the sign of the constant € and the relative signs of the constants v, and

*An exception is the case where the interaction is absent for reasons of symmetry, for example, if one
branch relates tolongitudinal waves and the other to transverse waves in an isotropic medium. Since in such
a medium the longitudinal current cannot induce a transverse field and vice versa, such waves do not
interact. The situation here is analogous to what is found in quantum mechanics for the interaction of terms
with different symmetry; see QM, §79.
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vz. These functions are shown in Fig. 23 for four cases:
(A) €>0, t,0,>0,
(B) €>0, !)|!)2<0
’ (64.6)

(C) e<0, vv;>0,
(D) € <0, vl!)2< 0,

which we shall consider in turn.

(A) Here the functions w(k) are real for all (real) k, and the system is therefore

stable. The functions k(w) are also real for all w, so that the waves propagate
without amplification for all w.

(B) The functions w(k) are real for all k, and the system is therefore stable. The
functions k(w) are complex in the frequency range

(o — wo)* < dev | l(vy— v2) 64.7)

Since the system is stable, there is non-transparency in this range.
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(C) When
(k ~ ko) < dle]I(v, — v7)? (64.8)

the functions w(k) are complex, and for one of them im w(k)>0, ie. there is
instability, and it is convective instability, since when |w|— © the roots k(w) are

k=~ wlv, k=olv, (64.9)

and when im w — « they lie in the same half-plane of k. Let v, and v, > 0. Then this
is the upper half-plane, and the roots belong to the k.(w) class. For real o, in the
range (64.7), the roots k(w) form a complex conjugate pair. The one for which
im k(w) <0 has moved from the upper to the lower half-plane. In the frequency
range (64.7), therefore, there is amplification of waves propagating in the positive
x-direction.

It is also easy to find for this case the “group velocity” of the waves, defined by
(62.14), i.e. the speed of the frame of reference in which there is absolute instability
with the maximum growth rate. Differentiating (64.3) with respect to k and
substituting dw/dk = V in accordance with (62.13) and (62.14), we obtain

V-ui_ _w—w—vilk—ko)
V"Uz w— Wy Dz(k“ko).

(64.10)

Since the left-hand side is real, the right-hand side must be so, even if o is complex.
This condition shows that k = ky; then from (64.10)

V =3(v, + va). (64.11)
and from (64.3) the corresponding maximum growth rate is
(im @) = €] (64.12)

(D) The functions k(w) are real for all (real) w, but the w(k) are complex in the
range (64.8), so that the system is unstable. To determine the nature of this
instability, we note that from (64.9) (with opposite signs of v, and v,), as im w — =,
the roots k(w) are in opposite half-planes. These two roots coalesce at a point in
the upper half-plane of w given by

0 = 0 = wo+ 2iV(0,0,€)/|v, — vy. (64.13)

The instability is therefore absolute, with growth rate im w. For v, = — v,, cor-
responding to the perturbation in a frame of reference moving with the speed
(64.11), the growth rate reaches its maximum value (64.12).

PROBLEM

Determine the nature of the instability of low-frequency (w ~ wp) “slow” (w/k <c) transverse
electromagnetic waves propagating along a constant magnetic field in a cold magnetoactive plasma, with
a low-density cold electron beam moving 1hrough the plasma in the same direction.
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SoLUFRION. To establish the dispersion relation, we first write it for the beam electrons only, in a
frame of reference for which the beam is at rest. According 10 (56.9), we have in this frame

et — 0= — Q2w * wne),

where Q. is the plasma frequency corresponding to the beam density. On returning to the laboratory
frame, in which the beam moves wilh velocxty v (which we lake to be in the x-direction), we must
replace » by w — kV on the right of the equation; the difference k’c®~ ™ is invariant with respect 10 a
change in the frame of reference. Now adding, in the laboratory frame. the terms due to the plasma
electrons and ilons, we obtain

Kot gie - Slo—kV) 007 O
w—kVEws ©wZos ©Fos

Neglecling here (in accordance wuh the conditions of the problem) w in comparison with ck and wg,
and noting also that .}/ wge = Q7 Jwg., we bring the dispersion relation to the form

kc? - Qo lomlwn F ©)l o~ kV £ wpe)
= -Qw~-kV). (n

The first factor on 1he left corresponds to the “principal” oscillation branch. and the second to the beam
branch; the right-hand side describes the “interaction” of these branches.

With the upper signs in (), the dispersion relations for the two independent branches are shown by
the conlinuous curves in Fig. 24; it is, as always, sufficient to consider the branches with w > 0. Near the
point wo, ko, where they intersect, the cxpansion of equation (I) is

2kocTk — kn— (w0 ~ w) v:]fw — wn— V(K ~ ko)l = Ol wpe

with a positive coeflicient ¢ (as is clear from the slope of the curves in Fig. 24). Comparison with (64.3)
shows that we have case C, convective instability. 1he broken curves in Fig. 24 show 1he form of the
branches when their interaction is taken into account.

Similar diagrams for the lower signs in (1) are given in Fig. 25. Near the point of intersection, the
dispersion relation 1s

2koc’lk ~ ko + (w ~ wo vilfw — wo~ Vk — ko)) = ~ Q¥ we,

where again v: >0. We now have case D, absolute instability. The second intersection in this case is
seen from the diagram 1o occur at w = wge, Which contradicts the conditions of the problem.
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\
wgy pm——————) N me
‘,
S
«
~Uge
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§65. Instability in finite systems

The whole of the theory in §§61-63 related to homogeneous media of unlimited
extent in at least one direction (the x-axis). For applications to actual bounded
systems, this means that effects due to the reflection of waves from the boundaries
are neglected; that is, such a theory is limited to times of the order of the time
taken by the perturbation to propagate the length of the system.

Let us now consider stability in the opposite situation where the finiteness of the
system is important and the spectrum of its characteristic oscillations is governed
by the boundary conditions at the ends; as before, we shall investigate only the
one-dimensional case, and the length of the system in the x-direction will be
denoted by L. The frequency spectrum of a finite system is discrete, and if one or
more of the characteristic frequencies has a positive imaginary part the system 1s
unstable. The distinction between absolute and convective instability has no
meaning in this case.

Thus the problem of determining the stability or instability of a fimte system is
equivalent to that of finding its (complex) eigenfrequencies. The dispersion relation
which gives these frequencies can be derived in a general form for a system with
finite but sufficiently large dimensions L, such that im |k|. L > 1 (A. G. Kulikovskii,
1966).

Let k(w) be solutions of the dispersion relation for an infinite medium. We again
divide the branches of this many-valued function into two groups, k.(w) and k-(),
as defined in §63. The characteristic oscillations of a finite system may be regarded
as resulting from the superposition of travelling waves reflected by the two
boundaries (in a medium without absorption and amplification, they would be
ordinary stationary waves). The reflection is in general accompanied by a mutual
transformation of waves belonging to different branches of the spectrum. The
travelling wave of a given frequency is therefore a superposition of all branches.
Far from the boundaries, however, the main contribution to each wave cones from
only one term in the superposition. For example, in a wave propagating {rom '
left-hand boundary x=0 (Fig. 26) in the positive x-direction, the asympiouc



282 Instability Theory

I 2
Y

K,

7 ’ 2
X
———

k_
7
x=0 x=L

FIG. 26.
expression far from that boundary is
¢ = a expfilki(w)x - wtl}, 65.1)

and k.(w) must be taken as the branch in this group for which im k,(w) has its
algcbraically least value for the given real .t

After reflection from the right-hand boundary x = L, the wave propagates to the
left, and at sufficiently great distances from that boundary has the asymptotic form

¥ = Raa expfik(w)L} exp{i[k-(w)(x — L)— wt]}, (65.2)
where k_(w) is the branch in this group for which im k_(w) has its algebraically

greatest value. The coefficient R, depends on the wave transformation law at a
particular boundary.

Lastly, after a second reflection, this time at the left-hand boundary, we again
have a wave propagating to the right:
= R Ryae'®+* L gitkix=ot) (65.3)
Since y(t, x) is one-valued, this must coincide with (65.1), so that
R\R; explilk:(0)— k-(w)IL} = 1. (65.4)
This determines the frequency spectrum for the finite system, i.e. is its dispersion

relation.
Taking the modulus of each side, we have

|R.R2| exp{—im(k, —k_)L}=1. (65.5)
When L— =, the exponential factor tends to zero or infinity, depending on the sign
tThat is, the leasl positive value if all im k.(w) >0, and the greatest (in absolute magnilude) negative

value if 1here are branches for which im k.(w) <0. In the first case, (65.1) is 1he wave least rapidly
damped (with increasing x); in the second case, it is the one most rapidly amplified.
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of im(ks — k-). Hence, for sufficiently long systems, equation (65.5) is possible only
if

im[k.(w) — k-(w)]= 0. (65.6)

In this case, therefore, the dispersion relation reduces to a form depending only on
the properties of the medium itself and independent of the specific conditions at the
boundaries. Equation (65.6) defines a curve in the w-plane, on which the discrete
eigenfrequencies lie very close together (for large L). If the curve lies even partly
in the upper half-plane, the system is unstable. Since this instability is due to the
properties of the system as a whole, it is called global instability.

Some further comments may be made on the relation between global instability
of a finite system and the instability of an infinite medium. First of all, it is easy to
see that in the presence of global instability the infinite medivm is certainly
unstable, since there exist real values of k for which im w(k)>0. For, by the
definition of k.(w) and k_(w), their values for im w - « lie in different half-planes
of k. The condition (65.6) signifies that, as im w decreases, the points k.(w) and
k_(w) may come into the same half-plane, and do so (in the case of global
instability) while im w > 0. Consequently, at least one of these points crosses the
real axis even earlier, i.e. certainly while im w > 0; this proves the above statement.

The converse statement, however, is valid only for absolute (not convective)
instability of the infinite medium: the presence of absolute instability is sufficient to
cause global instability of the finite system. The condition for absolute instability is
that there exists a branch point of k(w) with im w > 0, and the coalescing branches
belong to the k, and k groups. At such a point, the condition (65.6) is certainly
satisfied also.

A convectively unstable medium may be either stable or unstable when boun-
daries are present.



CHAPTER VII

INSULATORS

§66. Interaction of phonons

THE physical nature of transport processes such as thermal and electrical conduc-
tion in gases consists in transfer by the thermal motion of the gas particles: in
solids, the particles are replaced by quasi-particles. In going on to study these
processes, we shall begin with thermal conduction in non-magnetic insulators. The
relative simplicity of the physical picture here, as compared with transport proces-
ses in solids of other kinds, arises from the presence of quasi-particles of only one
sort, namely phonons.

The concept of free phonons is the result of quantization of the vibrational
motion of atoms in the crystal lattice in the harmonic approximation, i.e. with only
the quadratic terms (in the displacements of the atoms) included in the Hamil-
tonian; see SP 1, §72. The various phonon interaction processes result when
terms of higher orders of smallness are considered: the anharmonic terms of the
third and subsequent orders in the displacements.t

The first anharmonic (the cubic) terms in the classical lattice energy are

l 1528
HY = 6 E) AT (— 3, m— ng) Ugye (0) Us g (n2) Us (n3). 66.1)

s

Here U,(n) are the atomic displacement vectors in the lattice; «, B, y are vector
suffixes taking the values x, y, z; §,, $», $; number the atoms in the unit cell; n,, n;. n;
are integral “vectors™ giving the position of the cell in the lattice; (n, s) under the
summation sign denotes summation over all n and s. Because the crystal is
homogeneous, the functions A depend only on the relative positions n; ~ns, n»—n;
of the cells, not on their absolute positions in the lattice,

The second-quantized Hamiltonian is found by replacing the displacement vec-
tors in (66.1) by the operators U,(n) expressed in terms of the creation and
annihilation operators ¢y, ¢y, for phonons of type g (i.e. branch g of the phonon
spectrum) with quasi-momentum k:

Uu(n) = 3, 2MNw, ()] "P{é e (k)e™ " + Erpe (ke -7, (66.2)
gk

tThe need to take account of the anharmonicity of atomic vibrations in the lattice in considering
thermal conduclion in a crystal was first noted by P. Debye (1914) and M. Born (1914).

284
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where ¥ is the number of cells in the lattice, M the total mass of the atoms in the
cell, e®(k) the phonon polarization vectors, and w,(k) the energy of phonons of
type g.1 The substitution gives rise to terms which contain the operators ¢ and é*
in sets of three. These terms represent processes involving three phonons: products
of the form é*'¢’¢ for the decay of one phonon into two, and ¢*éé for the
coalescence of two colliding phonons into one; terms é¢¢é and é*¢*é* would
correspond to processes that are prohibited by the law of conservation of energy.

Les us write down, for example, the terms corresponding to the decay of a
phonon k;, g, into two phonons k3, g2 and ki, g3. Changing in (66.1) from summation
over n;, n;, m o summation over ¥, =n;— Ny, ¥V2=n;— N3, n3, we can put these
terms in the form

Hﬁznwfﬂlﬁjmzewmm—h—byn¢ (66.3)

(wi1w203)'"

where

Q=2M) P 3 A, v)erelpety explitk, . 1, — k. 1)}, (66.4)
6=l 1 =0yk). & =e¥(k)....

The exponential factor is separated in (66.3) which depends on the absolute
position m; of the cell in the lattice. Summation of this factor over all u; gives A if
k, —k:— ki is equal to any reciprocal lattice period b; otherwise, it is zero. Hence

T _ 616" 6"
ecc — SLTATT N0 0.
Hd JVI (w.wzwx)' (66 5)
and the phonon quasi-momenta satisfy the conservation law
kl = kz + k; +b. (66.6)

The condition (66.6) is to be regarded as an equation giving the value of, say, the
quasi-momentum k; from specified values of k, and k,. The latter have to be taken
within some one chosen unit cell of the reciprocal lattice (including all the
physically different values of the quasi-momentum), and we have to verify that k; is
also in that cell. This last condition determines the necessary value of b in (66.6),
and does so unambiguously. For, if with specified k;, k; and b the vector k; lies in
the chosen cell, then any change in b will certainly bring k, outside that cell.
Processes (in this case, phonon decay) for which the law of conservation of
quasi-momentum involves a non-zero vector b are called Umklapp processes, in con-
trast to normal processes, for which b= 0. Note that the difference between these
two classes of processes is to some extent conventional: any particular process may be
of either class, depending on the choice of the base cell. 1t is important, however,

tIn this chapter, we use units such that h = 1. The dimensions of the momentum and the wave vector
are then the same. and those of 1he energy and the frequency are the same.
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that no choice can make b zero simultaneously for all possible processes. It is
convenient to choose the base cell of the reciprocal lattice so that the point k = 0
(infinite wavelength) is at its centre; this will be assumed henceforward. With this
choice, low values of the quasi-momentum (k <€ 1/d, where d is the lattice constant)
correspond to all low-frequency phonons, and all processes involving only low-
frequency phonons are normal processes.t Large values of the quasi-momentum
(k ~ 1/d) correspond to short-wavelength phonons with high energy (of the order of
the Debye temperature ©).

Let us return to the phonon decay process. According to the general principles of
quantum mechanics (see QM (43.1)), the probability of a decay in which the
quasi-momentum of one of the two newly formed phonons lies in the range d’k; is
given by the square of the corresponding matrix element of the perturbation
operator (606.5):

dW =2m[(N,— 1, N3+ 1, N3+ 1] H?|N), N, N3)| %
X 8(w, — w2 — wy) ¥ d’kal(27Y, (66.7)

where Ny = Ny, N2, N are the phonon occupation numbers in the initial state of
the crystal. The matrix elements of the phonon creation and annihilation operators
are given by

(N —1]é|NY=(N|¢"I[N-1)=VN. (66.8)
We thus obtain the decay probability in the form
dW = wN,(N, + D)(N3 + D)6(w; — w2 — w3)d*kaf 27), (66.9)
where
w = w(gks, giks; gik)) = 270 | Qf w0203, (66.10)

and v="T]N is the volume of the crystal lattice cell. The probability of the
processes is therefore proportional to the number N, of initial phonons in the initial
state of the crystal, and also to the numbers N>+ 1 and N3 + 1 of final phonons in
the final state. The latter property is related to the Bose statistics obeyed by the
phonons, and is true of all processes involving bosons.}

The process inverse to decay is the coalescence of two photons k; and k; to form
one phonon k,. We can easily show that the terms in the Hamiltonian that are
responsible for this process differ from (66.5) in that the c-operators in the
numerator are replaced by é,"¢,¢5, and Q by Q*. The probability of this process is
therefore given by a formula which differs from (66.9) only as regards the

tIf, on the other hand, the base cell is chosen so 1hat the point k=0 is at one of its verlices, for
example, low frequencies will also correspond to the neighbourhoods of 1he other vertices, near which k
is not small.

$The phonon distribution function Ny or N(k) will be defined as the occupation numbers of quantum
stales wilh various values of the quasi-momentum k. The number of states belonging to an element d’k in
k-space is d*k/(2m)’, and so the distribution relalive to d*k is Nu/(27).
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N -factors:

dW = wN,Ny(N | + D8(w, — w:— wy) d ksl (27). (66.11)

The functions w here and in (66.9) are the same. in accordance with the general
rule that in the Born approximation (the first approximation of perturbation theory)
the probabilities of direct and reverse scattering events are equal; see QM, § 126.

The branches of the phonon spectrum always include three acoustic branches,
for which the energy tends to zero as k - 0; for long-wavelength (small k) acoustic
phonons, the function w(k) is linear. The behaviour of the function w in (66.10) for
such phonons will be important below. It can be determined by noting the property
of the coefficients A in the Hamiltonian (66.1) which expresses the fact that a
simple displacement of the crystal as a whole leaves its energy unchanged, whether
or not the crystal is deformed. This means that the energy H® must be unaffected
if any of the factors Ug(n) in it is replaced by Us; +a with a vector a that is
independent of n and s. For this to be so, we must have

E As?™(ny. na, n3) =0, (66.12)

Ny sq

where the summation is over at least one pair of variables ny, ;.

Of the three phonons involved in the process, either one or all three may be
long-wavelength acoustic phonons: if there are two such phonons and a short-
wavelength one, the moinentum and energy conservation laws cannot be satisfied. For
an acoustic phonon in the limit k - 0, the polarization vectors e (k) tend to a
constant independent of s, since all the atoms in the cell vibrate in unison, and the
factors exp(ik - r,) tend to unity. Because of the property (66.12), the quantity ()
(66.4) therefore tends to zero, and for small k it is proportional to k or (the same
thing for an acoustic phonon) to w. The result is

w ok (66.13)
if there is one long-wavelength phonon, or

W x klkgkj (66.[4)

if there are three.

The results (66.13) and (66.14) can also be reached in a more obvious way by
noting that the long-wavelength acoustic phonons correspond to macroscopic
sound waves, which can be treated by macroscopic elasticity theory. Then the
energy of the deformed crystal is expressed in terms of the strain tensor

_1(3Us 1,
Un —2( e o ) (66.15)

where U(r) is the macroscopic displacement vector for points in the elastic
medium. The components of this tensor are the small quantities used in the
expansion of the elastic energy. In second quantization, the vector U is replaced by
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the operator U analogous to (66.2).AThe differentiation of U with respect to the
coordinates to obtain the operators U, gives the additional factor k which leads to
the results (66.13) and (66.14).

§67. The transport equation for phonons in an insulator

In a solid crystal, the phonons form a rarefied gas, and their transport equation
is obtained in a similar way to that for an ordinary gas.

Let N = N,(t,r,k) be the distribution function for phonons of type g The
transport equation for each type of phonon is written as

aN N _
—(,,—i-+U"3;_‘—C(N), (67-1)

where u = dw/dk is the phonon velocity.

An import .nt difference from the case of ordinary gases, however, is that in
collisions in the phonon gas neither the number of phonons nor (because of
Umklapp processes) their total quasi-momentum is in general conserved The only
remaining conservation law is that of energy, expressed by

5 f WC(N)KI2m) = 0. (67.2)

Multiplying (67.1) by w, integrating over d’k, and summing over g, we obtain the
law of conservation of energy in the form

3E/dt +divq =0, (67.3)

where the thermal energy density E of the crystal and the energy flux q are given
by the obvious expressions

E=Y f oNdkQ2wy, q=2, f wuN d’kl(27)’. (67.9)
8 g

The collision integral in (67.1) must in principle include all processes that can
occur as a result of the interaction of phonons of type g with all other phonons. In
practice, however, the chief contribution to it comes from the three-phonon
processes discussed in §66. Processes involving a greater number of phonons arise
from subsequent terms in the expansion of the Hamiltonian in powers of the
displacements of the atoms: these terms decrease rapidly as their order increases.
The reason for the decrease is that the ratio of the vibration amplitude ¢ to the
lattice constant d is small; in solid crystals, it remains small at all temperatures up
to the melting-point.T For a rough estimate, we can begin from the classical relation

tExcept in the “quantum cryslal”, solid helium.
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Mo’ ~ T; estimating the characteristic frequency as o ~ u/d,} we find
(Hdy~ TIMu* < 1. (67.5)

The collision integral is, as always, the difference between the numbers of proces-
ses (per unit time) which create phonons in a given state g, k, and which remove
phonons from that state. Taking account of three-phonon processes only, we have

I
C(N)=I{§ > wiki, ks k)8(o ~ 0] — w3) X

R1.R2

X[(N + DNiN— N(N; + 1)(N; + 1]

+ ¥ wik, ki k)b(wy— 0 — ) X

B1-K3

X [(N + (N, + I)Na— NN,(N; + 1)]} Pil(2m). (67.6)

where N;= N, (k)), 01 = wg(ki),. .. The first term in the braces corresponds to the
direct and reverse processes

@ K2(@E k) + (g k), ke=k—k —b: 67.7)

the factor 3 in this term takes into account the fact that, because of the identity of
the phonons, we have to sum only over half of the final states. The sccond terin in
the braces corresponds to processes

v k)2(&K) (g, k), ki=k+k tb; (67.8)

the factor 1 is not needed in this term, since one of the two phonons formed by the
decay is specified. In the integrand of (67.6), it should be noted, the triple products
NN)N, and NN N3 cancel.

The collision integral is identically zero for the equilibrium phonon distribution,
the Planck distribution

No=(e“T - D™ (67.9)

This is easily shown for the integral (67.6) by direct calculation: multiplication of
the factors gives

No(Noi + D(Ne2 + 1) = (Ng + )N Noz expl(w) + w, — @)/ T], (67.10)

and by the law of conservation of energy the exponential factor on the right is
equal to unity.

If Umklapp processes were absent, not only the total energy but also the total
quasi-momentum of the phonons would be zero. Then not only the distribution

tIn 1he estimates, we shall regard u as the speed of sound. alihough this is of course lilerally correct
only for Jong-wavelength acoustic phonons.
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function (67.9), but also the functions

-1
No=[expw V—1] 67.11)

-k.
T
corresponding to the translational motion (drift) of the phonon gas as a whole
relative to the lattice with any velocity V, would be equilibrium functions. This
result is in accordance with the general principles of statistical physics. It can also
be proved directly: with the functions (67.11) as Ny, a further factor exp[V - (k-
k,— k2)/ T] appears on the right of (67.10), and is equal to unity for non-Umklapp

processes, where k = k; + k..

The distribution (67.11) leads, of course, to a non-zero energy flux q. Thus, in the
absence of Umklapp processes, a heat flux could exist in the crystal although the
temperature were constant throughout the body; that is, the crystal would have an
infinite thermal conductivity. A finite conductivity arises only because Umklapp
processes exist.T

To calculate the thermal conductivity, we have to write the transport equation
for a crystal in which the temperature varies slowly through the volume. As usual,
we seek the phonon distribution functions in the form

N (r,k) = No(k) + 8N (r, k), (67.12)

where 8N is a small correction to the equilibrium function. The transport equations
are then

(u.VT)3NJ3T = I(8N), (67.13)

where I(8N) is the linearized collision integral.
The functions 8N must also satisfy the further condition

> J w8N d*kj27)* =0, (67.14)

which signifies that the perturbed distribution functions give the same value of the
lattice energy density as do the equilibrium functions. As already noted in §6, this
condition essentially specifies the definition of the temperature in a non-equilibrium
body. The other conditions imposed on 8N in §6 do not apply to a phonon gas, in
contrast to an ordinary gas. The number of particles in the phonon gas is not a fixed
quantity, but depends on the temperature. The total actual momentum (not quasi-
momentum) of the phonons in the crystal is necessarily zero, since otherwise there
would be a flow of the solid, which is certainly impossible for an ideal (defect-free)
crystal lattice. Each atom in the lattice executes only a finite motion, the oscillation
about the lattice site; the mean momentum of such a motion is identically zero.

iThe quantum theory of thermal conduction in insulators, based on the transport equation for
phonons, is due to R. E. Peierls (1929), who also first drew attention to the role of Umklapp processes in
transport processes in solids.
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Thus the phonon flux (associated with the energy flux) in a solid crystal is not
accompanied by a transfer of mass.t

Let us write explicitly the linearized collision integral (67.6). Here, it is con-
venient to use instead of 8N new unknown functions y defined by

8N = —(38Noldw)x = No(No+ DxIT. 67.15)

The process of linearization is simplified by noting that

(67.16)

The expression in square brackets in the first integral in (67.6), for example, may be
written

(N+1)(N|+l)(Nz+1)[ Ny N, N ]

N +IN;+1 N+1

In the factors taken outside the brackets, we can put immediately N = N, The
difference in the brackets gives

1 N _
TN0+1(X|+X2 X)r
where we have used the formula

Na___ Ne No

Nor+ I Ne+1 Ne+l

The collision integral is thus brought to the form

CN)~ 100 =~ f {_; 3wk, ko ING(Nor + D(Nez + D x
1482
X8(w + wr— @)1 t x2— x)
+ > w(k, ki; ks)NoNg(Nes + 1) x

K182

X 8w+ w~ w3~ x1— X)} d’k\j@27). 67.17)

Note that y(k) appears in the integrands as simple sums of its values for various k,
as in the classical collision integral for gases (6.4), (6.5).

tUnlike a liquid, where the phonon momenium is the actual momentum and the phonon flux does
involve a transfer of mass, In a liquid, the atoms execute an infinite motion: in a sufficiently long time,
any atom can reach any point in the volume
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To a solution of (67.13), we can always add the obvious solution of the homogeneous
equation,
X = constant X , (67-18)

which makes the integral (67.17) identically zero because of the conservation of
energy in collisions. As already explained in §6, this “extra’ solution corresponds
simply to a small constant change in the temperature, and is excluded by the
further condition (67.14).

A second “extra” solution,

x=k.sV, (67.19)

with 8V a constant, corresponds to a small change in the velocity of the phonon gas
as a whole (cf. (6.6)), and is excluded by the presence of Umklapp processes, which
have the effect that the total phonon quasi-momentum is not conserved.

§68. Thermal conduction in insulators. High temperatures

Equation (67.13) allows us to determine immediately the temperature dependence
of the thermal conductivity of an insulator at temperatures much greater than the
Debye temperature ©® ~ u/d (or hu/d in ordinary units).

The maximum phonon energy in all branches of the spectrum is of the order of ©.
Hence, when T > @, the energies of all phonons w < T, and for most of them w ~ 0.
The equilibrium distribution function (67.9) then becomes

No~Tlw> L. (68.1)
In the collision integral (67.17), the temperature separates as a factor T2; the
function w for frequencies » ~© does not affect the temperature dependence of

the integral. On the left-hand side of (67.13), 3NJ/aT = /o does not involve the
temperature. Hence

x < VTIT?, 8N = —(3Nidw)y = VTIT,
and so the heat fluxt

q=> f wu 8N &*kjQw) = VT|T.
g

The thermal conductivity is thus inversely proportional to the temperature:

k= T, T»0; (68.2)

1The obvious vanishing of q in equilibrium follows formally from the vanishing of the integral over
d*k because the integrand is an odd function of k: 1he frequency w(k), and therefore Ny(w), are even
functions of k, and the velocity u= dw/ak is an odd function. The function w(k) is even because of the
symmetry under time reversal, whatever the symmetry of the crystal lattice (see SP I, § 69).
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in the classical theory, this result was obtained by Debye. In an anisotropic crystal,
the directions of q and VT are in general not the same, and the conductivity is
therefore a tensor of rank two, not a scalar; we shall not take account of this when
considering its temperature dependence.

Let us estimate the phonon mean free path in the temperature range concerned.
According to the elementary relation (7.10) in the kinetic theory of gases, k ~ C&l.
where C is the specific heat per unit volume, © the mean speed of the energy
carriers, and | their mean free path. The specific heat of the crystal is constant at
high temperatures, and so is the speed of the phonons, which may be estimated as
the speed of sound u. We then see that the mean free path | x 1/T. This would have
to become of the order of the lattice constant d at temperatures so high that the
vibration amplitudes of the atoms are also of the order of d. According to the
estimate (67.5), such a temperature is ~Mu?, and we have for the mean free path
and the effective collision frequency v ~ u/l the estimates

I ~Mu*dIT, v~ T/Mud. (68.3)

From this we see that [ > d at almost all temperatures below the melting-point.

In this analysis, it has essentially been assumed that the three-phonon
mechanism of thermal resistance in a crystal lattice is operative for all pfrionons.
The energy fluxes carried by the various groups of phonons are additive, and
therefore so are their contributions to the thermal conductivity. If that mechanism
were insufficient for even one group of phonons, it would be insufficient to provide
a finite conductivity. The long-wavelength acoustic phonons need special con-
sideration here.

Let us first consider processes involving only such phonons with small quasi-
momenta of comparable magnitude, denoted by f with the appropriate suffix. We
shall estimate for these processes the collision integral (67.17) as regards its
dependence on f. According to (66.14), in this case w x ffif; « f'. The factors
No~ Tlw = 1ff. The integration in k-space is over a volume ~f°, but the delta
function separates within the volume a surface with area ~ f2. We thus find for the
collision integral

I(x) = f’x o« f*N,

where the last expression uses the fact that SN « x/f? by (67.15); the result can also
be written in terms of the effective collision frequency as

v(f) = % (68.4)

On the left-hand side of the transport equation (67.13), the factor u is (for acoustic
phonons) independent of f, and dNy/dT « 1/f. Hence

8N o 1/fv.

The contribution of the long-wavelength phonons to the energy flux q is given by
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the integral (67.4) taken over a volume —~ f*. This integral,
f ou 8N d*fl@n)? « f d*fiv(f), (68.5)

diverges as lff for small f, however. Thus the three-phonon processes between
only long-wavelength acoustic phonons would lead to an infinite thermal conduc-
tivity; to arrive at a finite conductivity, collisions between these and short-
wavelength phonons are necessary (I. Ya. Pomeranchuk 1941).

YLet a short-wavelength phonon with quasi-momentum k decay into a long-
wavelength acoustic phonon f and a short-wavelength phonon k — f - b belonging to
the same branch of the spectrum w(k) as the phonon k; in the following analysis,
the absolute value of k is less important than the fact that k> f. Since w(k) is
periodic in the reciprocal lattice, we have w(k—f-b)=w(k~f), and the law of
conservation of energy states that

w(k) = w(k ~f) + u(n)f. (68.6)

The second term on the right, the acoustic phonon frequency, is a linear function of
f5 u(n) = w(f)/f is the phase velocity of sound, which depends on the direction

={/f. Fxpanding w(k —f) in powers of the small vector {, we can put this equation
in the form

f.dw/dk= fu(n). (68.7)

It can be satisfied only if the speed of the short-wavelength phonon exceeds that of
sound:

|dw] 3k| > u(n). (68.8)

In this sense, the most “dangerous’ acoustic branch is that with the highest speed
of sound, and this is the branch we shall have in mind when referring to acoustic
phonons.t

Other possibilities for three-phonon processes occur when there are
points of degeneracy in k-space, where the energies of two or more branches of the
phonon spectrum coincide (C. Herring 1954); the presence of such points (either
isolated, or forming a line or plane) is in many cases a necessary consequence of
the crystal lattice symmetry. The resulting possibilities are illustrated by a graphical
construction which we shall first give for the case already discussed, that of emission
by a ‘“supersonic™ short-wavelength phonon.

For a given direction of f, we take that direction as the x-axis; in Fig. 27a, the
continuous curve represents the function w(k,) (with given k, and k,) for short-

t1n an isotropic solid, one branch of the acoustic spectrem corresponds to longitudinal vibrations, and
the other two to transverse ones: the speed of Iongitudinal sound waves exceeds that of transverse
waves, In an anisotropic crystal, the division of the waves into longitudinal and transverse has in general
no meaning. However, in the literature the branch with the highest speed of sound is often arbitrarily
called longitudinal.
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wavelength phonons. Writing the condition (68.7) in the form
v, = dw/ 3k, = u(n,),

we see that the emission of an acoustic phonon is possible if at some point the
slope of the curve is equal to the speed of sound. The frequencies w(k) and w(k— f)
of the short-wavelength phonons near this point are then given by the intersections
of the curve with the broken line, whose slope is u(n,); the difference between the
ordinates of these points gives the frequency fu.
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If, however, the curves of two branches w(k.) intersect at a point k, = k0. a
three-phonon process is always possible near that point, whatever the slopes of the
curves, and whether or not ks is a simple intersection (Fig. 27b) or a point of contact
(Fig. 27¢). The two short-wavelength phonons then belong to different branches of
the spectrum.

Let us now estimate the effective number of collisions of a long-wavelength
acoustic phonon when there are points of degeneracy. These must be processes
(67.8) of ubsorption and emission of the phonon: the decay of the phonon by the
processes (67.7) would lead to two long-wavelength phonons, i.e. the case already
discussed. We have therefore to estimate the second term in (67.17) with the
assumption that

w.,w3>w 7—f—"0‘
Here we use the facts that w x f, Ny = l/f, and the remaining factors in the
integrand may be replaced by mean values independent of f, since the integration is
taken only over the neighbourhood of the degeneracy points. Again using 8N x

xIf*, we obtain an estimate of the dependence of the collision integral on f in the
form I(x) = v(f)8N, where

v(f) = f2 f Slen(k— ) + utnf — ws(k)] k. (68.9)

The integral can be transformed into a surface integral in k-space, the surface
being defined by

w(k~ )+ unlf - wik)=0, (68 10)

by means of the formulat
j&(F) d’k=§d5l=VkFl, (68.11)
the integral being taken over the surface F(k) =0. We then have

(68.12)

dwi(k)  dwy(k—1f) ">
3k 3k ’

vy « a5

where AS(f) is the area of the surface (68.10). and the angle brackets denote
averaging over the surface.

Let us consider a typical case, in which the degeneracy points form a curve in
k-space. Then, as f — 0, the surface (68.10) contracts to a curve on which the

+This is derived immediately by noting that
d'k = dS di = dS dF/V.F).

where [ is the distance along the normal to the surface.
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degeneracy points lie, and for small f it is a narrow tube surrounding this line; the
dependence of the area AS on f is therefare the same as the f-dependence of the
tube diameter.

If the surfaces w(k) meet on the degeneracy curve but do not touch
(Fig. 27b), the distance of the point k from the degeneracy point varies linearly with
f.and so AS x f also. Since the difference of the derivatives in this case is finite at
the point of intersection, we have

v(f) = f*. (68.13)

The integral (68.5) now diverges only logarithmically. This divergence is to be
removed in the same way as when there is no degeneracy (see below). Because the
divergence is weak, it usually does not cause any significant change in the law
(68.2).

Now let the surfaces w(k) have a quadratic contact at the degeneracy
point. Then, as we see from Fig. 27c, f is proportional to the square of the distance
from the point of contact. The area AS, being proportional to this di: tance itself, is
AS = f"%. In the case concerned, the same dependence on f occurs for the
difference of the derivatives in (68.12), since the derivative curves intcrsect without
contact. In this case, therefore,

v(f) = f2, (68.14)

and there is no divergence in the thermal conductivity.

Other types of degeneracy may be treated similarly.t

If there are no degeneracy points in the phonon spectrum, the condition (6%.6)
must be satisfied for all directions n in at least one branch of the spectrum w(k) in
order to ensure a finite thermal conductivity from three-phonon processes. Other-
wise, a finite conductivity results only from higher-order (four-phonon) processes,
and the law (68.2) does not hold. At low temperatures the mean free path increases
and may become comparable with the size L of the body; the divergence of the
integral (68.5) can then be cut off at f~ /L, which would make the thermal
conductivity dependent on L.

§69. Thermal conduction in insulators. Low temperatures

At low temperatures (T <), heat transfer in insulators becomes quite different.
The reason is that under such conditions the number of Umklapp processes
becomes exponentially small, as is clear from the following arguments.

The conservation of quasi-momentum in a three-phonon process with Umklapp,
expressed by k =k, + k,+b, requires that at least one of the three quasi-momenta
should be large; let this one be k, ~ b. Then the energy w; ~ 0, and the conservation
of energy (v = w; + w;) requires that the energy w ~ 0 should also be large. When

tA discussion of them may be found in the original paper by C. Herring, Physical Review 95, 954,
1954,
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T <©, however, the majority of the phonons have energies ~ T, and the number
with energies ~© is exponentially small. Thus, both for the phonon decay process
and for the inverse process of coalescence of two phonons, the numbers of initial
phonons, and therefore the numbers of processes, are exponentially small. It is
easy to see that the fact that it is a three-phonon process is unimportant in these
arguments, which apply equally to processes involving a greater number of
phonons.

In this situation, the physical picture of heat transfer is as follows. Numerous
normal collisions of phonons, in which the total quasi-momentum is conserved,
establish only “internal” equilibrium in the phonon gas, which may still be moving
relative to the lattice with any velocity V. The small number of collisions with
Umklapp change the distribution function only slightly, but establish a definite
value of V, proportional to the temperature gradient; this in turn determines the
heat flux. We shall now show how this picture is represented in the mathematical
solution of the problem.t

The transport equation is written as

(@N/dTH - VT = In(x) + Iy (x). 69.1)

the collision integral being separated into parts associated with normal and
Umklapp collisions. The equilibrium distribution function corresponding to the
movement of the gas as a whole with velocity V is obtained from Ny(w) on
replacing the argument w by w —k . V; when V is small, we have

Nolw —k. V)~ Ny(w)—k . VaNy/dw. 69.2)

In accordance with the picture described above, we seek the solution of equation
(69.1) in the form

X=xvtxuv, xnv=k.V; 69.3)

xu is the part of the change in the distribution function that is due to Umklapp
processes, and is small in comparison with xy. If vy and vy denote the orders of
magnitude of the effective collision frequencies with and without Umklapp (vy <
VN), then

xulxn ~ vulvn. (69.4)

Substitution in (69.1) gives

(aNolaT)ll NT = IN(XU) + I(l (XN), (69‘5)

where the linear operators acting on the functions y are defined by (67.17). In (69.5)
we have used the fact that Iy(y~n) =0, and omitted [, (xu) as a small quantity; the

t1t should be noted that the unambiguous separation of Umklapp processes as a small effect is
achieved by precisely the choice described in §66 for the base cell in the reciprocal lattice, as a result of
which all collisions between long-wavelength phonons only, with low encrgies, are normal ones.
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two remaining terms on the right are of the same order of magnitude if (69.4) is
valid.

Let us emphasize first of all that, when Umklapp processes are neglected and the
temperature gradient is not zero, the transport equation has no solution. For, let us
multiply equation (69.5) by k, integrate over d’k/(2+), and sum over all branches of
the phonon spectrum. Since normal collisions conserve the total quasi-momentum,
the term Iy(xy) becomes zero, leaving

dNo_d’k d’k
X f ku.VT) (,f;"’(, p=2 f klu ) (5 7y (69.6)

When Umklapp processes are neglected, the right-hand side is zero, whereas the
left-hand side is certainly not zero, the integrand being an even function, since w (k)
is even and u = dw/dk is odd. This contradiction means that the transport equation
has no solution.

With Umklapp processes taken into account, however, equation (69.6) determines
the unknown quantity V in the solution (69.3). To simplify the notation, we shall
suppose that the crystal has cubic symmetry. The anisotropy of the crystal then
does not appear® in the integrals in (69.6). and this equation becomes, after
substitution of yxx from (69.3),

BIVT = —wyBTV. (69.7)
with the notation
ﬁ.= T fk uNuF,(%k);.
L
Tm&——% fk;mmwg%z

the factor B- is separated in order to siinplify the later formulae.
Equation (69.7) determines V, and the energy flux is then calculated as the
integral (67.4), in which N is to be replaced by

BNN =—-Kk. V("an("u) =K. V(le)aN()IaT

Then = TB,V, and together with (69.7) this gives q = — kVT. with the thermal
conductivity

K = B,"lvups. (69.9)

It is noteworthy that in this case the calculation of k does not require the transport
equation (69.5) to be solved, but only the integrals (69.8) to be calculated.

+For cubic symmelry. any lensor of rank two reduces 1o a scalar: dus = Yadup. @ = G
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The integrals By and B, are governed by the frequency range w~ T, which
contains the majority of the phonons. They depend on T only by a power law.
Since only acoustic phonons can have low energies, 1 and 8, need in practice be
summed only over the three acoustic branches of the spectrum. It is easy to see
that we then have

Bi, Br o T (69.10)

The exponential dependence is contained in the integral vy. Its specific form can
be obtained by means of (67 17). For Umklapp processes,

xmtxm—xn=V.(k+k—k=V.b

For the majority of phonons, w ~ T and the distribution function N¢~ 1; for
phonons with w > T, however, Ng < 1. The factors No+ 1 ~ | therefore need not be
considered in estimating the integral. The functions

No=e™T(No+1)
contain factors e “/T, which may be exponentially small, and which have a decisive
effect on the estimate of the integral.

Thus, if we consider only the exponential temperature dependence of vy, we
have

vy x> €80 — - w) Ak d'ky; (69.11)

{.h)

the summation is over all branches g, gi, g: of the spectrum and over all non-zero
values of b occurring in Umklapp processes. The equation

g (K) = g (ky) + wg(k — ki) (69.12)
defines a five-dimensional surface in six-dimensional kk;-space. Let A(g, gi, g;) be
the minimum value of wg(k) on this hypersurface; since the energies of phonons
involved in Umklapp processes are large, these values are ~@©. Each of the

integrals in the sum over (g) in (69.11) is proportional to exp[ — A(g, g1, g2)/T].
Retaining only the largest of them, we have

vy % exp(— Aminl T), (69.13)
where Ani, is the smallest of the A(g, g, g2)-
- We thus conclude that the thermal conductivity depends on the temperature
essentially according to the exponential relation

K X CXP(Amin/T), (69 14)

with Amin ~ O (R. E. Peierls, 1929).
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The higher-order processes, involving a larger number of phonons. lead to a
temperature dependence of a similar type, with A the lowest possible value of the
energy of the initial phonons in each process (or, equivalently, half the least total
energy of all phonons, initial and final, taking part in the process). In principle, it
may happen that this value is less than for three-phonon processes, in which case
the contribution of higher-order processes to the thermal conductivity may become
predominant, despite the fact that the coefficient of the exponential decreases, of
course, as the order of the process increases.

Unlike the Umklapp process frequency vy, the effective frequency vy of normal
collisions decreases as a power of the temperature; we shall determine the
relationship, in order to use it in §71.

Normal collisions take place between acoustic phonons with w ~ T, which form
the majority. Their quasi-momenta k ~ wfu ~ T/u. In the collision integral (67.17).
the integration is over a surface with area - k* distinguished by the delta function
in a volume ~k* In this region, the functions No~ | and « = k', according to
(66.14). Hence vy o« T*. The proportionality coefficient is most simply determined
from the condition that when T ~ © this expression and the estimate (68.3) must
give the same result, so that

vy ~ T 10 Mud. (69.15)

§70. Phonon scattering by impurities

In §§68 and 69 we have assumed that the crystal lattice is ideal and free from
defects. Let us now consider the possible significance of phonon scattering by
impurity atoms as regards thermal conduction in insulators.

In relation to the long-wavelength acoustic phonons, the impurity atom is a point
defect in the lattice. A characteristic property of scattering by such defects is that
it is elastic (the phonon frequency is unchanged), and the scattering cross-section
decreases rapidly with the frequency, i.e. with the wave number, as k*.1

The collision integral for phonon scattering by impurities is

C(NW = Nimp | Wik, KY{Nu(1 + N — Ny(1 + N} (o' — 0)d*k'[Qw).  (70.1)

As usual, the first term in the braces gives the number of scattering events per unit
time which bring a phonon into a state with a given quasi-momentum k from states
with any other values k' that correspond to the same energy. Similarly. the sezond
term gives the number of scattering events that take phonons from that state into
any other. If the impurity atoms are arranged randomly, and the mean di- *nce
between them is much greater than the scattering amplitude, then different atoms
scatter independently and the probabilities are additive. Under these conditions,
which have been assumed in (70.1), the total number of scattering events is

iThis is a general property of sound wave scatiering by obstacles small compared with the

wavelength; cf. FM, §76. Compare also the corresponding case in the scattering of Iong electromagnetic
waves (Fields, §79).
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proportional to the impurity atom concentration Niy,. For scattering in an aniso-
tropic medium. the function w(k,k") depends on the directions of both vectors k
and k', but its dependence on the magnitude k is w « k* In (70.1) we have put
w(k, k') = w(k’, k). In the Born approximation, this follows from the unitarity
coundition and the smallness of the scattering amplitude when second-order terms
are neglected (see QM, §126). The Born approximation is not in general applicable
to phonon scattering by an impurity atom. At low temperatures, however, when
phonons with small k are concerned, the scattering amplitude is small for another
reason, being proportional to k?; if terms = k* are neglected, we again have the
same equation.

The products NyN,. in the braces in (70.1) cancel, and after the substitution
N = Ng+ 8N the collision integral is immediately linearized:

C(N) = Lipy(8N) = Nipyp | w(8N,— 8NWS(w’ — ) &°k’'I27). (70.2)

This integral is, like w, proportional to k*. Since dN/dT « l/w = 1/k when 0 <T,
in this frequency range we have

8N = k™* (70.3)

A similar case has already occurred in §68; cf. (68.4). The relation (70.3) leads to
divergence of the integral for the heat flux. Thus the presence of impurities in the
crystal cannot in itself ensure a finite thermal conductivity of an insulator.

This does not mean, however, that impurities play no part in determining the
conductivity. The reason is that the scattering by impurity atoms does not conserve
the quasi-momentum of the phonons, and in this sense may take the place of
Umklapp processes. In sufficiently pure samples, there may exist a range of low
temperatures in which the effective frequency vy, of scattering by impurities (for
phonons with w ~T) is intermediate between the frequencies of normal and
Umklapp collisions between phonons:

vN > Vimp > vy. (704)
Under such conditions, the role of the Umklapp processes is taken by the impurity
scattering, and equations (69.6)—(69.8) remain valid if Iy is replaced by Iin,. The

thermal conductivity is then given by (69.9) with v, in place of vy:
K= ﬁlzlﬁZVlmp-
According to (70.2), vin, * «*~ T* The quantities 8, and B, for acoustic phonons
are proportional to T?; see (69.10). We thus have k = 1/T in this case.
§71. Phonon gas dynamics in insulators

The approximate conservation of quasi-momentum when the mean free path (Iy)
for normal collisions is small compared with that (I) for Umklapp processes,
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Inlly ~ vulvy <1, (71.1)

makes the phonon system in the crystal at low temperatures similar in many
respects to an ordinary gas. The normal collisions establish internal equilibrium in
each volume element of the gas (large compared with Iy), which may still be
moving with any velocity V. If V and the temperature T vary appreciably only over
distances large compared with Iy (and over times long compared with 1/vy), a
system of “hydrodynamic” equations can be derived for them. We shall construct
these in the linear approximation with respect to the velocity V and the tem-
perature gradient, which will be regarded as small quantities of the same order.
Moreover, to simplify the formulae we shall again (as in §69) suppose that the
crystal has cubic symmetry.

One of the required equations expresses the law of conservation of energy. It is
obtained by substituting the distribution function (69.2) in (67.3) and (67.4). The
integrals of w(k-:V)dNo/dw and of wuN, are zero when the integration over the
directions of k is carried out; cf. the first footnote to § 68. The function N¢(w) depends
on the coordinates and the time only through T. Neglecting terms which contain the
product V- VT, we find

BioTlot + BT divV =0, (71.2)
where
Bs= 0E,/aT. (71.3)
E, is the equilibrium energy density, and B, is defined in (69.8).

The second equation expresses the (approximate) conservation of quasi-momen-
tum. It is obtained from the transport equation

aNJat +u. VN = Cy(N)+ Cy(N) (71.4)

by substituting N in the form (69.2), multiplying by k, integrating over d'k, and
summing over the types of phonon. The integral of kCn(N) is zero by the
conservation of quasi-momentum in normal collisions. The result is

ﬁzT BV/('M + ﬁ]VT = — VuﬁzTV, (715)

with B, and vy given by (69.8). Equations (71.2) and (71.5) are the hydrodynamic
equations for a phonon gas in an insulator.

The exponentially small (like vy) term on the right of (71.5) represents the effect
of Umklapp processes. When this term is neglected, the quasi-momentum is
exactly conserved. Under such conditions, undamped waves can propagate in the
phonon gas, analogous to second sound waves in a superfluid (V. P. Peshkov 1946):
eliminating V from (71.2) and (71.5), we have in that case

7TI81> = (B2 BBHAT, (71.6)

i.e. the wave equation describing the propagation of temperature oscillations with



304 Insulators

speed

102 = (BB 717

As already mentioned, contributions to the integrals B., 8., B3 at low temperatures
come almost entirely from the acoustic branches of the spectrum. For linear
dispersion relations w(k), these integrals are proportional to T?; the speed (71.7) is
then independent of the temperature. and of the same order as the speed of sound.t

So far we have assumed the crystal to be of infinite size. At low temperatures,
when the phonon mean free path rapidly increases, a situation may actually occur
in which the mean free path becomes comparable with or even much greater than
the size L of the crystal. This applies in particular to the exponentially increasing
’l,’.

Let us consider heat transfer in an insulator with Iy > L (the condition will be
more precisely specified below), but still Iy < L; the latter inequality enables us to
use the equations of phonon hydrodynamics (J. A. Sussmann and A. Thellung 1963,
R. N. Gurzhi 1964).

Because of the microscopic unevennesses of the crystal surface, phonons are
usually reflected from it randomly (or diffusely); this means that the macroscopic
velocity V of the phonon gas is zero at the surface. Equations (71.2) and (71.5),
however, do not allow such a boundary condition; their solutions can satisfy only
the condition that the normal component of the velocity is zero at the surface. As
in the hydrodynamics of ordinary liquids, the boundary condition that the tangen-
tial velocity component is zero demands that the viscosity be taken into account.

In the steady state, equation (71.2) gives div V = 0. The inclusion of the viscosity
adds a term in AV to the right-hand side of (71.5), similar to the corresponding term
in the Navier—Stokes equation for an ordinary viscous liquid. In the steady state,
this equation is

(BilBTINT = pAV -y V. (71.8)

The quantity p has the dimensions [LYT]. and acts as the kinematic viscosity of the
phonon gas.i Its calculation requires in principle the solution of the corresponding
transport equation. However, for an order-of-magnitude estimate we can use the
ordinary formula from the kinetic theory of gases, whereby

w~ It~ ulvn. (71.9)

Size effects are predominant when the term vyV in (71.8) is negligible in
comparison with pAV. For example, let us consider heat transfer along a cylindri-
cal rod with diameter R, which is the characteristic length as regards the varlation

tIn an isotropic liquid with a phonon energy spectrum (superfluid hehum at low temperatures) there is
only 01’5 acoustic branch, in which w = uk. Then B,/ = 1°, f1/Bs =}, and the speed of second sound is
w = ufV3.

{Considering the problem purely qualitatively, we here neglect entirely the anisotropy of the crystal.
It should be remembered that, even with cubic symmetry, the viscosity is described not by a scalar
coefficient but by a tensor of rank four having more than one independent component.
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of the velocity V, so that AV~ V/R%. We see that the term vy V is negligible if
w/R?> vy, With the estimate (71.9), this condition becomes Iy » lq, where

les~ Ry @1.10)

acts as an effective phonon mean free path in the finite body. ¥ I,z > Iy, on the
other hand, the size of the body is unimportant, and (69.14) is valid.

The process of heat transfer along the rod when Iy 3 g is a Poiscuiille flow of a
viscous phonon gas, and may be described by an effective thermal conductivity
which determines the energy flux as — k.qaVT, where VT is the temperature gradient
along the rod. This flux may be estimated by substituting (71.10) in the expression
ket ~ Culog. At low temperatures, the lattice specific heat C x T2, and Iy ~ ufvy =
T7% according to (69.15). The effective thermal conductivity is therefore

Ker < R¥T® when Ry, <y <R; (71.11)

it decreases with falling temperature.

Lastly, at still lower temperatures, when also Iy R, collisions between phonons
become unimportant, as in the Knudsen case for highly rarefied ordinary gases.
The role of the mean free path is then taken by the size R of the body, and the
effective thermal conductivity is

ket~ CuR = T°R (71.12)

(H. B. G. Casimir 1938).

§72. Sound absorption in insulators. Long waves

The nature of sound absorption in insulator crystals depends greatly on the
relation between the wavelength and the mean free path | of thermal phonons, If
the wavelength is much greater than I (fl <1, where f is the sound wave vector), the
macroscopic theory based on the equations of elasticity theory is valid (see TE,
§35), according to which the sound absorption coefficient comprises two terms
which are respectively determined by the thermal conductivity and the viscosity of
the medium. Both terms are proportional to the square of the frequency. Our aim
here is to find their dependence on the temperature.

The thermal conductivity contribution to the sound absorption coefficient is
given in order of magnitude byt

Yo~ w2k Tap/uC?, (72.1)

where « is the thermal expansion coefficient of the body, C the specific heat per
unit volume and p the density. At high temperatures T > ©, the thermal conductivity

tWe give the absorplion coefficient per unit path length. The frequency and temperature dependences
are the same for the coefficient per unit time, since the two coefficients differ only by a constant factor.
the velocity of sound.
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k « 1/T, while C and « are independent of the temperature: see SP 1, §§ 65,
67. In this range, therefore, vy, is independent of the temperature. At low tem-
peratures, its temperature dependence is governed mainly (in an ideal lattice) by
the thermal conductivity, which increases exponentially as T decreases.

Let us now determine the viscosity part of the sound absorption coefficient (A. 1.
Akhiczer 1938). The external sound field alters the phonon dispersion relation by
causing a macroscopic deformation of the crystal lattice. The wavelength of
thermal phonons is small in comparison with the wavelength of sound; hence the
deformation may be regarded as uniform in relation to a thermal phonon, i.e. the
latter may be regarded as being in a lattice that is still regular but has slightly
altered periods. In the first approximation with respect to the small deformation,
the phonon frequency w(k) in such a lattice is related to its value wk) in the
undeformed lattice by

(k)= 0 K)L+ Aws Usp), (72.2)

where

_1(aU, | aU
Uep = Z(Bx,; t B.\’ﬂ)

is the strain tensor and U the displacement vector. The characteristic tensor A, of
the crystal in general depends on k; for long-wavelength acoustic phonons with a
linear dispersion relation, however, it does not depend on the magnitude of k.

The parentheses in (72.2) should also contain a term of the form A curl U
expressing the trivial fact that, if the deformation causes rotation of a lattice
volume element (curl U # 0), this changes the direction of the axes (of the recipro-
cal lattice) with respect to which the quasi-momentum of a phonon in the dis-
persion relation is to be defined; the term A curl U would represent the correspond-
ing change in k. We have not written this term in (72.2), since it is evident a priori
that it cannot influence the energy dissipation in the sound wave, which concerns
us here: the actual physical effect (dissipation) cannot depend on the vector curl U,
which differs from zero even for a mere rotation of the body as a whole.

The change in the phonon distribution function due to the lattice deformation is
given by the transport equation

(3NJdw)e +(IN[OT)T = C(N), (72.3)

where C(N) is the phonon-phonon collision integral (67.6), and T the rate of
variation of the temperature at a given point in the crystal that necessarily results
from the deformation. Linearizing this equation in the usual way, and using the
function x defined by (67.15), we can reduce it to the form

© %%()\HBU‘,B —TIT) = I(y), (72.4)

where I(x) is the linearized collision integral (67.17). On the left-hand side, the
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derivative @ has been transformed by means of (72.2); the superscript (0) to the
unperturbed frequency is omitted, here and henceforward.

The derivative T can in principle be expressed in terms of the same tensor Aep-
Multiplying both sides of equation (72.4) by o, integrating over k-space, and
summing over all branches of the phonon spectrum, reduces the right-hand side to
zero by virtue of the conservation of energy in collisions. The left-hand side gives

TIT = hagUsg, (72.5)

where )\—ag is the tensor A, averaged over w?dNy/dw. In both the limiting cases of
high and low temperature, )., is independent of temperature: when T » @, the
important phonons in the averaging are those with the temperature-independent
quasi-momentum k ~ kg~ 1/d, and when T <@ the long-wavelength acoustic
phonons are the important ones, with Az independent of k, so that the averaging
again causes no dependence on the temperature.

With Aog — Asg = Ao, We write the transport equation as
(AN 80)hapUsp = I(x). (72.6)

Next, let us derive a formula for the dissipation of energy in a non-equilibrium
phonon gas. W start from the expression for the entropy per unit volume of a
Bose gas:

S= g f [(N + I} log(N + I)— N log N1 d*kj2w) 72.7)

(see SP 1, §55). Differentiation with respect to time gives

S= Z f N log N; I =) . (72.8)

Replacing N here by the integral C(N) (cf. §4) and renaming appropriately the
variables k, k;, and k; in the two terms in (67.6), we can put S in the form

1 , ) e _(Ni+ DNoNy
S=1 2, ) e ke kdler— er= @) o8 g (R NG+ 1)
X [(N1+ DN,N3 — N (N2 + 1D(Ns + D] &k, d’kaf(27)°.
Multiplication by T gives the dissipative function, i.e. the energy dissipated per

unit time and volume. Substituting N = N+ 8N, with 8N in the form (67.15), and
keeping the first (quadratic) terms in the expansion in powers of 8N, we find

.1
TS = ’2—7 2 wiks, Ks: k])S((U. —wir— w;) X

R1-E2-83

X (Nm + DNoNosGi — x2 — x3)? ki kol Q7). (72.9)
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The above formulae are sufficient to determine the temperature dependence of
the sound absorption coefficient. Let us first consider the range of high tem-
peratures.

In this case, the collision integral J(x) contains the temperature as a factor T?
(see the beginning of §68). On the left-hand side of the transport equation (72.6),
we have wdNg/dw =~ — Tlw, and for the majority of the phonons the frequency
o~ 0 is independent of the temperature. For these frequencies, therefore,

X ~ (T Usg.

From (72.9), in which we must put No=~ T/w > 1, we now find that the dissipative
functioa is independent of the temperature. The same is true of the absorption
coefficient, obtained by dividing the dissipative function by the energy flux in the
sound wave, which is independent of the temperature. When T > 0, therefore, both
the viscosity part and the thermal-conduction part of the sound absorption
coefficient are independent of the temperature.

At low temperatures there is, first of all, a fundamental difference from the
problem of thermal conduction: the sound absorption coefficient is finite even when
Umklapp processes (whose frequency is small at low temperatures) are neglected.
In the thermal conduction case, the absence of any solution of the transport
equation when Umklapp processes are neglected was shown by the contradiction
arising on multiplication of this equation by k and integration over the whole
phonon spectrum: the right-hand side is then zero, but the left-hand side is
certainly not zero; cf. (69.6). For equation (72.6), however, the contradiction does
not occur: since its left-hand side is an even function of k, it becomes an odd
function on multiplication by k, and vanishes on integration over d’k. Here we
assume that the integral of the term containing the Umklapp process operator, i.e.
of klIy(x), is also zero. Since this is not ensured by any conservation law, a certain
condition is thereby imposed on the solution of the transport equation: the function
x (k) must be even in k (and kI-(y) is then an odd function, since it is easily shown
that the operator I does not change the parity of y). This condition eliminates the
arbitrariness due to the existence (in contrast to Umklapp processes) of an “extra”
solution of the form ¥ = k. 8V, an odd function of k, and ensures a correct passage
to the limiting case where these processes are absent.

When T < ©, phonons with energy @ ~ T are the most important in the collision
integral (and in the dissipative function). These are long-wavelength phonons in the
acoustic branches of the spectrum; their frequency varies linearly with k, and they
therefore have k ~ T/u. According to (66.14), the function w in the integral (67.17)
for collisions of such phonons is w = kkk,. The distribution function N, depends
only on the ratio w/T, so that No~ 1 when w ~ T. The integration is over d’k, =
k.2 dk, do,, and for k, over a region ~T. Each factor k, k,, k; therefore contributes a
factor T to the integral, and the delta function gives a factor 1/T. Thus the whole
integral, as regards its temperature dependence, is estimated as yT*. The left-hand
side of the transport equation (72.6) is independent of the temperature when w ~ T.
Hence we have, when o ~ T,

X = T_4X(:B UuB'
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A corresponding estimate of the integral (72.9) then leads to the result that the
dissipative function, and therefore the viscosity part of the sound absorption
coeflicient, are inversely proportional to T. Thus

v * 0T when T<0. (72.10)

The absence of any need for Umklapp processes has the result that this part of the
absorption coefficient increases only by a power law with decreasing temperature,
not exponentially.

The use of the dissipative function in the foregoing analysis has made it possible
to avoid expressing the viscous stress tensor in the crystal in terms of the phonon
distribution function. This is not a trivial problem, because the actnal momentum
flux tensor is involved. and this momentum is not the same as the quasi-momentum of
the phonons. We shall show how this expression can in turn be derived from the form
of the dissipative function.

To do so, we again start from the integral (72.8), and now write N in it as the
expression on the left of the transport equation (72.6). The logarithm in the
integrand is written in the form (see (67.16))

N No -
~log = log[NOH(H%)]szX‘

The result is

T$=3, f whopdN (—gﬁ") Usp, (72.11)
£
where 8N = — xdNo/dw;, the term with the factor w in place of x is identically zero,

by the definition of A, Instead of Aup = A.p — )\,,B, we can here put simply A,
since the integral containing the constant factor A.p is zero by the further condition
(67.14) imposed on 8N.

The dissipative function (per unit volume) can be expressed in terms of the
viscous stress tensor ol as ohgUs.g; cf. TE, §34. A comparison with (72.11) thus
gives the following expression for the viscous stress tensor:

olp=, f whop ON d*k|Q7) (72.12)
8 \

(V. L. Gurevich 1980).

§73. Sound absorption in insulators. Short waves

In the opposite case of short wavelengths, fl > 1, the process of sound wave
damping may be regarded as the result of absorption of individual sound quanta
when they collide with thermal phonons (L. D. Landau and Yu. B. Rumer, 1937).

"For this treatment to be permissible, the energy and momentum of the thermal



310 Insulators

phonons must be defined with sufficient precision: when changed by the absorption
of a sound quantum, they must come into a range outside the quantum uncertainty
due to the finite mean free path, and this is ensured by the inequality fl> 1. In
practice, such a situation can occur only at low temperatures, when the mean free
path becomes sufficiently long.

In the first approximation, i.e. when processes involving the smallest number of
phonons are considered, we have three-phonon processes:

k1+f:k'_), w1+w = Wy, (731)

where w and f are the energy and quasi-momentum of the sound quantum, while
w1, kK and w2, ks belong to thermal phonons. The latter are wy, w2~ T; ki, ka~ Tl
We shall assume that

fiw<T. (73.2)

Then w, w» and kj, k; are large compared with « and f respectively.

As we have seen in §68, the conservation laws (73.1) can be obeyed only if the
speed of the thermal phonon exceeds that of the sound quanta absorbed (or
emitted). Without entering into a discussion of various possible cases, we shall
suppose that the sound wave is not “longitudinal™ (i.e. does not correspond to the
acoustic branch of the phonon spectrum for which the speed is greatest), and that
the condition stated may therefore be satisfied. Since o and f are small, the initial
and final thermal phonons belong in general to the same acoustic branch of the
phonon spectrum: at low temperatures, they are long-wavelength phonons.

The probubilities of phonon emission or absorption in a three-phonon process are
given by (66.9) or (66.11). The occupation numbers N;= N(k,) and N,= N(k.) are
given by the Planck equilibrium distribution function (67.9). A macroscopic sound
wave corresponds to a very large occupation number for a given phonon state f; in
comparison with it, unity is of course negligible. Omitting the factor N(f), we
obtain the probability per sound quantum.

Thus the probability of absorption of a sound quantum in its collisions with
thermal phonons having all possible values of k; is given by the integral

f Akikaf Ni(N2 + D8 (w + © — ;) &k Q27 ). (73.3)

The probability of the inverse process of emission of a phonon f by all possible
phonons k; is

f Akikof NN + D8 (w1 + 0 — wg) dPkiJ(27) . (73.4)

The function w in (66.9) and (66.11) is written, in accordance with (66.14), in the
form Ak kf, all three phonons being long-wavelength ones (A is a function of the
directions of all the phonons).

The phonon absorption (the relative rate of decrease of the number of phonons)
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is determined by the difference of these two probabilities. Since the frequency w is
small in comparison with w; and w,, we have

Nl(N2+ 1)"(Nl+ I)N2= Nl_sz: _(aNl/awl)w

The absorption coefficient is therefore
y o of [ Akl aNd a3+ o - w) Pk, 73.5)

We are concerned with the dependence of this quantity on the sound frequency
w and the crystal temperature T. It is governed entirely by the fact that all the
frequencies in (73.5) are first-order homogeneous functions of the wave vectors. To
simplify the discussion, it is sufficient to take w = Uf, w, = uk;, w; = uk,, where U and
u are speeds independent of direction.

Since f is small, we can put k; = k. For the same reason,

w2 — ;= (0w, /9k)) . f= uf cos 0 = w(u/U) cos 6,

where 6 is the angle between f and k. Then
5wy +w— )=l5(1-'~‘cose)
W) T W~ W © U s

and the integral (73.5) becomes

kl aN
y o wJ'Akr_ Twl' 5(1 ~ £ cos e)kﬁ dk, d cos 6, (73.6)

or, after removing the delta function,
Y X @ f k14[6N1/6k1|dk1

Since N, is a function only of the ratio «,/T = uk,/T (because of the rapid
convergence, the integration with respect to k; can be extended to infinity), the
remaining integral is proportional to T Thus

y = oT?, (73.7)

Here, the sound absorption coefficient varies linearly with the frequency.

With the condition (73.2) assumed above, the sound attenuation mechanism in
question is exactly analogous to Landau damping in a plasma. The “resonance
electrons™ are here represcnted by phonons moving in phase with the sound wave.
There is therefore naturally a resenblance between (73.6) and the Landau damping
formula (30.1).



CHAPTER VIl

QUANTUM LIQUIDS

§74. Transport equation for quasi-particles in a Fermi liguid

Tue transport equation for quasi-particles in a normal Fermi liquid has already
been discussed (SP 2, §84 and 5) in connection with the propagation of oscillations
in it; the collision integral in the equation was there unimportant. We shall now
continue the discussion of the transport equation with a view to its application to
dissipative processes relating specifically to collisions.

The quasi-particles in a Fermi liquid have a spin of 3. Accordingly, their
distribution function is in general a matrix with regard to the spin variables.
However, there is a wide range of problems in which it is sufficient to consider a
distribution independent of the spin variables, reducing to a scalar function n(r, p)
normalized so that n d’p/(2wh)* is the number of quasi-particles per unit volume
with momenta in the range d’p and a given spin component. This will be assumed
in §§74-76.

The characteristic property of the spectrum of a Fermi liquid is that the energy €
of the quasi-particles is a functional of the distribution function. When the latter
changes by a small amount:

n(r, p) = no(p) + én(r, p), (74.1)

where ng is the equilibrium distribution, the energy changes by

be(r, ) = [ f(p. D)0 (e, ) Pp'IC2AHY, (742)

where f(p, p') is the quasi-particle interaction function. Thus the distribution (74.1)
corresponds to the quasi-particle energy

e(r, p) = €o(p) + Se(r, p), (74.3)

where €o(p) is the energy corresponding to the equilibrium distribution.
The transport equation is

dn  de on 0e dn
on o€ on_O€ cn = 4
ot +6p dr dr ap Cn). (744

Its characteristic feature is that in an inhomogeneous liquid the left-hand side of

312
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the equation contains a term involving the derivative de/dr even in the absence of
an external field, because of the coordinate dependence of € (74.3).
The collision integral on the right of (74.4) has the form

Cn)= f wip, pi;p’, p)ln'ni(E = n)(E—n)) — nny(1— n"Y(1—ni)] %
X 8(e+e;—€'—¢€))d’p, d'pI2wh), (74.5)

where n,n,, n',ny are functions of the momenta p,p,, p’,pi of the colliding
quasi-particles. The law of conservation of momentum in collisions is assumed
already taken into account, so that p+p, =p’+pi; the integration in (74.5) is
therefore taken over only two momenta, not three. The conservation of energy is
ensured by the explicitly written delta function. Lastly, w is a function of the
momenta which gives the collision probability. The two terms in the square
brackets give respectively the numbers of quasi-particles entering and leaving a
particular quantum state as a result of collisions. They differ from tue correspond-
ing terms in the Boltzmann gas collision integral by the factors (I —n), etc. The
presence of these factors is due to the Fermi statistics, whereby collisions can take
quasi-particles only into unoccupied states.

The Born approxinmation is in general not applicable to collisions of quasi-
particles in a Fermi liquid. Nevertheless, the probabilities of dircct and reverse
scattering processes may be assumed to be the same. We are consideling quantities
already averaged over the directions of the quasi-particle spins. Under these
conditions, the scattering probability depends only on the initial and {inal momenta
of the colliding quasi-particles. This enables us to apply the same arguments as
were used in §2 when deriving the principle of detailed balancing in the form (2.8).
Here it is important that in a Fermi liquid there is again invariance under spatial
inversion, We thus arrive at the equation

w(p’, pi: p. P1) = w(p, pi; ', P1),

already used in the collision integral (74.5). The function w depends in general on
the state occupation numbers, and therefore on the temperature. However, since
the temperature is low (an important point in the whole theory of Fermi liquids), w
in the collision integral is to be taken as the function calculated for T = 0.

The integral (74.5) vanishes identically, as it should, when we substitute for n the
Fermi equilibrium distribution function

ne(e) = [exp(€ ;p.) + 1]—1. (74.6)

For, since

Ho - _€E—
oo ()

we see at once that the law of conservation of energy leads to the equation

HgNgy nona

(—nd(—ney  (I—ng)1—ngy

(74.7)



314 Quantum Liquids

I.et us use the transport equation to express the mass, energy and momentum
conservation laws in a Fermi liquid in terms of the distribution function. The
dependence of the energy of the quasi-particles on their distribution makes this a
fairly specific problem.

We integrate both sides of (74.4) over 2d°p[(2=h)*; the factor 2 takes account of
the two possible directions of the spin. Because of the conservation of number of
quasi-particles in collisions, the integral of C(n) is zero. On the left-hand side, the
term —(dn/dp) . (de/dr) is integrated by parts, and the equation then becomes

ONJot +divi= 0,
where N is the number density of quasi-particles,
i=(v), (74.8)

and v = 0¢/dp is the quasi-particle velocity.t This is the continuity equation for
quasi-paiticles, and i is therefore the quasi-particle flux, Since the number of
quasi-particles in a Fermi liquid is the same as the number of actual particles, i is
also the flux of actual particles, so that i = {p/m).

Let us now apply the same operations to (74.4) after first multiplying both sides
by p. The integral of pC(n) is zero, because of the conservation of the total
momentum of quasi-particles in collisions. The left-hand side in vector components
is

(’l(Pu)_*_J' (Em de  dn Be) 2d°p

ot % ps 3Pa 9xg) Q)"

The integrand in the second term can be rewritten as

2 (5,25 ) enfe D (p, 2,
axp \P* 3p, ax. épy Pt ax, ")
On integration, the third term gives zero, and the second term gives the derivative

dE|ax, of the energy density E of the liquid, the quasi-particle energy in a Fermi liquid
being determined by the variation of the internal energy,

SE = f edn . 2d’pjQ2wh)’. (74.9)
Thus we have the equation of conservation of momentum in the form

d a1l
—_ +_"E=
a1 Pe) ox, 0,

tHere and in the rest of §74, (...) denotes inlegration over the distribution n:

(...)=f_..n.2d’p/(2ﬂm’
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where the momentum flux tensor is
g = {pavg) + 8ap({€) — E). (74.10)

Finally, multiplying both sides of (74.4) by € and integrating, we similarly obtain
the equation of conservation of energy:

dE[at + divg=0,
where the energy flux is
q=(ev). (74.11)
In equilibrium, all the fluxes i, q and I1,z are zero. We can derive expressions for
them that are linear in the small correction 8n in the perturbed distribution (74.1).
The equilibrium function ny depends only on the energy of the quasi-particle,

which in turn corresponds to the equilibrium distribution. Denoting this fact by the
suffix zero to €, we write the definition (74.1) in the more precise form

n(r, p) = no(eg) + én(r, p). (74.12)
If ng is expressed as a function of the actual quasi-particle energy €, we must put
no(eg) = no(€) — 8e . Inglde
and the perturbed distribution function then becomes
n(r.p)= ny(e) + &i(r, p), (74.13)

8n = 8n — e . dnglde

_ ang

=8n e ff(p, p)on(r, p') d’p’/(27rﬁ)’.

Since, in the integrals (74.8)-(74.11), € and v = d¢/dp are the actual energy and
velocity of the quasi-particle. it is sufficient to substitute n in them in the form
(74.13), which gives immediately

i:fvsﬁ. 2d°pl(2h)’,
q= f evdi . 2d°pl2wh)’, (74.14)

Mo = f pavedii . 2d°pl (2

in the last expression, we have also used (74.9). Now, as the first-order terms in 8a
have been separated, we can of course treat € as €p) in the integrals (74.14).
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As in previous cases, we express dn as
8n = — Yonef de. (74.15)

In this case, the separation of the factor ang/de has a special significance. The
perturbation 8n is concentrated in the blurred region of the Fermi distribution. The
derivative dny/de too is appreciably different from zero in just that region; when this
factor has been separated. the remaining function ¢ is a slowly varying one.
Together with (74.15), we shall write

8n = — ¢ dnglde
=noll — ne)o/T, (74.16)
where
o . 9ng(€’) . dp
o= ff(p-p)—ae, llf(r.p)(zﬂﬁ);. (74.17)

In the zero-order approximation with respect to the small ratio T/e,,, the function
ny(e) may be replaced by a step function cut off at the limiting energy €g. Then

anolde = — 86(e — ¢;), (74.18)
and the integration over d’p reduces to an integration over the Fermi surface
€ = €. The volume element between two infinitely close constant-energy surfaces
in momentum space is

dS del|aelap, (74.19)

where dS is an area element on the constant-energy surface. The integration over
d’p thus becomes one over the Fermi surface according to the formula

f...a(e—eF)d’p =f...dsF/vF, (74.20)

where vg is the velocity on the Fermi surface. This formula does not assume that
the Fermi surface is spherical; on a sphere, dSr = p¢’ do with constant pg.
After this transformation, the definition (74.17) becomes

¢(r, p)= Uir, p) + f £(p, POV(r, pP dSHv 7Y, (74.21)

where pr denotes the momentum (with variable direction) on the Fermi surface.
The particle flux is

i= f (Velve)e - 2dSH2mh) (74.22)



and the momentum flux is given by a similar expression. In the energy flux, the
approximation (74.18) is certainly inadequate: it would reduce q simply to the
convective energy transfer exi, the first term in the expression

ano 2d‘p
(27rﬁ)

q=€pi— J v(e — ep) (74.23)

To linearize the collision integral, it must be noted that the equilibrium dis-
tribution n.(e) as a function of the actual energy € makes the collision intcgral
zero.t The linearization is thus carried out by substituting n in the form (74.13) and
(74.16). The calculations are similar to those in going from (67.6) to (67.17). The
expression in the square brackets in (74.5) is written in the form

B _ _ _ ni n n,
(I -n)(l=n)X1l-n"1 nl)[ W l_"l = l—"n]’
and we use the fact that
n_o_ ng ¢
8 1-n 1l—nT

The result is
Cln)=Ig)

| ' ' '
=7 f whgho(1 — no)(1 —no)(@'+ o1 —¢ —~ @) X
X 8(e' + €} — € —e)d'p; d’p’[(27h)". (74.24)

Note that the required perturbation of the distribution function (to be found by
solving the transport equation) occurs in the colliston tntegral as the same 8 that
appears in the fluxes (74.14). If the terms in §n can be omitted on the left of the
transport equation (as in calculating the thermal conductivity and the viscosity; see
§75), then the quasi-particle distribution function f(p, p’) does not occur explicitly
in the resulting equations: the equations with f for the unknown 8i are the same as
those with f =0 for the unknown 8n. In such problems, therefore, the Fermi-liquid
effects do not appear, and the situation is formally identical with that for a Fermi
gas.

We shall show that a similar case occurs in a particular class of problems where
the first-order terms in 8n have to be retained on the left-hand side of the transport
equation. If the function n, is independent of the coordinates, these terms are

6_8[1_+68n deg _ dng d8e

at ar dp Jp ar

=6_5£l_ _98n _ ano J’ d’p
PV e Ve f(p,p')én(r, p)(2 h)’

tThis is a general remark, which applies 10 any collision integral involving Fermi quasi-particles, not
only to (74.5).
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With 8 from (74.13), they become

aait" —-v- %8—:1 (74.25)
If the time dertvative may be neglected, agawn only 8A occurs here.

These statements remain valid not only for an electrically neutral Fermi liquid,
discussed here, but also for the electron liquid in metals, which will be considered
in Chapter IX. For this reason and in order not to have to return to the topic, some
additional comments will be made here.

If the quasi-particles carry an electric charge —e, then in the presence of an
electromagnetic field the derivative p = — d¢/a@r contains a further term, the Lorentz
force on the charge. Accordingly, the left-hand side of the transport equation
contains a term

The electric field is generally assumed to be weak, and in the term — eE . an/dp it is
sufficient to put n = ng. The magnetic field term is ideZically zero for a function
ny(€) that depends only on e. If the field is strong, however, it may be necessary to
retain also the first-order terms in 8n. These are

_¢ .gon_ € xp-Qo__€,. don _ ditg Jo€
cVXB dp ¢ Ip B ap v Jp de dp

e aén e dde Ing e B _{BSn dng 685}
where v = deg/ap. The factor an¢/de which depends only on € can be taken under
3/dp in the braces; its derivative is parallel to v and gives zero on multiplication by
v X B. These terms are thus brought to the form

_gva.ga_n_

p ap (74.26)

which again contains 87 only.

§75. Thermal conductivity and viscosity of a Fermi liquid

The temperature dependences of the viscosity and thermal conductivity of a
Fermti liquid can be established by simple qualitative arguments (I. Ya. Pomeran-
chuk 1950).

According to the elementary formula (8.11) in the kinetic theory of gases, the
viscostty is 7 ~ mNbl, where m is the particle mass, N the particle number density,
© the mean thermal speed and | the mean free path. In the present case, the
particles of the kinetic theory are quasi-particles, but since the numbers of each are
the same the product mN is a quantity independent of the temperature, namely the
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density of the liquid.T The speed D ~ v, where vr is the temperature-independent
speed on the Fermi surface. The mean free path |~ ver, where 7 is the time
between quasi-particle collisions. This time varies with temperature as T2 (see SP
2, §1), so that for the viscosity also

no T2 (75.1)

The thermal conductivity is estimated from (7.10): k ~ c¢N#l, where ¢ is the
specific heat per particle. For a Fermi liquid ¢ x T, and so

ko TN (75.2)

For an exact determination of % and k, we have to use the transport equation.
The sequence of calculation for the conductivity is as follows.

The left-hand side of the transport equation (74.4) is transformed in a similar way
to the procedure in §7 for the thermal conductivity of a classical gas.

Let there be a temperature gradient in the liquid, which is macroscopically at
rest. The latter condition timplies that the pressure s constant throughout the liguid.
and the temperature disttibution is steady. On the left of (74.4), we substitute for n
and € their local equilibrium values with a temperature varying through the liguid.
Then 9¢€/dar =0, and only the term v . dng/dr remains (we omit the suffix 0 to € and
v). The function n involves only the combination (e — u)/ T, and since we shall seek
only the limiting forms as T — 0, the chemical potential u(T) may be taken to have
its value at T =0 (which is the same as the ltmiting energy €;). Then

v.dng/ar =(ang/dT)v. VT

=’lo(1_"0)_€—ﬂ-

T T V- VT,
and the transport equation bccomes
E-p
no(l —no)—,r—g—v.\"T =I(¢p), (75.3)

with I(¢) from (74.24). The solution of this equation must be subjected to a further
condition which expresses the absence of any mucroscopic mass transfer:

ang dp _
f“" de Q7h)y

(75.4)

Because of this condition, only the second term rematns in the energy flux (74.23).

As already noted in §74, equations (75.3) and (75.4) do not explicitly contain the
quasi-particle interaction function, so that the problem of thermal conduction in a
Fermi liquid (and the same applies to the viscosity problem) is formally identical
with that for a Fermi gas.

tSince we shall seek the limiting form of the function n(T) at low temperatures, this limit is of course
meant for all quantities which tend to a finite value as T —0.
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In all the integrals, the most important region is that where € —p ~ T and the
Fermi distribution is blurred; the quasi-particle momenta are close to the radius pg
of the Fermi sphere, and in this range € — i = vp(p — pr). Wherever the momenta
occur other than as the difference p — pg, we can put p = pp, and the speed can
everywhere be equated to v In particular, this can be done in w, which then
becomes a function only of the angles which describe the relative orientation of the
vectors p, p1, p’, p1. For given p and pi. the law of conservation of momentum fixes
the angle between the vectors p’ and p; = p + p1 — p’; the integration with respect to
this angle removes the delta function from the collision integral. There remain
integrations over the magnitudes p, and p’ (and over the other angle variables). The
integration over these magnitudes is replaced by one.over T?du, du’, where
tt =(e =~ u)lT = ve(p — pe)l T are variables on which the distribution functions n
depend; in view of the rapid convergence, these integrations can be taken from —x
to =. We then find that the whole integral I () is proportional to T, and the solution
of (75.3) is

¢=~T g()v.VT.

When this is substituted in (74.23), integration over the directions of v puts the heat
flux in the form q = — VT, with

any

o du.

K =——87TUFPF_J . ug(u)

T

x

Hence we see again that k x T,

The above simplifications of the collision integral are sufficient to solve the
transport equation exactly (and the same is true of the viscosity problem). The
formulae obtained for k and n express them in terms of the parameters pg and vg
and the function w suitably averaged over directions.t

§76. Sound absorption in a Fermi liquidi

It has been shown in SP 2 (§4) that the nature of waves propagating in a Fermi
liguid depends essentially on the value of the product wr, where 7 is the mean
free time.

When wr <1, we have ordinary hydrodynamic sound waves. The frequency and
temperature dependences of the coefficient y for the absorption of these waves per
unit distance can be found from the familiar formula y ~ w’y/pu’, where 7 is the
viscosity, p the density of the liquid and u the speed of sound; see FM, §77. Since
in a Fermi liquid  x T2, we have

v T (76 1)

+See G. A. Brooker and J. Sykes, Physical Review Letters 21, 279, 1968.
I 1he results in this section are due to L. D. Landau (1957).
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This result can be more formally derived by noting that the absorption is described
by the first correction term (with respect to the small parameter) in the sound
dispersion relation:

k = (w/u)(1 + iawT), (76.2)

where « is a constant. The imaginary part of this expression (for a real frequency)
gives y; since 7 = T2, we return to (76.1).

When wr ~ 1 the absorption becomes very strong, and the propagation of sound
waves cannot occur.,

When o131 the propagation of weakly damped waves (zero sound) again
becomes possible. The absorption is described by a correction term tn the dispersion
relation, in this case involving the small parameter |/iwr:

k=2 (l +'£), (76.3)

Uy wT

where i, is the speed of propagation of zero sound. The absorption coefficient is
accordingly proportional to the collision frequency: y = 1/7, and the latter is in turn
proportional to the squared width of the blurred region of thc quasi-particle
distribution. When how < T, this width is governed by the temperature, so that
/7 « T2, and the absorption coefficient is

vy=aT? T ho>hl. (76.4)

If, however, iw> T (but still hw < er as the necessary condition for the whole
theory to be applicable), the distribution is blurred in a regton of width ~hw. The
absorption of zero sound is then

2

v =bw, ho>T. (76.5)

This case includes, in particular, zero sound of all frequencies at T =0. It will be
shown below that there is a relation between the constants a and b in (76.4) and
(76.5).

The difference in the nature of the absorption of ordinary and zero sound ts due
to a difference in their physical nature. In an ordinary sound wave, tn any volume
element small compared with the wavelength, the quasi-particle distribution cor-
responds, in the first approximation, to equilibrium for a gtven local temperature
and velocity of the liquid. In this approximation, there is no dissipation, and sound
absorption occurs only when we take into account the effect of the temperature
and velocity gradients on the quasi-particle distribution. In a zero sound wave,
however, the vibrations themselves cause the distribution function to depart from
equilibrium tn every volume element, and the collisions of quasi-particles cause
absorption of sound.

According to the basic ideas of normal Fermt liquid theory, a quasi-particle in
such a liquid may be regarded in one sense as a particle in the self-consistent field
of the surrounding particles. In a zero sound wave, this field is periodic in time and
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space. According to the general rules of quantum mechanics, a collision of two
quasi-particles in such a field is accompanied by a change in their total energy and
momentum by fiw and fik respectively: we may say that in the collision a “zero
sound quantum” is emitted or absorbed.t The overall effect of such collistons is to
reduce the total number of sound quanta; the sound absorption coefficient is
proportional to the rate of this decrease.

With this approach, the absorption coefficient of zero sound is

y = [ Winna(t =it = n9 = nini(i = n)1 - no)}

X 8(el+ €:— €, — €2~ hiw)S(pt+ p3— pr— p2— hik) X
x d*py d’p I’p; d’pil(27h)". (76.6)

In the integrand, the delta functions which provide for the conservation of energy
and momentum wn collistons are shown explicitly. The first term in the braces
corresponds to collisions p;, p»— p1, p: with absorption of a quantum, the second to
Pl P3— p1. p2 with emission of a quantum. The function W, which is related to the
probability of “radiative” collisions, ts determined by the properties of the zero
sound wave; this wave itself may be regarded as propagating at T =0 (see SP 2,
§4), and W is then independent of the temperature.f

It is. however, not necessary to know the function W if we seek only to express
the absorption coefficient in terms of its value in the limiting case hw < T. To do so,
we note that in the integral (76.6) the only important values of the quasi-particle
energies are those in the region of blurring of the Fermi distribution. In this region,
the only factors in the integrand which vary rapidly are those containing the
functions n(e). Moreover, the angle integrals in (76.6) are almost unchanged when
we go from ho < T to fiw > T. [t is therefore sufficient to calculate the integral

J= f {nina(1 = n)l = n3) = niny(1 = m)(1 — nz)} X
X 8(ei+ €3—€;— €:— fiw) de, de de; d, (76.7)

taken only with respect to the energies. The proportionality factor between y and J
depends only on w, not on T, so that it can be found from the limiting value of y
when fiow/ T < 1.

In the integral (76.7) we can, of course, neglect the slight distortion of the
distribution function in the wave, putting
n(e)=[e" T + 117"
With the notation

x=(e=w)IT. £€=holT,

tSuch emission or absorption by one quasi-particle is impossible, since the speed of zero sound exceeds
the Fermi speed vr,

$To avoid misunderstanding. it should be emphasized that W is not the same as w in the collision
integral (74.5).
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we have

J= J"" (1 — e 9)8(x}+ x3— x, — x; — &) dx; dx; dx} dx}
(em+ 1) e+ 1)(1 +e ™)1+ e7™) ’

Because of the rapid convergence of the integral, the range of integration can be
extended from —oe to oo,

To carry out the integration, we change to variables y;, Y2 u;, us, where y =
x—x',u = €. The integration with respect to u, and u; is elementary, and gives

Sp 1ot [T 80t y2 + £) duy dux dy, dy:
T7I=(-e “LLL L (i + Do+ ), + )2 + €79

- ylyzS(y|+yz+§)
=(l-e ‘)LL (- (1= Vi dy:

=f_ y(§+y){e,_1 e,u' }d)

To calculate this difference of two divergent integrals, we first put in a finite lower
limit —A, writing

yE+y), 1t 3]
]] f\ e’—1 J’\,g et —1 dy
= / -\

- y Yo -4 é)
_2§J:\ey_ldy f\f e’ —1

Intending to take the limit A —» 2=, we neglect ¢” in the denominator of the second
integral, The first integral is transformed as follows:

= 0
y [y y
J,\e’—ldy J;e’—ldy+f\e’—ldy
0
2+J-«(l—ye"_y)dy

A
=§,772+f ‘y
0o € —

Cancclling terms and then taking the limit A — %, we have finally

Ol
3

0 dy + A%

T =}37%T°(1 + £1477).

The proportionality factor between y and J is found, as already mentioned, from
the condition that when £ <€1 we have y = aT* from (76.4). This gives

v =alT? + (hol2 7). (76 8)
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In particular, in the limit of high frequencies hw > T, we hence obtain
v = (al4m)(hw), (76.9)

which establishes the relation between the coefficients in (76.4) and (76.5).

§77. Transport equation for quasi-particles in a Bose liquid

If the mean free path of quasi-particles in a Bose superfluid ts small in com-
parison with the characteristic dimensions of the problem. the motion of the liquid
ts described by the Landau equations of two-velocity hydrodynamics (see FM,
Chapter XVI). The dissipative terms in these equations contain several transport
coefficients (the thermal conductivity and four viscosity coefficients). Their cal-
culation requires a detailed discussion of various scattering processes, the multi-
plicity of which is due to the existence of two types of quasi-particles (phonons and
rotons). Actually, in liquid helium, the situation is further complicated by the
instability of the initial part of the phonon spectrum. Such topics will not be
discussed here.

The mean free paths of the quasi-particles increase as the temperature falls, if
only because of the decrease in their number denstty. Hence, at sufficiently low
temperatures, there can easily be a considerable disequilibrium of the quasi-particle
system. Under these conditions, the equations of two-velocity hydrodynamics are
not applicable. The concepts of the temperature and of the normal velocity v, also
cease to be meaningful (they can be defined only in terms of an equilibrium
distribution of quasi-particles), and along with v, so does the separation of the
liquid density into superfluid and normal parts. The total density p and the
superfluid velocity v,, however, retain their meaning, and in this respect are
essentially mechanical variables. The whole set of equations describing a superfluid
must then consist of the transport equation for the quast-particle distribution
function n(t,r, p), the continuity equation for the density p, and the equation for
the velocity v,

The transport equation has the usual form*

an  dn 0J€E dIn 0€
— .= = .
of Tar ap ap or CM) (77.1)

where € is the quasi—?article energy, depending on the superfluid velocity v, as a
parameter; the symbol € is retained for the quasi-particle energy in a fluid at rest.
The relation between € and € is established as follows.

By definition, €(p) is the dispersion relation for quasi-particles in a frame of
reference Ky such that v, = 0. That is, in the presence of only one quasi-particle the
energy of the liquid (relative to that at T = 0) is e(p), and its momentum is equal to
the momentum p of the quast-particle. We make a Galilean transformation to a

1t is. of course, assumed that the quasi-classicality condition is satisfied: all quantities vary only
slightly over distances of the order of the quasi-particle wavelength #/p.
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frame of reference K at rest, in which the superfluid velocity s v,. In this frame,
the energy and momentum of a mass M of the liquid are

E=e(p)+p.v.+iMv2, P=p+ My, (71.2)

From this we see that, in a liquid in superfluid motion, the energy of a quasi-
particle s
é(p)=e(p)+p.vs; (71.3)

cf. the arguments in the derivation of the superfluidity condition (SP 2, §23).
The derivatives which occur in the transport equation are thereforef

9€ _ o€ L
(-’p—ap At]

71.4
€ _ de 7749

2 _de
ar ar+ar(p.v,) ~ap Vp+(p. Vv,

[n the second equation, we have used the facts that the energy e depends on the

variable density p, and so may depend on the coordinates; and (in transforming the
derivative of p . v,) that the superfluid flow is always a potential flow:

curlv, =0. (71.5)
The continuity equation for the density is
dplot +divi=0, (77.6)
where i is by definition the momentum of the liquid per unit volume. An expression
for i can be found directly from the second formula (77.2) by summation over all
the quasi-particles in unit volume:
i=pv, +{p). (77.7)

Here and in the rest of §77, the angle brackets denote integration over the
momentum distribution:

¢.)= f ...nd’plQ2wh).

It-remains to derive an equation for the superfluid velocity. To do so, we start
from the law of conservation of momentum, expressed by

di,  oll,
at BXg 0, ( 7 )

tFormula (77.2) has been derived, strictly speaking, for a homogeneous superfluid flow (v, =
constant). In an inhomogeneous flow, the energy may contain terms in the spatial derivatives of vs.
However, if v, is assumed to vary slowly, these terms would lead to corrections of higher orders of
smallness in the transport equation.

L
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where i is given by (77.7) and Il is the momentum flux tensor. Let I1% be the
value of this tensor in the frame of reference K, Transformation to the frame K
yieldst

: @ - ©
Meg = I + proatiop + Ueap® + U5gia®

=TI + pvs,tsg + VeelPe) + Vip{pa); (77.9)
i'=(p) is the momentum per unit volume of the liquid in the frame K,. This
determines the dependence of the tensor I, on the velocity v.

For a further transformation of equation (77.8), we go back to the transport
equation (77.1), multiply it by p., and integrate over d*p/(27h)’. Because the total
momentum of the quasi-particles is conserved in collisions, the right-hand stde of
the equation becomes zero. The integral on the left-hand side is transformed
exactly as in the derivation of (74.10), giving

S0+ 2o 5]+ {25) -0

We now substitute in (77.8) the expressions (77.7) and (77.9) for i and I, and
then eliminate dp/at and 3{p)/ot by means of (77.6) and (77.10). The result is

ey 0 01 LOG L (e\ap 1 () e
a  9x. 2 p dxg dap/l dx. p oxg g
From the condition curl v, =0 (which has already been used in the second term) it
follows that the sum of the last three terms must be the gradient of some function.
Moreover, the tensor I1 in the absence of quasi-particles must be equal to Py8,g,
where Py(p) is the pressure of the liquid at T = 0. These arguments give as the only
possible form of T1$}

118} = {p. delapg) + 8ug[ Po+ p{delap)]. (77.11)

The equation for v, now becomes

v ()]
o +V[z v+ (5, =0 (77.12)

where o is the chemical potential of the liquid (at T = 0), related to the pressure Py
by the thermodynamic formula du, = mdPyp (where m is the mass of a liquid
particle and m/p the molecular volume).

Equations (77.1), (77.6) and (77.12) for a complete set for the description of a
superfluid in the non-equilibrium state (I. M. Khalatnikov 1952).

For completeness, let us also consider the law of conservation of energy. This is
expressed by

aE[at + div g =0, (77.13)
1The Galilean transformation formula for Il is easily found by considering a classical system of

particles, for which Il =X p.vg = X niv.tg, where the summation is over all the particles in unit
volume.
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where g ts the energy flux in the liquid. According to (77.2),
E = E((p) +{€) + v..{p) + ipv/, (77.14)

where Ey(p) is the energy at T =0, related to the chemical potential by dE,=
modplm. By differentiating (77.14) with respect to time and using the equations
already available for the various quantities, the energy flux can be found. Passing
over the calculations, we shall give the final result:

q=(p)+ pvs)[ﬁ;" + (g%) + %vf] + ((e +p.vs) (g—; + v)> (77.15)

The equilibrium quast-particle distribution function in a (rame of reference
where the “quast-particle gas™ is at rest as a whole (i.e. the normal velocity v, = 0)
is the ordinary Bose distribution with the quasi-particle energy € gtven by (77.3).
The distribution in a frame where the normal velocity is not zero is obtained on
replacing € by € —p.v,. Thus the equilibrium distribution of quasi-particles when
both motions are present is

_ ~1
+(Vs Vn)-p__ 1] (7716)

n(p) = [exp 2 T

By averaging the above equations over this distribution, the equations of two-
velocity hydrodynamics (without the dissipative terms, in this approximation) can
be derived, but we shall not pause to do so here.

PROBLEM

Determine the sound absorption coefficient in a Bose liquid at frequencies w > v, where v is the
quasi-particle collision frequency. The temperature is assumed o low that almost all the quasi-parlicles
are phonons (A. F. Andreev and 1. M. Khalatnikov 1963).

Sor.uTtoN. Under the conditions stated, we can neglect the collision integral in (77.1). We put
p =po+ 8p. n =no+8n (where 8p and 8n are small corrections to the equilibrium density of the liquid
and the cquilibrium phonon distribution function), and linearize equations (77.1), (77.6) and (77.12) with
respect to the small quantities 8p, 8n and v,. Assuming ull these proportional to exp(—iwt + ik . 1), we
find

an 3 |
(k.v~(u)8n—Iv.k(-bzﬁprp.v‘), n
m8p—k.mp=fk.p5n d‘pl(]ﬂ'h)‘ (2)
wv, -kud'8plp = k f {n(@’elap’)8p + (3¢l 3p)n} d’pl(2=h ). (3)

Here we have used the thermodynamic relations
d(pofm) = dPulp = u“:dplp,
where wuy is the speed of sound at T = 0: the subscript 0 to p and n is omitted here and henceforward.
Since the number of phonons is small at temperatures near zero. the expressions on the right of

equations (1)-(3) are small corrections. Omitting them altogether, we have from (2) and (3)

w = ok, v, = w(Sp/p)kfk. 4)
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In the next approximation we substitute these on the right of (1):
an  pcosd d€ | plio )
== [+ —cos
on de v cos 80— wlk (ap p cos 0 J3p, 6
where 0 is the angle between p and k. The phonon dispersion relation is wrtten
€(p)=uop(l+ (‘(p:). v = deldp = u(l +3ap’),

including the next term after the lincar one in the cxpansion: for liquid helium at ordinary pressures,
« > 0, which means that the phonons are unstable with respect to spontaneous decay.

The prescnce of & “resonance™ denomindtor in (5) leads (see below) to a large logarithmic factor in
the integration. We use only logarithmic accuracy and neglect on the right of (3) the term in 8p, which
does not have sich a denominator. Then. eliminating v, from (2) and (3), we finally arrive at the
dispersion relation

2 2 2 3
w 2 o p on d'p
S-uw=AS | —F = P
K P fcos 60— 1+3ap™—i0 de 2wh)” (6)

where

_(y 2. dwy’
A (l |—llu dp) )

The imaginary part of the integral with respect to cos 8 is determined by passing round the pole (which
is in the range of integration « > 0). The real part is calculated with logarithmic accuracy by cutting off
the integration at the lower limil 1—cos 0 ~ ap’~oT /u’ and at the upper limit 1—cos 0 ~ 1. The
left-hand side of equation (6) is written as 2uu8u ~ uny/w), where vy is the absorption coefficient and 8u
the correction to the speed of sound (1 = ua+ ). Calculation of the integral gives

Su = (3panAldp) logln’faT?), v = ImwpsAldp, (7)

where pn = 25T 45wy’ is the phonon part of the normal density of the liquid. The frequency and
temperature dependences of 7 ire, of course, the same s those found in §73.



CHAPTER IX

METALS

§78. Residual resistance

THE transport properties of metals are considerably more complex than those of
insulators, if only because they contain quasi-particles of different kinds (conduc-
tion electrons and phonons).

The electric charge is, of course, transported by the conduction clectrons. Heat
transfer, on the other hand, is by both electrons and phonons. In practice, however,
the electrons are also predominant in thermal conduction in metals of sufficiently
high purity, mainly because their speeds (v on the Fermi surface) are much greater
than those of the phonons (the speed of sound). Moreover, at low temperatures the
electron specific heat considerably exceeds the phonon specific heat.

The conduction electrons undergo collisions of various types: with one another,
with phonons and with impurity atoms (and other lattice defects). The collision
frequency for the first two types decreases with the temperature. At sufficiently
low temperatures, therefore, the scattering of electrons by impurities is the deter-
mining factor in transport phenomena. This range is called the residual resistance
range, and we shall consider it as the first topic in the kinetics of metals.

The relations between the electric current j and the dissipative energy flux ¢’ in a
metal, and the electric field E and the temperature gradient, have the form (44.12),
(44.13):

E+V(ule)=jlo+aVT, (78.1)
¢=q—(¢p—ple)j=aTj—«VT. (78.2)

In this form they apply to crystals with cubic symmetry, and for simplicity this
symmetry will everywhere be assumed. For crystals that do not have cubic
symmetry, the coefficients o, k and a are replaced by tensors of rank two. The
relation (78.2) is more convenient to use if j in it is expressed in terms of E by
means of (78.1):

'=oaT[E+V(ule)] - (k + Toa?)VT. (78.3)

The discussion in §74 about the transport equation for a Fermi liquid remains
largely valid for an electron liquid in a metal. The momentum of the quasi-particles
is here replaced by their quasi-momentum, and the form of the Fermi surface is in

general complex and different for each individual metal.

329
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The transport coefficients for a metal are in principle calculated by means of the
linearized transport equation

—eE . vang/de +v . dnyldr = I(86n),

where v = de/ap, and the collision integral is linearized with respect to the required
small function 8 defined by (74.13). Differentiation of ng with respect to r can be
arbitrarily carried out with u = constant, since the gradient of ¢ would still enter in the
combination ¢E + V., as it should by (78.1). Then

ang_ _e—pang
oT T e’

and the transport equation takes the form

(eE+ “VT) a"“ = I(57). (78.4)

T

The current density and the dissipative energy flux are given by the integrals
j=-—e f véii . 2d plQ2wh)}, o = f (e — p VoA . 2d°p|2mh)’; (78.5)

when ¢’ is calculated as the flux of the kinetic energy € — ., there is no need to
subtract the convective transport of potential energy, ¢j

A characteristic of conduction electron scattering by impurity atoms is that it is
elastic. Because the atoms have a large mass and are “‘bound’™ in the lattice, the
electron energy may be regarded as unchanged in a collision. We shall show that
the assumption of elastic scattering is by itself sufficient to give a simple relation
between the electrical and thermal conductivities of the metal.

To obtain this, we note that the elastic collision operator does not affect the
dependence of the function 84 on the energy e; the collisions simply move the
particles on the constant-energy surface. This means that any factor in 8 which
depends only on € can be taken outside the operator I. We can therefore seek the
solution of the transport equation in the form

ang

- Rl P’. .
i = 20 (E+ - \"T) I(p). (78.6)

where I(p) satisfies the equation
I()=—v. (78.7)
The current density calculated from the distribution (78.6) is

ano 2d]p
3 (2mh)*"

j=—ef{e(E l)v+ (l VYT)v ] (78.8)
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The first term gives the conductivity tensor

ang 2d°p
Oap = € f Dals 650(27rh)" (78.9)
In a crystal with cubic symmetry, g.s = 08,s and the conductivity is

= 12 ane 2d°p
o ’ef"vae(zwh)*

or, transforming the integral as in (74.18)—(74.20),
=3Iy, J= f 1. v dS/vQ2ah). (78.10)

The integration in Jr is taken over all sheets of the Fermi surface within one unit
cell of the reciprocal lattice.
Similarly, the second term in (78.8) gives on comparison with (78.1)

__E dng d p
""“37‘1”(”) e Qah)”

where 7 =€ —p. The integration over d’p is replaced by integration over the
constant-energy surfaces 1 = constant and over 7. Again with J as in (78.10), we
find

f] Mo 4o, (78.11)
The function
o _ 1
de T +1)e ™ +1)

decreases exponentially as 7 — *oo; the integration with respect to n can therefore
be extended from —= to +. The integral is governed mainly by the range |q| ~
J(m), on the other hand, varies significantly only in the range n~u> T. It is
therefore sufficient to write

J = .IF + n d.’/dﬁp

On substitution in (78.11), the integral of the first term is zero, because the
integrand is an odd function of 7; the second term gives

Ze dJ , [7 200
3Tder” Jo 7 am

_Bed (7 4
3T dey Jo M0 4T

Qo =
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The integral

x

ndn__ 7o
Qe" +1 12T’

using also (78.10), we find

7T dlogJ
—_mTldlogJ 78.12
« 3¢ der (78.12)

In order of magnitude, |a|~ T/eey. )
Let us now put E = 0 and calculate the energy flux. Again using the cubic symmetry,
we find

,_2VT (= ,dn
q= 3T J'_i-"ﬂ an d’ﬂ-

Here it is sufficient to put J = J¢, which gives

20

o =~ TIVT.

Comparison with (78.3) and (78.10) shows that
k + Toa® = 7’oT/3ex

From the estimate of « given above, the term Toa® on the left is small compared
with the right-hand side, in the ratio (T/er)>. Neglecting this term, we have finally
the following relation between the thermal and electrical conductivities:

K= (7r2T/3ez)a, (78.13)

the Wiedemann—Franz law.¥

We must again emphasize that the proof of this relation uses only the fact that
the scattering of conduction electrons is elastic. An examination of the proof also
readily shows that the assumption of cubic symmetry merely simplifies the for-
mulae. In the general case where the crystal has any symmetry, a similar relation
(78.13) exists between the tensors k.p and oug.

To find the temperature dependence of the coefficients k and o separately, the
collision integral is needed. For collisions with impurity atoms, its form is exactly
analogous to the integral (70.3) for phonon scattering by impurities:

C(n) = Nigp | w(p, pP)n'(A—n)—n(l —n"18(e — €').2d°p'I2wh)’. (78.14)

£A formula of the type (78.13) was derived qualitatively by P. Drude (1900), who first formulalf:d the
concept of conduction electrons participating in the thermal equilibrium of the metal. The quantitative
result in classical statistics was given by H. A. Lorentz (1905), and in Fermi statistics by A. Sommerfeld
(1928).
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The factors 1—n and 1—n’ take account of the Pauli principle (a transition can
take place only to an unoccupied state); the factors n’ and n signify that scattering
can occur only from an occupied state. As in (70.3), it is assumed in the integral
(78.14) that the impurity atoms are randomly distributed and that the mean distance
between them is much greater tiian the scattering amplitude; the various atoms
then scatter independently. The equation w(p, p’) = w(p', p) has already been used
in (78.14). The Born approximation is in general not applicable to the scattering of
conduction electrons by impurity atoms. The equation as given can be justified by
the arguments used in deriving the principle of detailed balancing in the form (2.8).
Here, however, it is implied that the positions occupied by the impurity atoms in
the metal lattice have a symmetry that allows inversion.

The linearization of the collision integral amounts to replacing the difference
n'(1=n)~n(1—n")=n"—n by &a'— 8i. Equation (78.7) then becomus

Nimp | w(p, pYI' —D8(e — €) . 2d°p’|27h) = —v. (78.15)

This does not involve the temperature. The solution g(p) is therefore also
independent of the temperature, as is the conductivity o, by (78.10). Thus, at
sufficiently low temperatures, when the scattering by impurities is the chief
mechanism of electrical resistance, the resistance tends to a constant (residual)
value. Accordingly, the thermal conductivity k in this range is proportional to T.}

For a rough quantitative estimate of the residual resistance, we can use the
elementary formula (43.7), putting (for electrons in a metal) p ~ pg:

o ~e’Nlips, (78.16)

where N is the electron density. For scattering by impurities, the mean free path
[ ~ 1/Nimp01, where oy is the transport scattering cross-section. Hence the residual
resistance pps = l/o is

Pres ™ NimpalpF/eZN- (78-17)

A further comment should be added to the above discussion. The general
condition for the applicability of the transport equation to a Fermi liquid requires
that the quantum uncertainty of the electron energy should be small in comparison
with the width (—~T) of the thermal blurring of the Fermi distribution. This
uncertainty is ~h/r, where 7~ lfvr is the mean free time. For scattering by
impurities | ~ 1/Ninp01; the uncertainty /7 is independent of the temperature, and
therefore blurs the Fermi boundary even when T = 0. At first sight, it follows from
this that the whole of the above discussion is subject to the very severe condition

T > hoeoNimp, (78.18)

tIn this analysis it is assumed thal equation (78.15) does not contain quantilies that vary rapidly near
€ = ¢r, and so I can be replaced by 1¢ in (78.9). This is true for scattering by ordinary impurities. but not
for scattering by paramagnetic atoms.
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depending on the impurity concentration. In reality, however, there is no such
limitation (L. D. Landau, 1934).

The reason is that, because of the fixed positions of the impurity atoms and the
elasticity of electron scattering by them, the whole problem of calculating the
electric current can in principle be formulated as the quantum-mechanical problem
of the motion of an electron in a given complex external field having a potential.
For electron states determined as stationary states in this field, the energy has no
uncertainty; at T = 0, the electrons occupy a range of states bounded by a sharp
Fermi surface, but in the space of quantum numbers for motion in the field, not in
momentum space. With this formulation of the problem, conditions of the type
(78-18) do not arise.

§79. Electron—phonon interaction

In sufficiently pure metals, the chief mechanism for the establishment of equili-
brium over a wide temperature range is the interaction between conduction
electrons and phonons.

The condition for an electron to be able to emit (or absorb) a phonon requires
that the speed of the electron be greater than that of the phonon; compare the
analogous result in §68 for the emission of a phonon by a phonon. The speed of
electrons at the Fermi surface is, however, usually large in comparison with that of
the phonons; the condition is therefore satisfied, and the main contribution to the
electron—phonon collision integral comes from just these one-phonon processes.

The collision integral then has the following form, analogous to the phonon-
phonon integral (67.6):1

Cepn(ny) = Iw(p', k; p)X{n, (1 — n )Ny — n(1 — n, )(1 + N} x

X 8(€,— €;— w) dkI(27)

+Iw(p'; P, K){n, (1 — n)(1 + N — n (1 — n, )Ny} %

X 8(e, + wi — €;) dkJ2). (79.1)
The first term corresponds to processes with emission of a phonon having quasi-
momentum k by an electron having a given quasi-momentum p, and the reverse
processes with absorption of a phonon k by electrons p' with return to the
quasi-momentum p:

p=p +k+b; (79.2a)

in these processes, the transitions take place between an electron state with given
energy €, and states of lower energy. The second term corresponds to processes

tIn §§79-83 the units used are such that #=1.
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with absorption of a phonon by an electron p and the reverse processes of its
emission by electrons p”:
ptk=p'+b; (79.2b)

in these processes, the transitions take place between a specified electron state and
ones of higher energy. For the same reasons as in the case of phonon emission by
phonons (§66), the value of b in the equations (79.2) is uniquely determined by
specifying the values of k and p with the requirement that p’ should be in the same
selected cell of the reciprocal lattice. The delta-function factors in (79.1) express
the law of conservation of energy; ¢, is the electron energy and w, the phonon
energy. As in Chapter VII, the phonon distribution function (numbers of occupied
states) is denoted by Nj; the electron distribution function is denoted by n,. The
subscripts marking the branch of the phonon spectrum, and the signs of summation
with respect to these, will be omitted, for brevity. It is assumed that the transition
probabilities are independent of the electron spin, which is unchanged in the
transition.

There is a similar expression for the phonon—electron collision integral which is
to be added to the phonon—phonon integral on the right-hand side of the transport
equation for the phonon distribution function:

Cone(Ny) = Iw(p; p', K){n,(1— ny)(1 + N — ny(1 — n )Ny} X

X 8(ep+ wi—€,) . 2d’plQ2 7Y, (79.3)

with p =p’+ Kk +b. This is the difference between the number of phonons k emitted
by electrons with any quasi-momenta p and the number absorbed by electrons with
any p'. The factor 2 allows for the two possible spin directions of the emitting or
absorbing electron.

In first-order perturbation theory, the probabilities of phonon emission or ab-
sorption by an electron which occur in these integrals are determined by the
electron—phonon interaction operator linear in the phonon opcrators f),(n) (66.2):
the linearity corresponds to the fact that these operators are responsible for
transitions in which only one of the phonon state occupation numbers changes by
unity. Without repeating the discussion in § 66, we may note that, in the limit as the
phonon quasi-momentum k tends to zero, the phonon emission or absorption
probability is proportional to k:

w o k. (79.4)

According to a general property of transition probabilities in the Born ap-
proximation, the probabilities of the direct and reverse transitions are equal, and
sof

w(p',k; p) = w(p: p', k). (79.5)

1The quantum numbers i and f of the initiul and final states are always written in the order fi in the
notation for the probability.



336 Metals

This property has already been made use of in the integrals (79.1) and (79.3).

A further simplification is achieved by taking into account the symmetry
(expressed by the fact that the operators U, are real) with which the phonon
creation and annihilation operators appear in the electron—phonon interaction
operator. Because of this, the emission of a phonon with quasi-momentum k is
equivalent to the absorption of one with quasi-momentum —k. We shall also use
the fact that the electron energies €, and ¢, are close to the Fermi energy €r. Let pg
and pj be vectors in the directions of p and p’, ending on the Fermi surface, and let
the functions w be expressed in terms of the directions of pr and pr and the
differences 1, = €,— €, n; = €, — €z which represent the closeness of the electron
energy to er. As regards these variables, w is a slowly varying function, which
chunges appreciably only in ranges ~ € > T. Neglecting quantities ~n ~ T, we can
put 1,=7,=0 in these functions. The equivalence mentioned above is then
expressed by the equation

w(pr k; pr) = w(pF; pr. —K), (79.6)

the w being functions only of the directions of pr and pr If now we change the
variable of integration k to —k in the second term in (79.1), the coefficients w in the
two integrals become equal; since w_y, = w,, the change simply replaces N, by N_,.

The integrals (79.1) and (79.3) are, of course, zero when the equilibrium electron
and phonon distribution functions are substituted. The linearization of these
integrals for small deviations from equilibrium is carried out simultaneously with
respect to both distribution functions, which we write as

n = nye)+ 8, N = Ny(w)+ 8N,

M.(p _ no(1—no)

B = e T % 79.7)
_ aNQ _ No(l + NO)
SN = 90 X= T X-

The transformation is exactly similar to those in §§67 and 74. For example, the
expression in the braces in the first term in (79.1), rewritten as

(l—rl)(l—n')(1+N)[1"’ N L ]

—n’1+N 1-n
is put into the form

na(l = (1 + No)-(e’ = o + ).

This is conveniently transformed further by means of the equation

no(€)[1 — no(e’)] = [no(€) — no(e)INo(e — €”), (79.8)
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which is easily verified by direct calculation. We then find

~Nuo(1+Ng), , aN ~
(no—no)"(—T—")(cp —ptx)= "%9("0_"0)((9 —¢+x)

The other terms are transformed similarly, leading to the following linearized
collision integrals:
_ _ ONp ,
Cean(n) = Lep(@, x) = = | Z 2w (o~ noll(oy — @p + X1)8(ep — € — @)

(05— @p— X WO(ep— €+ wi)} d'KIQT)', (79.9)

ON ,
ConelN)=Ln. (x> 0) = a—wof W(ns— noll@s — o, + x3)8(€,— €, — wy) - 2d°p(2a);
(79.10)

in both integrals, p=p’+k+b.
These integrals fall naturally into two parts, the linear integral operators acting
on ¢ and y respectively. For instance,

Teon(@s X) = Tegl@) + T 3n(X). (79.11)
An important property of the operator It} is that it does not change the parity of

the function ¢(n, pr) with respect to the variable 7, i.e., it leaves even and odd
functious the same: as regards its effect on a function of 1,

Ih(e) ~ [ Kin.n)lom) = o) dn,

where
K(n, )= [ndn)~ ne(mIld(n —n' —w) = 86(n’ —n ~w)].
Since
ne(n) =3[1 — tanh(»n/2T)], (79-12)
and so
no(n") = ne(n) = 2[tanh(n/2T) — tanh(x’[2T)],
we see that

K(n,m)=K(—1n,—17,

and this immediately yields the above-mentioned property of the operator, which
will be used in §§80 and 82.
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The collision integrals (79.9) and (79.10) are identically zero for the functions
@ =constant X ¢, x = constant X w, (79.13)

with the same constant. This “spurious” solution of the transport equation cor-
responds, like the solution (67.18) in the phonon-phonon equation, to a change in
the temperature of the system by a small constant amount. The integrals (79.9) and
(79.10) are, however, also zero when

¢ = constant (79.14)

and x = 0. This solution is due to the constancy of the total number of electrons
(unlike the total number of phonons); formally, it corresponds to a change in the
chemical potential of the electrons by a small constant amount.

To proceed to quantitative estimates, we note that the orders of magnitude of the
parameters of the electron spectrum in a metal can be expressed in terms of the
lattice constant d and the electron effective mass m* only; for example, the Fermi
momentum (in ordinary units) is pr ~ #/d, the speed vp ~ pe/m* ~ hlm*d, and the
energy €r ~ vepr ~h3lm*d’. The parameters of the phonon spectrum and the
electron—phonon interaction also contain the mass M of the atoms. The density of
the substance p =« M, and the speed of sound u = p~'? o- M™"* making the dimen-
sions right by means of h, d and m* (which can be done in only one way), we
obtain the estimate

u~ vp(m* M)\ (79.15)

Hence the Debye temperature is
O ~ hwpax ~ huld ~ eg(m* M), (79.16)

The mass M appears in the electron—phonon interaction operator only through the
displacement operators U, (66.2) of the atoms; this interaction involves no other small
terms in 1/M, its energy being ~er when U, ~d. The matrix elements of the
operators U,, and therefore those of the electron—phonon interaction operator, are
« (Mw) "2 M™"; for a given quasi-momentum k, the frequency w ~ uk o= M2,
The scattering probability is given by the square of the matrix element. Hence the
function w in the collision integral is proportional to M™'2, or, making the
dimensions right,

w ~ Oved?. (79.17)

This estimate needs modification in relation to the emission or absorption of a
long-wavelength acoustic phonon. The fact that w is then proportional to kK means
that the estimate must include an extra factor k/kn.. ~ kd:

w ~ Ovekd. (79.18)
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§80. Transport coefficients in metals. High temperatures

At high temperatures T > ©, phonons with all possible quasi-momenta are
excited in the crystal, up to the maximum value, which has the same order of
magnitude as the electron Fermi momentum: k.., ~ pr ~ 1/d. By the definition of the
Debye temperature, the maximum phonon energy wma~ ©, and so w < T for all
phonons.

Under these conditions, therefore, the phonon energies are small compared with
the width of the blurred region in the Fermi distribution of electrons. This enables
us to treat phonon emission or absorption approximately as elastic scattering of an
electron. The scattering angles are not small, since the electron and phonon
quasi-momenta under these conditions are of the same order of magnitude.

At high temperatures, when the phonon state occupation numbers are large, the
establishment of equilibrium in each volume element of the phonon gas (phonon—
phonon relaxation) takes place very quickly. We can therefore regard the phonon
distribution function as being the equilibrium one when considering the electrical
and thermal conductivities, i.e. take y = 0 in the collision integrals (a quantitative
estimate of y will be made at the end of this section). That is, it is sufficient to deal
with the transport equation for electrons only.

It may be noted at once that, in an approximation which assumes the electron
scattering elastic, the results of §78 remain valid that were based only on this
approximation, including the Wiedemann—Franz law (78.13) which gives the ratio
o/k. To determine the temperature dependence of o and k separately, however. it
is necessary to examine in more detail the electron—-phonon collision integral (79.9).

Under the conditions in question, this integral is greatly simplified. Because the
phonon energy o = *(e'—€) is small, we can expand the difference ng—n, in
powers of w:f

ny— ng= *wdngylde.

We can then put w =0 in the arguments of the delta functions, obtaining
o [N i oy 4K
(o) =2 [ w5 (e~ e)(o' - ) s

When « < T the phonon distribution function No= Tfw, so that dNo/dw =~ —T/w™.
The derivative ang/de ~ —1/T. The integral is governed by the range k ~ kmnx in
which w ~ ®. When the delta functions are taken into account, the integration over
d’k adds a factor k2../vr to the estimate of the integral:

Ie,ph((p) -~ ‘V(TIG)(k‘fnax/vF)(p/T-

With (79.17) this gives
L) ~—¢ ~—Tan. (80-1)
+The presence of o in this difference is consistent with the approximation that the electron scattering

is elastic It is necessary because, in bringing the collision integral to the form (79.9), we used equation
(79.8). the right-hand side of which becomes indeterminate when € = ¢,
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This means that the electron—phonon collision frequency v, ~ T (T/h in ordinary
units), the mean free path [ ~ v/ T, and (78.16) gives for the electrical conductivity
(in ordinary units)t

o ~ Ne*hjm*T. (80.2)

The electrical conductivity of the metal is thus inversely proportional to the
temperature when T > ©. The Wiedemann—Franz law then shows that the thermal
conductivity is constant:

k ~ Nh/m*, (80.3)

Let us now estimate the correction functions ¢ and y in the electron and phonon
distributions in order to justify neglecting y in the collision integral. We can do
this, for instance, in the case where there is an electric field but no temperature
gradieat.

Since the electric field does not affect the motion of the phonons, the left-hand
side of the transport equation for phonons is zero. The equation therefore reduces
to the vanishing of the sum of the collision integrals for phonons with electrons and
phonons with phonons:

TRe(@) +TR.00) + L on(x) = 0; (80.4)

the superscripts (1) and (2) distinguish the two parts of the integral (79.10) in the
same way as was done in (79.11).

The integral I, is estimated similarly to I, above. Here, however, we must
take into account that the integration over the electron quasi-momenta p is in
practice taken only near the Fermi surface, over the volume of a layer with
thickness ~Tfvr and area ~pg. The delta function adds a factor /e to the
estimate of the integral. The result is

\ T Tps?
I, () ~—w %@ﬁ ~—xTler, T® @)~ —¢Tler (80.5)

The phonon-phonon collision integral is estimated as
Tonpn(x )~ - l’ph.phSN - Vph-ph(T/ ®2)X >
with the effective collision frequency from (68.3):

Vph,ph ™ T/Mlld ~ T\/('n */M).

#Note that the quantum uncertainty of the electron energy, ~hvepn ~ T, is of 1he order of the width of
the blurred region in the electron distribution, This fact, however, does not make the results inapplic-
able, for a reason similar to that given at the end of §78 in connection with scattering by impurities.
Because of the relative slowness of the vibrations of atoms in the lattice, and the elasticity of electron
scattering, the problem can in principle be formulated as that of electrons moving in the given potential
field of the deformed lattice.



§80 Transport Coefficients in Metals. High Temperatures 341
Thus
Inan(X) ~ —(T* OV (m*|M)x ~ T’x|Ocr. (80.6)

Comparison of (80.5) and (80.6) shows, first of all, that
Iﬁ:.z(X)/Iph,ph(X) ~O|T <1:

the effective frequency of phonon-electron collisions (for equilibrium electrons, i.e.
with ¢ = 0) is small relative to the phonon—phonon collision frequency. We can
therefore neglect the second term in (80.4). Comparison of the two remaining terms
gives

Xlo ~ O[T <1, (80.7)

and this justifies neglecting x in the electron-phonon collision integral. It is easily
seen that the same result (80.7) is obtained when a temperature gradient is present.
The neglect of the function x in the electron transport equation may, however,
be impermissible in the treatment of thermoelectric phenomena.
According to (78.12), the derivation of which was based only on the assumption
of elastic scattering of electrons, the thermoelectric coefficient is

a'~ Tleer; (80.8)

the meaning of the superscript 1 will be explained later. This quantity is
“anomalously” small in the sense that the order of magnitude of the integral in
(78.8) (the second term) was reduced in the ratio T/er because

@'=—(n/TN.VT (80.9)

is an odd function of n = € —pu. This property is in a sense accidental, and may
have the result that a comparatively small addition to ¢ due to the non-equilibrium
of the phonons yields a contribution te a that is comparable with (80.8).

We shall seek the solution of the electron transport equation

oy VT =200y YT = IBu(e) + 1200 (80.10)

as a sum ¢ = @'+ ¢", where o' is the solution of the equation without the second
term on the right, and " is the solution of the equation

/ T8(0) + T Bu(x) = 0. (80.11)

Here ¢' is the “major” part of ¢; because the operator 'Y, is even with respect to

the variable n (§79), this part has the form (80.9) and is an odd function of 7.
Equation (80.11) shows that ¢~ x, and therefore

(,o"/(,ol~x/<,ol ~0O|T <1.
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Unlike ¢', however, ¢" is not zero when € =u. In the calculation of the cor-
responding contribution to the current density, therefore, the leading term is not
»ancelled, and the result is small only in the sense that ¢" is relatively small. This
mcans that the latter’s contribution to the thermoelectric coefficient is

a"~ a(ed TYOIT)~ OfeT. (80.12)

At the lower end of the temperature range considered, where T ~©, we have
ea" ~ 1 in place of the small quantity ea' ~ ©/er.

The thermoelectric coefficient is thus composed of two additive parts. These may
be of the same order of magnitude, but they vary differently with the temperature.
The physical origin of the second term in « is that heat transfer in the crystal
causes a flux of phonons (a “phonon wind”), which carries the electrons with it.t

§81. Umklapp processes in metals

The nature of electron—-phonon scattering at low temperatures is quite different
from that when T > ©. When T <0, phonons are excited with energies w ~ T in
the crystal (and belong in general to the acoustic branches of the spectrum). When
such a phonon is emitted or absorbed, the electron energy changes by an amount
~T, i.e. by an amount of the order of the total width of the blurred region in the
Fermi distribution. The change in the electron quasi-momentum is equal to the
phonon quasi-momentum. Since k ~ T/u < kp,y, and kmax~ Dr, it follows that the
electron quasi-momentum changes only by a relatively small amount. At low
temperatures, therefore, there is a limiting case which is the opposite of elastic
scattering: the electron relaxation in energy takes place considerably more rapidly
than as regards the quasi-momentum direction.

The energy relaxation is a rapid “mixing” in the blurred region of the Fermi
distribution. The relaxation as regards direction is an equalization of the dis-
tribution over this surface; it takes place in small amounts (~ T/u), i.e. it is a slow
diffusion over the surface.

Before going on to a detailed consideration of the transport phenomena under
these conditions, we shall make some general comments about the role of Umklapp
processes. As in insulator crystals, the finiteness of the transport coefficients in an
ideal metal crystal (without impurities or defects) is due to the occurrence of these
processes. With only the normal processes that conserve the total quasi-momentum
of electrons and phonons, the transport equations would have spurious solutions
corresponding to the movement of the electron and phonon systems as a whole
relative to the lattice. These are solutions of the type

¢=p.8V, x=k.8V (81.1)

with a constant vector 8V; cf. (67.19). They reduce to zero the collision integrals

#The role of phonon drag on clectrons as regards transport effects in metals was elucidaed by L. E.
Gurevich (1946).
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(79.9), (79.10) if wne emission or absorption of phonons by electrons takes place
with conservation of quasi-momentum (p = p’ + k).

At high temperatures, when the quasi-momenta of both electrons and phonons
are large (~1/d), Umklapp processes take place, in general, with the same
frequency as normal processes. The need to take account of them therefore does
not give rise to any specific features of the transport phenomena.

The electron quasi-momenta lie near the Fermi surface, and in this sense are
almost independent of the temperature. At low temperatures, however, the phonon
quasi-momenta become small, and Umklapp processes may therefore be impeded.
fh this respect the situation is substantially different for closed and open Fermi
surfaces.

An open Fermi surface, for any choice of the unit cell in p space (the reciprocal
lattice), crosses the cell boundaries. In this case, clearly, Umklapp processes are
always possible with emission or absorption of a phonon with arbitrarily low
energy: even a small change in the electron quasi-momentum near the cell boun-
dary can transfer the electron to an adjacent cell. In the course of their diffusion
over the Fermi surface, all the electrons will ultimately reach the cell boundaries
and may thus take part in Umklapp processes. Consequently, in this case also the
probability of such processes contains no additional small factor in comparison
with normal processes. Indeed, the classification into normal and Umklapp proces-
ses depends on the choice of the reciprocal lattice cell, and is to that extent
arbitrary. With an open Fermi surface, the property that there is no additional small
factor in the frequency of Umklapp processes exists for any choice of cell. It is
then desirable to avoid any distinction of two types of scattering event, and to
regard all of them as normal (i.e. conserving quasi-momentum) but allow electron
quasi-momentum values anywhere in the reciprocal lattice. For the phonons, the
unit cell is chosen so that the point k=0 is at its centre; then all the long-
wavelength phonons (the only ones that need be considered when T < @) are in a
small part of the volume of one cell, near its centre. In this treatment, the spurious
solution (81.1) is excluded by applying to the electron distribution function the
condition of periodicity in the reciprocal lattice:

n(p +b) = n(p). (81.2)

The equilibrium distribution, depending only on the electron energy e(p), neces-
sarily satisfies this condition, since €(p) is periodic. As well as ny(p), the derivative
dny/de is periodic, and so therefore is the factor ¢(p) in 8i; this requirement
eliminates the solution (81.1), which does not satisfy it.

Let us now consider a closed Fermi surface. In this case, we can choose the
basic reciprocal lattice cell in such a way that the Fermi surface nowhere crosses
its boundaries.t Then Umklapp processes correspond to electron transitions be-
tween any points on the Fermi surface in the basic cell and its replica in the

1If, however, the Fermi surface consists of a number of closed cavities, it may be necessary to define
1he basic cell otherwise than as a parallelepiped with plane faces. This is illustrated schematically in Fig.
28 for the case of a plane lattice with Iwo non-equivalent closed cavities forming the *‘Fermi surface™.
The broken line shows the basic cell, which does not intersect these cavities. Intersections could not be
avoided by any choice of a rectangular cell.
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adjacent cell, as shown schematically in Fig. 29. The vector k joining these points is
the quasi-momentum of the emitted or absorbed phonon. The distance k is in
general large (~1/d), and at low temperatures the number of phonons with energy
(k) is exponentially small, being proportional to exp[—w(k)/T]. The effective
frequency of Umklapp scattering events then depends on the temperature accord-
ing to

vy * eXpl—w(kmin)/ T], (81.3)

where K, is the value of the phonon quasi-momentum (among all vectors of the
type concerned) for which the energy w(k) has its minimum value. Here it is
important, of course, that the electron speed is much greater than the phonon speed
(ve ® u). It is for this reason that we cannot reduce the exponential in (81.3) by
changing the length of the vector k by moving away from the Fermi surface.
Although the phonon energy may decrease by an amount ~ udk, the energy of the
electron involved in the process would simultaneously increase by a much larger
amount ~vrdk, thus reducing vy instead of increasing it. To find kg, it is
sufficient therefore to consider the Fermi surface as such, without taking into
account the blurring of the distribution near it. The points important in practice are
usually those near the closest approach of the Fermi surface to its replica in the
adjacent cell.

The solution (81.1) implies that there is a macroscopic flux of electrons in the
absence of an electric field, i.e. an infinite electrical conductivity. The exponentially
small frequency of Umklapp processes causes an exponentially large electrical
conductivity (R. E. Peierls).

The thermal conductivity of a metal having a closed Fermi surface remains finite
even when Umklapp processes are neglected. This is because, by (78.2), the ther-
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mal conductivity k defines the heat flux in the absence of an electric current, and
the condition j = 0 necessarily excludes the spurious solution (81.1). The inclusion
of Umklapp processes can alter the value of k only if it is small. The same applies
to the thermoelectric coefficient «, which, by the definition (78.1), relates the
temperature gradient and the electric field, again with the condition j= 0: see § 82,
Problem.

The above remarks, however, do not apply to compensated metals having closed
electron and hole Fermi surfaces, i.e. to metals with equal numbers of electrons
and holes, N, = N, (see SP 2, §61). The reason is that in this case the solution
(81.1) is not dependent on the presence of an electric current. The current density
corresponding to this solution is

iz ef vy 2d°p
j—efv 7€ p.8&v

Q=)
B L 2d’p
=e p pJ;V(Zw)’
_ fanf? 2d’p J’an{."’ 2d°p
—ef ap p.SV(zﬂ_); e ap p.SV(Zﬂ_);.

The two integrals are taken over the electron and hole cavities respectively of the
Fermi surface; in the second, the hole distribution used is n® = | — n. We can now
integrate by parts; the resulting integrals over the surfaces of the cell faces are zero
because of the rapid deciease of n§’ and n§’ away from the respective Fermi
surfaces. The result is

j = eSV(Nh - Ne)- (8[.4)

For a compensated metal, j= 0.

This means that the electrical conductivity of a compensated metal is finite even
when Umklapp processes are not taken into account. The thermal corJuctivity and
the thermoelectric coefficient, on the other hand, are governed by the Umklapp
processes and would be infinite if these were ignored, since the condition j = 0 then
does not exclude the spurious solution (81.1).

In the arguments and estimates in §881 and 82, we are essentially implying the
simplest assumptions as to the form of the Fermi surface, namely that it is either
closed or open, with all its characteristic dimensions of the order of 1/d. The Fermi
surfaces of actual metals, however, in general have a complex form, and may
consist of several different sheets; we shall not pause to analyse the resulting
complications in the behaviour of the transport coefficients. For example, the
sheets of open Fermi surfaces in different cells of the reciprocal lattice may be
connected by narrow bridges (of width Ap <pg). The presence of the small
parameter Ap/pe in the problem may create new intermediate temperatire ranges
with a different temperature dependence of the transport coefficients. The sheets of
closed Fermi surfaces may come “anomalously” near together, and this may move
the exponential law (81.3) into the range of “anomalously™ low temperatures.
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§82. Transport coefficients in metals. Low temperatures

In the quantitative study of transport phenomena at low temperatures, we shall
have in mind the case of open Fermi surfaces, and therefore pay no special
attention to Umklapp processes.

First of all, we shall show that relaxation in the phonon system takes place (when
T < ) mainly by phonon-¢electron (not phonon—-phonon) collisions.

To estimate the phonon~electron collision integral (79.10), we note that at low
temperatures w ~ T, e —pu ~ T, and therefore Ny~ ng~ 1, dN¢/dw ~1/T. The in-
tegration over d°p is taken over the volume of a layer with thickness ~ T/vr along
the Ferm surface. Since k/p is small, the argument of the delta function can be
expressed as

e(p)—e(p—k) - wk)=~k.de/dp—w~vVr.k— o (82.1)

The delta function is removed by intepration over the directions of p (or,
equivalently, over those of vi) for a given k, adding a factor 1/vgk to the integrand.
Lastly, w is estimated by means of (79.18). The result is

Lone(x) ~ —x(m*|M)'? ~ —T(m*|M)"&n,
so that the effective collision frequency is
Vone ~ TV (m*IM). (82.2)

The effective frequency of phonon-phonon collisions at low temperatures is,
according to the estimate (69.15),

Vehor ~ TV (m* MY TIO) < vy, (82.3)

and this proves the above statement.
We shall henceforward neglect phonon-phonon collisions, The phonon transport
equation is then

(Ng_ _ @3N

Ir = T(i—wu VT = I e(x, ©)- (82.4)

This equation can be solved explicitly for the phonon function y. Since k in this
equation is given, y, can be taken outside the integral, and we find

w 1

. . n2d°
XK= " Tome u. VT + vphleJ'W("o“ ne)d(e— e ~wle —¢ )‘é;% = x1t+ x2,

(82.5)

where

Vphe = I w(ny—ng)de — €' — w) . 2d°plQm)’. (82.6)
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It is easy to see that y; > yi: from the definition of x,, it follows that y, ~ ¢ (the
integrals in the numerator and denominator differ only by the factor ¢ — ¢’ in the
integrand), and the order of magnitude of ¢ is governed by the electron transport
equation,

Y. VTanolaT = e,ph((P) -~ = VA»,phaii ~ Vf-Ph‘p/T’

whence
@ ~ ve|VT|[vepn.

The effective electron-phonon collision frequency is estimated in the same way as
v above, the only difference being that the integration over d*k in L, is taken
over a volume ~(T/u)’ in momentum space, instead of ~p/2T/vr in the integration
over d°p in I,:

Vepr ~ T3/ O 82.7)
Finally, since y\~ |VT|w/vy., we have

X|/X2 i uv,.ph/vpvph_e -~ T2/®2 << 1, (82.8)

as was to be proved.

In calculating the electrical and thermal conductivities (but not the thermoelec-
tric coefficient; see below) we can neglect the small quantity y,. Substituting
therefore y = y; from (82.5) in the linearized electron—-phonon collision integral in
the form (79.11), we find

I('.ph((Pr X) = Ii’lgh(w) + Ir.ph.e((P)r (829)

where Iopn.(¢) denotes the result of substituting x in the integral 1&(x). The first
term in (82.9) is the collision integral for electrons and equilibrium phonons; the
second term may be called the collision integral between electrons via phonons.

As in §79, we take as indepcndent variables in the function ¢(p) the quantity
m =€ —p and the vector pr which has the direction of p and ends on the Fermi
surface. Both terms in (82.9) have in their integrands the difference

o(n, Pr)— o1, pi)s (82.10)
with

n—7n'=%w, pr—pr=k,

where « is the projection of k on the tangent plane to the Fermi surface at the
point Pr.

With regard to the variable pr, the function ¢(7, py) varies considerably over
ranges ~pr; the difference k ~ k < pr. In this sense, ¢ varies slowly with pg, and in
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a first approximation we can take pr=pr in the difference (82.10), i.e. replace it by

©(n.pr) — o(1', PF)- (82.11)

The dependence on 7, however, is strong, in the sense that |n —n']=w ~ T is of
the same order of magnitude as the range over which ¢ varies considerably.

Let L, be the operator obtained from L, (82.9) on replacing (82.10) by (82.11):
then

L) = Lo() + Li(@),

and Lo> L. The electron transport equation (in the presence of both an electric
field and a temperature gradient) is

P
—(eE +%VT)-V6—"::L0(¢)+L.(¢). 82.12)

The two terms on the right have quite different physical meanings: the first causes
rapid energy relaxation, the second causes slow diffusive relaxation with respect to
the direction of the quasi-momentum.

There are two obvious properties of the operator Lo First, it is zero for any
function of pr only, since the difference (82.11) is zero. Second, the integral

f Lo(g) dm =0; (82.13)

L, describes collisions in which only the energy changes, and (82.13) simply states
the conservation of the number of electrons having a given direction of p.
We shall seek the solution of the transport equation in the form

©(1m,pF) = a(pr) + b(n, pr)s (82.14)

where a(p) is a function of pr only, and |a|>|b|. The fact that a (for which the
part Lo of the collision integral is zero) is large expresses the rapidity of the energy
relaxation. Substituting (82.14) in (82.12) and neglecting the relatively small term
L(b), we find

_ n LI
(eE+TVT) v~ Ly(b)+ Li(a). (82.15)

The two terms on the right are in general of the same order of magnitude.
However, in the calculation of electrical or thermal conductivity, only one of these
terms is important, as can be seen by means of the fact that the linearized
electron—-phonon operator L, (and therefore Ly and L,) acting on the function
(7, pe) does not change its parity with respect to nt. We therefore divide ¢ into

+This has been shown in §79 for I We shall not pause to give the exactly similar proof for Iegn.-
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parts ¢, and ¢, even and odd with respect to :

¢ox=a+by @u= by
(the function a independent of 7 is obviously even). Substitution of ¢ = ¢, + ¢, in

(82.15), followed by separation of the terms odd and even in 7, gives two
equations:

—%’,—%’é—“vF. VT = Lo(ba), (82.16)
ano _ R
~ I 6B . ve = Lo(b) + L(a); 82.17)

on the left-hand sides, the velocity v has been replaced, with sufficient accuracy, by
the velocity ve on the Fermi surface, which is independent of 7. Integration of the
second equation with respect to i gives

eE.vg =fL.(a) dm, (82.18)

since by (82.13) the L, term disappears.

The heat flux (for E=0) is entirely determined by the solutior of equation
(82.16). which contains only the operator L,: as we should expect, it depends on the
electron energy relaxation processes. It is calculated from that solution as the integral

3
q= f vynoii . 2d pl2m) ~ — f vm%%“bu (27";5’;; (82.19)
the part of ¢ that is even in 7 makes no contribution, because the resulting
integrand is an odd function.

The operator L, is the principal part of the electron—phonon collision integral.
The corresponding effective collision frequency is therefore ve,, from (82.7); more
precisely, this quantity is the effective collision frequency as regards energy
exchange. The corresponding electron mean free path is I ~ ve/v. . The thermal
conductivity can be estimated from the formula (7.10) in the kinetic theory of
gases: k ~ ctIN. In the present case, N is the number density of electrons, ¢ the
electronic part of the specific heat (per conduction electron) and ¥ ~vg. The
quantities N and vr are independent of the temperature; the specific heat of an
electron Fermi liquid is proportional to T, and from (82.7) the mean free path
[ = T3, Since the heat flux thus calculated refers to E = 0, the coefficient in it is not
the thermal conductivity k itself but k' =k + Toa?; see (78.3). Thus k' x T2 The
term Toa? is small in comparison with k' (see the next-but-one footnote), and so
k o T7% Putting, for a rough estimate, ¢ ~ m*pgT/INA® in ordinary units (SP 2,
(1.15)), we find

K~ (GFPF/hZ)GZI T2 (82.20)
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The electrical conductivity is obtained by solving the equation (82.18), which
contains only the operator L;: as is to be expected, the electric current depends on
tie processes of relaxation with respect to directions of the electron quasi-
momentumn. It has been noted at the beginning of §81 that these processes are of
the nature of diffusion along the Fermi surface. We shall show in §83 how the
transport equation (82.18) can in fact be put into the form of a diffusion equation.
The temperature dependence of the electrical conductivity, however, can be
ascertained from the following simple arguments.

The movement along the Fermi surface takes place in small jumps k ~ T/u; this
acls as the “mean free path” I, in momentum space, and the frequency of
“scattering events” is the same as the electron-phonon collision frequency v.g,.
The diffusion coefficient along the Fermi surface can be estimated by the formula
D ~ I ~ I’v from the kinetic theory of gases, with | and v replaced by I, and v,
We thus have (in ordinary units)

D, ~ (p/OIR) TIOY. 82.21)

From this we can find the relaxation time which is to appear in the estimate of
the electrical conductivity according to (78.16): o ~ e?Nuvgr/pr. It is the time in
which the electron quasi-momentum changes by an amount of the order of itself.
That is, in the time 7 the electron must diffuse a distance ~ pr along the Fermi
surface. In a diffusional motion. the mean square of the displacement is proportional to
the time (and to the diffusion coefficient). We thus find p? ~ D,r, and for the
conductivity (in ordinary units)

o~ (he’Nim*0) 0| T)>. (82.22)

At low temperatures, therefore, the conductivity is proportional to T7%.1

Let us now consider the thermoelectric coefficient. Here the position is similar to
that at high temperatures. If the current j is calculated from the function b,, the
solution of (82.16), then, since this is an odd function of 7, the integral is zero in the
first approximation, and a non-zero result is obtained only when we include the
next term in n/er in the expansion of the integrand. As when T > 0, this gives the
thermoelectric coefficient (in ordinary units)

o'~ Tleer, (82.23)

instead of the “normal” order of magnitude a ~ l/e.T

Another contribution to the thermoelectric coefficient arises from the term xi,
neglected in (82.5), in the phonon function y: this contribution is due to the phonon
drag acting on the electrons. If this term is retained, the collision integral (82.9)

+This result was first derived by F. Bloch (1929),

tFrom the estimates (82.20)(82.23) we see that Ta’c/x ~(Ofer)’ <1, and this justifies the ap-
proximation used in deriving (82.21).
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contains a further term

TE0(X1) ~ VepnX18N0l 80 ~ = veontt[V T [lvg T, (82.24)

which may then be taken to the left-hand side of the transport equation (82.12),
where it is to be compared with the term

_nen
gy VT (82.25)

The term (82.24) is small in comparison with (82.25), in the ratio T*/©?; the estimate
is analogous to (82.8). The inclusion of it, however, gives a term proportional to VT
in the solution ¢ of the transport equation, and this is not an odd function of 7.
Hence, in calculating the relevant contribution to the current, there is no further
small factor, and the thermoelectric coefficient contains a term

a''~ T%e®’ (82.26)

(L. E. Gurevich, 1946).1

As the temperature decreases, so does the electron—phonon collision frequency,
and ultimately the collisions between electrons and impurity atoms become pre-
dominant in causing the electrical and thermal resistance. Because of the different
temperature dependence, the transition to “residual thermal resistance” takes place
later than that to residual electrical resistance.

In very pure metals, there can exist a range of temperatures in which the
transport properties of the metal are governed by collisions between electrons. The
corresponding mean frec path in the electron liquid in a metal, as in any Fermi
liquid, varies with the temperature as T2, and the small expansion parameter is the
ratio Tle; (see §75). When T ~ €, this mean free path must become ~d, and so

Le ~ d(edl TY. (82.27)
The temperature dependence of the electrical and thermal conductivities is then
oxT? koT (82.28)

(L. D. Landau and 1. Ya. Pomeranchuk 1936). When the temperature falls, the
effective electron—electron collision frequency v, decreases more slowly than the
electron—phonon collision frequency v.,.. However, since the small parameter in v,

“Here, the following comment is necessary. Since the phonon quasi-momentum is small, the law of
conservation of encrgy gives e(p)—e(p—k)=~vr.k=~=*w(k), from which we see that the angle 8
bewween v and k is almost 27 cos 8 ~ wfvek ~ ufve < 1. In the isotropic case 1he quasi-momentum k
and the velocity u of the phonon are in the same direction, and so the producl u. vy is also small. A
similar product occurs in the integral which gives the current in terms of the function ¢ proportional to
u VT 1his would cause, in the isotropic case, an additional small factor in @™, In an anisotropic crystal.
however, including those with cubic symmetry, there is in general no reason for such a small factor to
occur.
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is Tler, and not T/€ as in v, electron-electron collisions can play a predominant
role only at very low temperatures.

Note also that the laws (82.28) can in principle relate to cases with either open or
closed Fermi surfaces. Since the electron quasi-momenta are large, the necessary
existence of Umklapp processes does not in general give rise to any additional
small factor for closed Fermi surfaces.

PROBLEM

Calculate the thermoelectric coefficient a for a metal with a closed Fermi surface at low temperatures,
neglecting Umklapp processes.
SoLuTION. The electron transport equation is

o _ e —pdng

ap T 2 v. VT = Cepr(n). )

The phonon transport cquation may be written

w 3N
T ok +VT = Cine(N), 2
since
HNo wdNo  wdNo

YaT  Taw "T T Tox:

Multlplymg equations (1) and {2) by p and k respectively, and lntegratmg them over 2d°p/(2=)’ and
k=Y rCSpCCllVCly we add them term by term: the right-hand side is zero, by the conservation of the
total quasi-momentum of electrons and phonons in the absence of Umklapp processes. The result is

ano 2dp f —ndny 2dp f aNo d‘k Ak o,
fE Gy VT | v Gy VT T 27r) 0 ®

the second and third integrals are written on the assumption that the crystal has cubic symmetry.
The first integral in (3) is transformed as in the derivation of (81.4), and gives —eE(N, — Ni). The
second integral is calculated as in the derivation of (78.12), and is —ATVT, where

_wa ds
A _?[a.” PLaay ](=(F

the integral is taken over a surface of constant energy €. The third integral, after integration by parts,
becomes

fNo(fim +k. u)m

the integral over the faces of the reciprocal lattice cell is zero, because of the rapid decrease of Ny with
increasing o at low temperatures. For long-wavelength acoustic phonons (the only ones that are
important at low temperatures), the velocity u and the ratio k=k/w depend only on the directions of k,
not on w. Usmg for the integral with respect to w the usual expression, we find that the third integral in
(3) is —BT’VT, where

ZJ(I+;K upe? (2——)3,

and the summation is over the three acoustic branches of the phonon spectrum.
Equation (3) thus becomes

—eE(N. — Ni) = VT(AT + BT>).



§83 Electron Diffusion on the Fermi Surface 353

Comparison with (78.1) (for j=0) gives the thermoelectric coefficient
a = (AT + BT’)/(N;, - N.). (4)

The condition j =0 can be mel by means of a suitably chosen term of the form (81.1) in the solution of
the Iransport equation. In accordance with the discussion in §81, thc expression (4) is finite for an
uncompensated metal, but becomes infinitc when N, = Np.

§83. Electron diffusiou ou the Fermi surface

In this section we shall show how the transport equation (82.17) for the problem
of electrical conduction at low temperatures can be reduced to a diffusion equa-
tion.t Having only this problem in mind, we shall consider only the part of the
function ¢ that is independent of 1 = € — p, and denote it by ¢(py) instead of a(pr)
as in §82. We shall again have in mind the case of open Fermi surfaces.

The function

o _ dm_o
Q=) 9e (27)

is the non-equilibrium change in the electron distribution in momentum space.
From this we can go to the distribution over the Fermi surface by writing the
volume element d*p as de dS/v (74.19), integrating over de = dm, and approximately
replacing the area element dS on the constant-energy surface, and the speed v,
which depend on €, by their values dSg and vr on the Fermi surface. The function
¢ is, by hypothesis, independent of €, and the integration of the factor —ang/de
gives unity. The distribution density on the Fermi surface is then

@ (pr)27) vE. 83.1)
For clarity in the derivation, we first write the transport equation (82.17) with the
partial derivative with respect to time on the left-hand side, as if the distribution

were not stationary:

_Imde

Ing _
g ot BV —Lie)

Here the term in L, is omitted which in any case disappears when the equation is
integrated over dn/vr:

ig_f dn _ _
afor L (o) o ¢E . vi vk (832)

The first term on the left is the rate of change of the electron density on the Fermi
surface. This equation must have the form of a coutinuity equation, i.e. the second

tThe proof given below is that of R. N. Gurzhi and A. L. Kopeliovich (1971).



354 Metals

term on the left must be the divergence of the electron fiux s on the Fermi surface,
and the clectric field term on the right acts as the source or sink density. Here we
are concerned with a two-dimensional divergence on a curved surface, but it may
be couveniently written in three-dimensional terms:

—f L) dnfvr = {Vy—up(ur. Vp)} . s, (83.3)

where V, is the ordinary operator of differentiation with respect to Cartesian
coordinates in p-space, and the operator in the braces is its projection on the
tangent plane to the Fermi surface at any specified point (nr being a unit vector
along the normal).t The vector s(pr) is specified on the Fermi surface, but in (83.3)
it is formally regarded as being specified in all space (though depending only on the
direction of pr). The transport equation, in which we now omit the time derivative,
becomes

{V,—ur(ne. V)ls = —eE . vfvr. (83.4)

The problem is to find the flux s in terms of .

We use Cartesian coordinates in p-space, with the origin on the Fermi surface at
the point where s(pr) is being calculated, and the z-axis along the normal there. By
definition, the flux component s, is the difference between the numbers of electrons
per unit time crossing (as a result of collisions) a strip of unit width in the yz-plane
from left to right (i.e. in the positive x-direction) and from right to left.

Let us consider the difference between the number of events in which a phonon
with quasi-momentum k in a given range d’k is emitted by an electron with
quasi-momentum in a range d°p, and the number of inverse events in which such
a phonon is absorbed. It is minus the first term in the integrand in (79.9):

&’k dNo ., ,
d’p —5(27‘_) —6709 w(ng— no)dle — €' — w )@y — @p+ x1). (83.5)

with p=p’' + k.t The phonon function y, here is to be expressed in terms of ¢ by

tThis operator appears in the two-dimensional analogue of Gauss’s theorem,
ée.s dl =I{V—n(n.V)}.s ds.

The integral on the left is taken round a closed contour on the surface in question (e being a unit vector
along the outward normal to the contour in the tangent planc to the surface at the poini considered); the
inicgral on the right is taken over the part of the surface that is encloscd by the contour.

#In the foregoing arguments we have omitted a factor (27) in the definition of the surface density
(83.1). A corresponding factor is accordingly omiited from (83.5) also.

We have agreed, in the case of open Fermi surfaces, to include values of the electron quasi-
momentum throughout the reciprocal lattice (see §81); the law of conservation of quasi-momentum is
therefore written without the b term.
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(82.5):

2d%p
2=y’

; J’W(né— no)d(e — €' — wk)(‘Pp'— ©p)

Xe=—
Vph,e

(83.6)

with vy, from (82.6).

If k, <0, the emission of the phonon will result in the passage through the strip
(from left to right) of those electrons for which the x-component of the original
quasi-momentum is in the range

k. <p,<0; (83.7a)

for such values of p, (83.5) gives a positive contribution to the flux s,. If k, > 0, the
emission of the phonon results in the passage through the strip (from right to left)
of electrons with

0 <p, <k, (83.7b)

the corresponding contribution to s, is negative.

It is now clear that to find s, we must (1) integrate the expression (83.5) over a
unit range of p, and over the whole range of p. (because of the rapid convergence,
the latter integration can be extended from —o to +); (2) integrate over the range
(83.7) of p. (in view of the slow variation of all quantities with p, on the Fermi
surface, this reduces simply to multiplication by the length of the range, i.e. by —k,
when we take account of the sign of the result in s,); (3) integrate over d’k.

The flux component s, differs from s, only in that k. is replaced by k, in the
integrand. The flux may therefore be written in the vector form

d*k [ (3N , ,
s(pr) = — (2—7‘_)5 _xK {‘5(_09 w(ng— ng)d(e — €' —wlpp—@pt Xk)} dp., (83.8)

where k is the projection of k on the tangent plane at the point pr.
First of all, we write d’k = dk, d’« and integrate with respect to k.. Since k is
small, we can transform the argument of the delta function in (83.8):

1
S(ep—€p v —w )= 8(k.vr —w) =v—F8(kz - wfvE);

ve is along the normal to the Fermi surface. The integration with respect to k,
removes the delta function and replaces k, everywhere by w/ve. Since w/ve ~
kuJvr < k, we can put simply k, =0, i.e. make the change

k- k. (83.9)

The integration over dp, = de/v, can also be carried out in a general form, since the
only rapidly varying function of € in the integrand is the diffcrence

no(e — w)— no(€) = — wanel de;
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the integration with respect to € converts this factor into w. The expression (83.8)
now becomes

1 INo(we d’
S(PF) = 27TUF2J’ KW, (';if)w ) w((Pp'_ ©p + Xx)—(z—ﬁK)f' (83- 10)

To transform the integral further, we again use the smallness of k to write
o(P—k - o(p)=—Kk.dpldp=—k. dpldp = —kt. ¢l 3p,
where t= k/k is a unit vector tangential to the Fermi surface, in the direction of

k. Since a similar difference occurs in the integral (83.6), we can put x(k) in the
form

y(K) = k. a(t). (83.11)
Lastly, from (79.4),
w=xkM(pg t). (83.12)
With this notation,
_ 1 s 3N ( L _8_(p)Kde(b
= 27er2J’tK W o M{t.a—t ap (27‘_)2 , (83.13)

where ¢ is the polar angle of directions of & in the tangent plane.
The integration with respect to k in (83.13) reduces to the calculation of the
integral

J =J’ K, N dk;
0

[OM

because of the rapid convergence, the integration may be extended to . The
energy of a phonon with a small quasi-momentum k = kt is w. = u(t)x. Hence

_ 1" 53N, __5J'°° e, _ ST (" x%dx
’—;ffo“’ aw 40 =), New do=—"5 | 5

=—120{(5)Tu’;

the value of the zeta function is {(5) = 1.037.
We thus arrive at the followiug expression for the electron flux along the Fermi
surface:

- _M<M_(L)t(t.g_<;_t_ ,,» (83.14)

772UF2 us(t)

where the angle brackets denote averaging over the directions of t in the tangent
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plane at a giveu point pr on the Fermi surface. It remains for us to simplify as far
as possible the expression for a.
With the definition (83.11), we have from (83.6)

fM(nE.— no)8(e — €' — w)(dplap) d’p
a=

>

fM(né—- no)d(e — €' —w)d’p

where common factors in the numerator and the denominator have been cancelled.
The integration over d%p is replaced by one over dSrde/ve (see the beginning of
this section). Only the factor no(e — w) — no(e), which is the same in both integrals,
depends on €; the result of the integration over de caucels in the numerator and
denominator. The argument of the delta function may then be written in the form
K.Vr — o0 = k. v;;, quantities of relative order u/vr being neglected. The final result
is

J’U;':ZMS(U - )9l ap) dSk
o= . (83.15)
f vF2M8(u. t) dSk

M being a function of the position py on the Fermi surface and of the direction t,
and u being the unit vector along the normal. As a consequence of the presence of
the delta functions, the integrals are in fact taken only along a curve on the Fermi
surface where the normal is perpendicular to the direction t of the phonon
quasi-momentum,

Formulae (83.4), (83.14) and (83.15) solve the problem of bringing the transport
equation iuto the form of a diffusion equation. The result is an integro-differential
equation. The flux (83.14) may be written as

So = — uﬂ(a(p/apﬂ - aﬂ), (83.16)

where
Doy = T530“5)<M 1) tut,;> ®3.17)

7 UF us(t)

and a, B are two-dimensional vector suffixes. The first term has the usual differen-
tial form with the diffusion coeflicieut tensor D,g; it relates to electron scattering by
equilibrium phonons. The second, integral. term is due to electron drag by non-
equilibrium phonons.

The current density is calculated from the functions ¢ as the integral

. 2e
ji= (—ZT);J'(,DU dSe.

It is clear from (83.4), with s from (83.16) and (83.17), that ¢ (and therefore the
conductivity of the metal) varies with temperature as T7°, in accordance witl. lie

Fros) o X
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result in §82. Note that the electron drag by phonons aoes not affect this law,
though it does affect the form of the transport equation.

§84. Galvanomnagnetic phenomena iu strong fields. Geueral theory

The characteristic dimensionless parameter governing the effect of a magnetic
field on the electrical conductivity of a metal is the ratio rg/l, where rg is the
Larmor electron orbit radius and [ the mean free path.

It is known (SP 2, §57) that the motion of a conduction electron in a magnetic
field is almost always quasi-classical, because the ratio hwgler (where wg is the
Larmor frequency) is very small. The trajectory in momentum space is then the
circumference of a cross-section of a constant-energy surface e(p) = constant by a
plane p. = constant, the z-axis being parallel to the field. Since the energy of the
electrons is close to the limiting energy €g, the constant-energy surfaces in question
are close to the Fermi surface. Hence the size of the trajectory in momentum space
is given by the linear dimension pr of the appropriate cross-section of the Fermi
surface. The size of the trajectory in ordinary space is

rg~ CPF/eB,

and is inversely proportional to the magnetic field. In galvanomagnetic phenomena,
thereiore, ficlds are to be regarded as weak for which rg > 1, and as strong for
which

rg <l (84.1)

For weak magnetic fields, the transport treatment does not (for a general electron
dispersion relation) lead to anything beyond the results of the purely
phenomenological theory. The nature of the magnetic field dependence of the
conductivity tensor components o,p in this case corresponds simply to an expan-
sion :n powers of B, taking account of the requirements tmposed by the principle of
symmetry of the kinetic coefficients (see ECM, §21).

In strong magnetic fields, however, the transport treatment is needed in order to
find this dependence. The condition (84.1) for a strong field is in practice satisficd
only at low temperatures, where Yhe mean free path [ is sufficiently long. The metal
is then usually in the range of the residual resistance due to electron scattering by
imptirity atoms, and we shall have this case in mind. The interaction of the
conduction electrons with an impurity atom takes place at distances of the order of
the lattice constant d. If rg <1 but ry >d, the presence of the magnetic ficld does
not affect this interaction, nor therefore the collision integral. Under these con-
ditions, the magnetic field dependence of the conductivity tensor is not affected by
the specific form of the collision integral. It does depend considerably, however, on
the structure of the conduction electron energy spectrum, i.e. on the form of the
Fermi surface.t

+The theory given below is due to I. M. Lifshitz, M. Ya. Azbel’ and M. L. Kaganov (1956).
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Let us now cunstruct the transport equation describing galvanomagnetic
phenomena.

The distribution function is here suitably expressed not in terms of the Cartesian
components of the quasi-momentum p but in terms of other variables 1€elated to the
electron trajectory: the energy €, the quasi-momentum component p. along the
magnetic field (the z-axis) and the “time for the electron to move along the
momentum trajectory” from some fixed point to the point in question. This latter
variable, which we denote by 7, is brought in by means of the quasi-classical
equation of motion of a conduction electron in a magnetic field,

dp/dr = —evxBlc, v=0delap;
the x- and y-components of this are
dp,/dv =—ev,Blc, dp,/dT = ev,B]c. (84.2)

Taking the sum of the squares of these equations and using the element of length
ds on the momentum trajectory in the xy-plane (ds® = dp,’ + dp,?), we obtain

dr=(cleB) dslv,, v,’=0vl+v} (84.3)
integration of this equation gives the new variable 7 in terms of the old variables p.,

p\r p:-
The left-hand side of the transport equationt is, in the new variables,

dn _dn . on .  on .
it =€t bt (84.4)
The distribution function will, as usual, be sought in the form
n = no(e) + 8A(e, p., 7). (R4.5)

It has been shown at the end of §74 that, in static electric and magnetic fields, the
transport equation, linearized with respect to 8n, for quasi-particles in a Fermi
liquid has the same form as for particles in a Fermi gas. The derivatives €, p, and 7
are to be expressed by means of the equation of motion of an individual electron in
an electromagnetic field:

p=—eE—evxBc. (84.6)
Hence we have
é =(deldp).p=—ev.E;

#The use of the quasi-classical transport equation implies the neglect of effecls due to quantization of
energy levels in the magnetic field. These will be discussed in §90.
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the magnetic field does not appear, since it does no work on the charge. For a field
B in the z-direction we have p, = —¢E,. Lastly, a comparison of (84.2) and (84.6)
shows that the derivative d7/dt differs from unity only because of the field E; and
this difference need not be taken into account.

Since the equilibrium distribution function ny depends only on €, and €, p; and 7
are independent variables, we have dng/dp, =0, ano/daT =0. The electric field is
regarded as being extremely weak, and in linearizing the transport equation the
terms which contain both the small quantities 8 and E are to be omitted. The
expression (84.4) then reduces to

dn ___ 3o Ll
dt e ev.E+ ot
We write
8t =(dnolde)eE . g, g=g(e, p-, 7); (84.7)

cf. (78.6). The left-hand side of the transport equation then becomes finally

dn _ong . ( ﬂg)
=R ( v+28). (84.8)

The collision integral on the right of the transport equation, after linearization, is
written in the form

C(n) = (dno/de)eE . I(g); (84.9)

in the collision integral for elastic scattering by impurity atoms, any factor in 8a
that depends only on e can be taken outside the integral. The specific form of the
linear integral operator I(g) need not be stated.

Equating (84.8) and (84.9), we have fiually the transport equation determining the
function g:

dglor—I(g)=v. (84.10)
The conductivity tensor is given by the integral (78.9):

2 [, 2d’p
de V88 ()’

Ogg = —€

In this integral, the change to the new variables is made by the substitution
d*p - \J| de dp, dr, where

J = 3(pxs py» p2)I3(7, €, p)

is the Jacobian of the transformation, which is casily found directly from the
equations (84.2) which define the variable 7. Writing both sides of the first equation
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(84.2), for instance, as Jacobians,

Py, & p;) __ eB 3(& px. p2)
(7, € p;) ¢ 3(py, px p.Y

and multiplying both sides by a(py, p«, p:)/3(€, px p:), we find [J| = eB/c. Neglecting
the thermal blurring of the distribution ng, we put as usual dnefde = — 8(e — €r),
obtaining as the final expression

2¢'B
Uup = m}f V.8 dT dp., (84.11)

the integration being taken over the Fermi surface.

According to the definition (84.3), 7 is proportional to 1/B. The term dg/ar in the
linear equation (84.10) is therefore proportional to B, and is thus large compared
with the other terms. This makes it possible to solve the equation by successive
approximation as a series in powers of 1/B:

g=g0+g"+---, (84.12)
where g™ « B "t The terms in this series satisfy the equations

297 =0,
gV ar = [(g™) +v, (84.13)
cgPar =1(g"), ...

The solution of these equations is

o) _. O
g)"C *

gV = J’T [I(C) + w(7)] d7 + C?, (84.14)

g? = J” IgMdr+C?,...,
0

where C?, C'?, . .. are functions of € and p, only.

The function g must satisfy certain conditions. If the electron momentum
trajectories (i.e. the perimeters of cross-sections of the Fermi surface by planes
p. = constant) are closed, the motion of the electrons is periodic; accordingly, the
function g(e, p,, 7) must be periodic in 7 (the period T depending on p.). If the
trajectory is open, however, the motion in momentum space is infinite and g need
only satisfy the condition of being finite.

Let us now average equations (84.13) with respect to 7. If the functions g are

tAs in §59 when calculating the transport coefficients of a plasma in a strong magnetic field.
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periodic, the mean value over the period,

_ Iagd 2D)_80),

is zero, since g(T) = g(0). If they are not periodic, the averaging is over an infinite
range of 7. and the mean valueis zero since g is finite. In all cases, therefore, averaging
the cquations gives
1 =1C%=~v, Ig"=0,...; (84.15)
these relations determine in principle the functions C®, C, . ..
In going on to calculate the conductivity tensor, let us first recall some general

propertics of it which follow from the phenomenological theory (ECM, §21).
The principle of the symmetry of the kinetic coefficients gives

Oop(B) = 01, (—B). (84.16)
The tensor o, may be separated into symmetric and antisymmetric parts:

Oup = 0+ 0. (84.17)
For these we have, with (84.16),

oLp(B) = of2(B) = o} (-B), ]

84.18
B) = - 5(B) = — Y~ B). (84.18)

The components o} and o'Q are therefore even and odd functions of B respectively.
Instead of the antisymmetric tensor o', we can use its dual axial vector a, defined by

Oy = Az, Gy =0y, Ay, = 0,
The components of the current density vector are then
jo = 0upEp = oY Eg + (E X a),. (84.19)

The dissipation of energy when the current flows is determined only by the symmetric
part of the conductivity tensor: j.E = o'} E.E,. The inverse tensor p,s = 0 ', can
thus also be separated into symmetric and anusymmetric parts, the latter havinga dual
axial vector b. Then E is expressed in terms of j by

E. = pSig + (i X b)a (84.20)

The terms E X a in the current and j X b in the field represent the Hall effect.
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§85. Galvauomaguetic pheuomeuna iu stroug fields. Particular cases

CLOSED TRAJECTORIES

Let us begin with cases where all the momentum trajectories of electrons (i.e. for
all p.) with a given direction of B are closed. This is true for any direction of B if
the Fermi surfaces are closed. With open Fermi surfaces, cases can occur where
the trajectories are closed for any direction of B, and where the cross-sections are
closed only for certain directions (or certain ranges of directions) of the field.

In movement in a closed trajectory (in the xy-plane), the mean values of the
velocities in the plane are zero: 7, = 7, = 0, as is clear from the equations of motion
(84.2) with allowance for the fact that p, and p, return to their initial values after a
traversal of the whole trajectory. The value of ¥; is always nou-zero, because the
motion in the direction of the field is infinite. The first equation (84.15) now gives

W = [Ty =o.
whence C¥ = C® = 0.7 The solution (84.14) then becomes

g = (cleB)py + CP+ P+ -,
g = —(cleB)p, +CP +gP+---, (85.1)
8 = C(20)+g(z”+ :

the integration of v(7) is carried out by means of equations (84.2).
The components of the stress tensor are calculated from equation (84.11). For
example,

_2e dp, [L ) (2)]
O = (2‘”“)3[ dr | eB P +CU+ g% | drdp.,

with v, again given by (84.2). Since C¥ is independent of 7, the integration with
respect to 7 in the first two terms amounts to that of the derivatives dp,’/dr and
dp,ldt, and gives zero. Thus the only contribution to the integral comes from the
g? term, so that o, * B L

Next we calculate

2e? dp, c
Oxe = —(2ﬂh)]J’§-HET~[—pr + C(yl)] dT sz-

Integration of the second term again gives zero. and in the first term

dp,
$p 2P dr = [ p. dp, = =5(p0),

tThere is no reason why the linear homogeneous equation I{C)=0 should have any solution other
than the trivial C =0.
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where S(p,) is the area of the cross-sectiou of the Fermi surface by the plane
p. = constant. The plus and minus sigus relate to cases where the perimeter
encloses a region of smaller and larger energies respectively, i.e. the closed
trajectory is an electron and a hole trajectory respectively (see SP 2, §61); we
denote the area S by S, and S, in these two cases. The difference in sign is due to a
change in the direction of traversal of the trajectory. The integration of S with
respect to p. gives the volume () in momentum space within the Fermi surface; if
the closed trajectories are on an open Fermi surface, then (1 is the volume between
that surface and the faces of the reciprocal lattice cell. Thus

_ec20—Q,) _ec
o0 =5 oy = N~ No), (85.2)

where (1, and Q, are the volumes of the electron and hole cavities of the Fermi
surface. The quantities

N, =2Q./Qah)’, N, =2Q,/(27h)

are respectively the numbers of electron-occupied states with energies € <€ and
free states with € > €, per unit volume of the crystal. For closed Fermi surfaces
these concepts have a quite definite meaning; N, and N, are characteristics of the
electronic spectrum of the metal and independent of the direction of the field B.
For open surfaces, their meaning becomes more conventional, as they may depend
on the direction of B.

The expression (85.2) is an odd function of B and therefore belongs to the
antisymmetric part of the tensor o.s.t The component o of the symmetric part is
given by the next term in the expansion of oy, which is proportional to B~

The dependence on B of the remaining components o, is found similarly. For
example,

2¢’B
T = Ghye I%v,C“” drdp,.

The integration with respect to 7 brings in a factor B™', and C{ is independent of
B; hence o, also is independent of B.
The result is
oW =constant, other o}« B2, ax B\ (85.3)

All components o} and a depend on the form of the collision integral, except

a, = (ec/B)(Ny— N.).

11t is clear from the derivation of the transport equation that B appears in it not as the magnitude of
the vector B but as the component B; = B. The change B->— B therefore requires also B—-— B in the
formulae given.
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All the 0.5 except o,, tend to zero as B — . The physical reason for this behaviour
is the localization of electrons on orbits small compared with the mean free path; o,
is finite because the motion of electrons along the magnetic field always remains
infinite.

The small parameter in the expansion is the ratio rg/l. Hence the components o3}
that are proportional to B™2 may be estimated in order of magnitude as

o~ oo(rell)?, oo~ Nétllpk.

Note that o' « 1/I; this means that, as the mean free path increases, the transverse
conductivity in the magnetic field tends to zero, not to infinity as when the field is
absent.

The components of the antisymmetric part of the tensor o, are estimated as

o'~ gorgll ~ ecNJIB.

It must be emphasized, however, that the fact that this estimate is independent of |
(a)

does not mean that the exact values of the o (apart from o'@) are independent of
the specific form of the collision integral; an exact calculation of the tensor oy,
would require a complete determination of the functions C*” and g”? by solving the
specific transport equation.

From (85.3) we can find also the limiting dependences on B for the components
of the inverse tensor p.,; = o "'4p.1 Retaining only the terms of the lowest order in
1/B, we find

p&3 =constant, b, b, =constant, b, = B, (85.4)

and all these quantities depend on the form of the collision integral, except for
b, = —1/a, = Blec(N, — Np). (85.5)

All the components p&} tend to constant limits as B — .

Compensated metals, in which N, = N,, need special treatment. The expression
(85.2) is then zero, and the expansion of o begins with the term proportional to
B3, In this case, therefore,

s

, a,xB7Y, aq «B7? (85.6)

The inverse tensor must, of course, be calculated from ous = 04 + 03, and only then be separated
into symmetric and antisymmetric parts. We thus find

1 - 1

) ts)~t ) = (s,
Y=— . + a.ag}, =——gt

¥ {c g0 a.ap}, be othag,

where o = 0 + ¢'}a.ap is the determinant of o.g, and ¢ is the determinant of its symmetric part; see

ECM, §21, Problem.
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the dependence of o on B is as before. For the inverse tensor, we now have
p=constant, p, p = constant,} 85.7)

b, p2 0« B, bz B. '

OPEN TRAJECTORIES

For metals with open Fermi surfaces, which allow open trajectories, several
cases are possible; we shall here consider only one of these, which illustrates the
characteristic features of the situatjon.

Let us take a Fermi surface of the corrugated-cylinder type, passing con-
tinuously from one reciprocal lattice cell to the next (Fig. 30). If the magnetic field
is not perpendicular to the cylinder axis, all cross-sections are closed, and the
asymptotic dependence of o,z on B is again given by (85.3).

If, however, the magnetic field is perpendicular to the cylinder axis, there are
open cross-sections. As usual, we take the z-axis parallel to the field and the x-axis
here parallel to the cylinder axis; Fig. 31 shows a cut across the part of the Fermi
surface in one cell. The trajectories are open when |p,| <|pil, and are infinite in the
direction of the p,-axis. The mean velocity values are

v =(cleB) dp,ldT =0, v, =—(cleB)dpJdr #0,

since p, varies without limit; as always, v, # 0. The non-zero components of C® in
the solution of the transport equation are now C? and C®; in (85.1), the second
line is therefore replaced by

G CP g

FiG. 30.
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In the same manner as above, we now find
o'« B~  other ¢'} constant, a,« B}, @, a, « B7, (85.8)

Hence, for the inverse tensor,

p = B2, other p&) constant, b, B™', b,, b, = B. (85.9)

Thus there is a sharp anisotropy of the resistance in the plane perpendicular to the
magnetic field: the resistance p,, along the y-axis tends to a constant, whereas that
along the x-axis increases as the square of the field.t

Another feature of the galvanomagnetic properties of metals with an open Fermi
surface is their considerable dependence on the direction of a strong magnetic field.
Here the change takes place as the direction of B approaches the plane per-
pendicular to the cylinder axis, and the relations (85.3) and (85.4) are replaced by
(85.8) and (85.9). When B is at a small angle 6 to that plane (Fig. 30), the momentum
trajectory of the electron becomes large, with dimensions of the order of p,/6,
where p;- is the transverse dimension of the cylindrical Fermi surface. Accordingly,
the trajectories in actual space also become large, with dimensions of the order of
rgl6, where rg is the Larmor radius corresponding to the momentum p,. For angles
such that rg/6l ~ I, the expansion in powers of ry/l used above becomes inapplic-
able, and it is in this range of angles that the field dependence of the resistance
changes. .

The whole of this discussion has related, of course, to single crystals. In
polycrystalline materials there is an averaging of the anisotropic galvanomagnetic
properties, depending on the directional distribution of the crystallites.

“The electron trajectory in the xy-plane of actual space differs from that in the p,p,-plane of
momentum space only in scale and in a rotation through 9%0° (SP 2, §57). In the present case, therefore,
the motion of the electron in actual space is infinite in the y-direction.
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The thermomagnetic phenomena in a metal in a strong magnetic field could be
discussed similarly. In particular, the components of the electronic thermal con-
ductivity tensor would be found to tend to zero as B — . Under these conditions,
the transfer of heat by phonons becomes important, it is necessary to take account
of the electron-phonon interaction, and the whole situation is greatly complicated.

§86. Anomalous skin effect

It is known from macroscopic electrodynamics that an alternating electromag-
netic field is damped within a conductor, and not only the field but also the
resulting electric current is concentrated near the surface of the conductor. This is
called the skin effect. The following formulae have been given in ECM, §845 and
46.

The quasi-steady electromagnetic field in the metal satisfies Maxwell’s equations

curl E=~—(l/c)aB/at, (86.1)
curl B=4xj/c, divB=0; (86.2)

the metal is assumed non-magnetic, so that H = B in it. Here, of course, we assume
that the general condition for validity of the macroscopic equations is satisfied: the
distances & over which the field varies significantly are large in comparison with
atomic dimensions. If moreover these distances are large in comparison with the
conduction electron mean free path I, then the relation between the current density
i and the field E is given by linear expressions connecting their values at one point
in space: j, = 0.gEp, where o, is the conductivity tensor. The skin effect is then
said to be normal. In discussing this case, we shall assume the medium isotropic, or
else a crystal with cubic symmetry; the tensor o.s then reduces to a scalar, and
j=oE.

Let us take a simple geometry in which the metal occupies the half-space x >0
bounded by the plane x = 0. A uniform external electric field is applied, parallel to
the surface of the metal and varying in time with frequency . Equations (86.1) and
(86.2) become

curl E =iwB/c, curl B=470E/c, divB=0. (86.3)

The symmetry of the problem shows that the distributions of all quantities in the
metal are functions of the coordinate x only. The first equation (86.3) then shows
that the magnetic field B is everywhere parallel to the boundary plane. We can
satisfy all the equations by supposing that the electric field E is everywhere in that
plane also. This also fulfils-automatically the necessary boundary condition that the
current component normal to the surface of the metal is zero: from E, =0, it
follows that j, =0 everywhere.t

#The situation is different in an anisotropic medium. To satisfy this condition there, an electric field
normal to the surface would have to be present, as well as the tangential one.



§86 Anomalous Skin Effect 369

Eliminating B from the first two equations (86.3), we find
curl curl E = grad div E—~ AE = 47iwcE[c

For the tangential field, which depends only on x, div E=0, and this equation
becomes

E” = —4miwcE/c?, (86.4)

the prime denoting differentiation with respect to x. The solution which tends to
Zero as X — % is

E= Eoe~iwldui~l)x18’ (86.5)
where E, is the field amplitude at the surface of the metal, and
= ¢/V(2mow). (86.6)

The quantity § is called the field penetration depth; it decreases with increasing
frequency of the field. The magnetic field in the metal decreases according to the
same law; it follows from (86.3) that E and B are everywhere related by E= (B X n,
where n is a unit vector normal to the surface and into the metal, i.e. in the positive
x-direction, with

= (1~ Dwdl2c = (1 —i)V(o/870). (86.7)

In particular, this relation exists between the values of the fields at the surface of
the metal:

Eo={Bo¢Xn. (86.8)

The quantity { is called the surface impedance of the metal. Its real part governs
the field energy dissipation in the metal (ECM, §67).

In order that the relation j = oE should hold between the current and the field at
the same point and the same time, the electron mean free path [ and mean free time
7~ IJlvg must satisfy the conditions [ <8 and To <1, i.e. | must be small in
comparison with the characteristic distance § over which the field varies, and 7 small
in comparison with the field period. When the first of these conditions is not satisfied,
the relation between the field and the current is no longer local and there is a spatial
dispersion of the conductivity. When the second condition is not satisfied, there is a
frequency dispersion of the conductivity. The transport equation is then needed to
determine the relation between the current and the field.

The nature of the skin effect thus depends on the relative magnitude of the three
characteristic dimensions &, I, and vg/w. The normal skin effect described by
(86.5)—(86.8) corresponds to the lowest range of frequencies, such that

1 <6, |<vflw. (86.9)
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As the ficld frequency increases, or the mean free path mcreases (with decreasing
temperature of the metal), the penetration depth decreases. In metals, the condition
[ <8 is usually the first to be violated. and the current-field relation becomes
non-local; the skin effect is then said to be anomalous. In this section, we shall
consider the limiting case where

8 <l, §<vfo. (86.10)

There may be any relation between | and vgo.f
The solution of the boundary problem of the skin effect begins from the auxiliary
problem of the relation in an infinite metal between the current and the electric field

E= Eoei(k.r-ml)

variable in time and space. The wave vector of the field is assumed to satisfy the
inequalities

lk<l, 1k <vdo, (86.11)

corresponding to (86.10). The change 8n in the electron distribution varies in the
same manner as the field.

Since v,k ® vgll ~ 1/7, the collision integral C(n)~ 8n/t in the transport equation
may be neglected in comparison with the spatial derivative term v. dn/dr ~ v kdn.
Since kvr > w, we can also neglect the time derivative dn/dt ~ wdn.

With the latter approximation, the transport equation for the quasi-particles in an
electron Fermi liquid again reduces to the equation for a gas when the distribution
function is redefined, dn being replaced by 8 from (74.13). In the present case,
these approximations bring the transport equation to the simple form

v. adildr — eE. dno/ap = 0.
Putting
adnfar = ikéit, dnoldp = vanelde,
we then find
81 = —i(eE. v[k. v)anelde. (86.12)

This expression has a pole at k. v =0. To calculate the current

j=—e I v&# . 2d°pl(2h)?,

+The equality & ~1 is reached when w~ c¥fal’. i.e. (with the estimate o ~ leNfps) when -~
c’pefe’PN. This is compatible with the inequality § ~ I < vefw if 1> /€. where Q0 ~ (Ne?/m*)'"” is the
plasma frequency of the metal (m* ~ p;/vr being the effective mass of the eonduction clectrons). For
ordinary metals, 0 ~ 10"°-10"s™".
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this pole must be a.vided by writing k. v—ok.v—i0:¥

v(E.v) ang 2d°p
K.v—i0 de 2wh)"

j=ie?

(86.13)

Neglecting as usual the thermal blurring of the equilibrium distribution function,
we write dng/de = —8(e — €r) and transform the integral over d°p into one over the
Fermi surface by (74.20). According to the usual formula of differential geometry,
the area element is dS = do,/K, where do, is a solid-angle element for the direction
ofsthe normal v to the surface and K is the Gaussian curvature of the surface. i.e.
K = 1/R\R;, the reciprocal of the product of its principal radii of curvature at the
point concerned. Noting also that the direction of the normal at any point on the
Fermi surface is the same as that of the velocity v = de/ap, we find

. 2ie [v(E.») do,
"‘(hh)’[ K(v) k.v—i0 (86.14)
If the direction of v is specified by the azimuthal and polar angles ¢ and 6 relative
to the direction of k as polar axis, k. v =k cos 6 and do, = sin 6 do dé.

The integration in (86.14) with respect to the variable p = cos 0 is taken over the
segment —1 = p <1 of the real axis, passing along a semicircle below the pole
p=0. It is easy to see that the integral along the straight segments (i.e. the
principal value) is then zero, leaving only the contribution from the semicircle. To
prove this. we note that the function e(p) is even, and therefore the Fermi surface
e(p) = € is unchanged when p— —p; since a change in the sign of p changes the
sign of the normal vector v, it follows that K(—v)= K(v). The integral in (86.14)
can therefore be written as

l{ v(E.v)do, v(E. v)do, ]
20 K)k.v~i0) JK@)k.v+i0))’
where the braces contain the sum of the integrals obtained from each other by the
change of variable of integration v ——wp; the statement made above is then
obvious.

At the pole of the integrand, k. » =k cos 6 = 0, i.e. the normal v is perpendicular
to the given direction of the wave vector k. The residue with respect to the variable
cos 0 is thercfore the integral

v(E.v)
kK(v) ©°

taken along the geometric locus of points on the Fermi surface for which v1k.
Thus we have finally the relation between the current and the field in the form

ju = 0up(K)Ep, (86.15)

#This corresponds to the usval w > w+i0 in w ~ k. v.
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where
2
O (K) = 27’ Aggl2uh )k, Anp = f [vavpl K(@)]de (86.16)
0

is a real tensor in the plane perpendicular to k; if the direction of k is taken as the
x-axis, a and B take the values y and z. The vector j lies in this plane, and is
therefore transverse to k.

The contribution to the current comes only from electrons with v.k=0, ie.
moving perpendicular to the wave vector. This is a natural consequence of an
approximation in which the mean free path is regarded as indefinitely long: in
motion at an angle to k, the electron passes through a field oscillating in space, and
these oscillations reduce to zero the overall action of the field on the electron. In
the next approximation, when the finite value of kl is taken into account, there is a
contribution to the current from electrons moving in a small range of angles ~1/kl
to the plane perpendicular to k.

Let us now go on to the subject of field penetration in the anomalous skin effect.
This is a half-space problem, to be solved with the boundary conditions at the
surface of the metal. These conditions for the distribution function depend on the
physical properties of the surface with respect to electrons incident on it. It is
important, however, that in this case the current is due essentially only to electrons
moving almost parallel to the metal surface. For these, the law of reflection is
largely independent of the degree of perfection of the metal surface, and ap-
proximates to specular reflection, the electrons being reflected with reversed
components of the velocity v normal to the surface but unchanged tangential
components; in order not to interrupt the discussion, a more detailed treatment of
this will be postponed to the end of the section.

Specular reflection corresponds to the following boundary condition on the
distribution function:

8 (vy, vy, v,) = 87(~v, vy, v,) for x=0. (86.17)

With this condition, the half-space problem is equivalent to that of an infinite
medium in which the field distribution is symmetrical about the plane x =0:
E(t, x) = E(t, —x). Electrons reflected from the boundary in the half-space (x >0)
problem correspond to electrons passing freely through the plane x =0 from the
side x =0 in the infinite-medium problem.

In the problem of the extreme anomalous skin effect, we can suppose that the
field E (which depends only on the one coordinate x) is everywhere parallel to the
plane x = 0. According to (86.15), the current vector j lies in the same plane, and so
the condition of zero current component normal to the metal surface at all points
on the surface is necessarily satisfied.t

+In subsequent approximations, when the finiteness of the ratio 8/l is taken into account, there are
components o.x and oy, of the conductivity tensor as well as oug. To satisfy the boundary condition
ix = 0. we must then include the field E; normal to the surface, as already noted in the first footnote to
this section.
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Without the assumption that j = oE, we have for the two-dimensional vector E,
in place of (86.4),

E'= —47iwjlct (86.18)

We shall leave the time factor e™™ implicit in the subsequent formulae, so that E. j,
etc., will be functions of x only.

The function E(x). continued symmetrically into the range x <0, is continuous at

x =0, but the derivative E'(x), being an odd function of x, has a discontinuity there,

changing sign as x passes through zero. According to (86.1), these derivatives are
related to the magnetic field by

E =10B Xu/c,
where u is again a unit vector in the x-direction. In the half-space problem, the
condition at x =0 would therefore be E = iwBy X u/c, where By is the field at the
boundary of the metal. In the infinite-medium problem, this corresponds to

E'(+0) - E'(-0) = 2iw By X u/c.
We multiply both sides of (86.18) by ¢ ** and integrate with respect to x from —x
to .t On the left-hand side, we write

> 0 E3 ®
J E'e ™ dx=| (Fe ™) dx +J (E'e™™) dx + ikf E'e ™ dx.
- —% 0 —

Since the field E(x) is zero at infinity, the first two integrals give just the difference
E'(—0)—E'(+0). In the last term we can simply integrate by parts, since E(x) itself
is continuous. The result is

2iwBo X u/c + k*F(k) = 4miwi(k)/c?,
where E(k) and j(k) are the Fourier transforms of E(x) and j(x).

According to (86.15), these transforms are related by j.(k) = o.a(k)Ep(k). We
then find the expression

Eo(k) = Les(k)(Bo X u)p, (86.19)

where {p(k) is a two-dimensional tensor specified by means of its inverse:

k)= 5= [k’&,g ~ 476”2“’ ouﬂ(lkl)]. (86.20)

The argument of o,z is written as |k|, as a reminder that it is the magnitude of the
vector k.

tThe subsequent calculations are formally identical with those in the problem of magnetic field
penetration inte a superconductor (SP 2, §52).

ex1 oLy
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The function E(x) itself is obtained from (86.19) ou multiplying by ™ and
integrating over dk/2m. Since {5(k) is even, we have

E.()=~ fo " £.a(k) cos kx dk . (Bo X u)p. (86.21)

In particular, the field at the boundary of the metal is

Eoe = {p(BoXn)s, Lup = %J’o Lap(k) dk. (86.22)

For an actual calculation of the surface impedance, we take the principal axes of
the symmetrical tensor o.g(k) as the y and z axes. The tensor { is brought to
principal axes along with oug, and its principal values are

2iw welA®
() (a)
{ - J’ kl_lb(a)/ka b = 7h 3

e

where the A are the principal values of the tensor A The integration givest

2 1B
[9= (1~ ,\/3)2%2—"-(C “’A(u) . (86.23)

The quantities A“? depend only on the shape and size of the Fermi surface. The
impedance (86.23) does not depend at all on the electron mean free path. For an
order-of-magnitude estimate, we can assume that the radii of curvature of the
Fermi surface are ~pr; then A~ p#, and

L~ B cetpP)'". (86.24)

The real part of the impedance determines the dissipation of the field energy iu
the metal. In the approximation concerned (where electron collisions are ignored)
this dissipation is of the Landau-damping type.f

iThe contour of integration (the right-hund half of the real axis) can be turned through —#/6 in the
complex k-plane without crossing any poles of the integrand. Integration along the line k = ue™™ gives

,Er kdk _ ,,,,,r udu
b k- ¢ Jowab

elﬂlb

]

T=gpm| £20-0"d
_Tapres) e
=3y ¢

_w(V3+)
R

and on substituting &’ + b = bj¢,

1The pheromena which are the essence of the anomalous skin effect were first noted by H. London
(1940). The qualitative theory of the effect is due to A. B. Pippard (1947), and the quantitative theory
given here is due to G. E. H. Reuter and E. H. Sondheimer {1948).
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The law of damping of the electric field within the metal in the anomalous skin
effect is not exponential, and so the concept of the penetration depth has not the
same literal significance as in (86.5). Since the integrand in (86,21) contains the
oscillating factor cos kx, the integral for any given x is mainly governed by the
range k ~1/x. A considerable decrease of the function E(x) occurs when these
k> b'.} The penetration depth § is therefore of the order of b~ or

8 ~(cH¥welA)P ~ (c*hwelpF)' . (86.25)

As the frequency increases, this depth continues to decrease, but more slowly than
for the normal effect, The values given by (86.6) and (86.25), which we denote by §,
and 8, are comparable in order of magnitude when & ~ I Since one of them
decreases as w ' and the other as w™'?, it is clear that for a given value of w we
have 8, ~ 8,21

Lastly, some comments about the nature of electron reflection from the metal
boundary. If the surface is ideal (free from defects) and coincides with a crystallo-
graphic plane, the configuration of atoms in it has the periodicity corresponding to
the translational symmetry of the crystal lattice. In that case, the reflection of an
electron conserves not only the energy but also the tangential components p, and p,
of the electron quasi-momentum. The normal component p; of the quasi-momen-
tum of the reflected electron is determined from the value p, for the incident
electron by means of the equation

€(px Py, P:) = €(Px, Py, P2), (86.26)

and we must have v, = de/ap;>0, the reflected electron moving away from the
boundary (the velocity of the incident electron is v, = €/ 3p, <0). Equation (86.26)
may have several such solutions, and in general v, # —v,.

For electrons at glancing incidence, however, these solutions always include one
that corresponds to a small change in the quasi-momentum, with v} = —v, (i.e. the
reflection is literally specular): an electron moving almost parallel to the boundary
has a small v, = d¢/ap,, and this means that the electron corresponds to a point P
on the constant-energy surface in p-space that is near the extremum of € as a
function of p, (where de/dp. =0). Near such a point, on the other side of the
extremum, there is always a point P’ where the derivative de/dp, differs only in
sign from its value at P.

It can be shown that the refiection of such an electron takes place, with very high
probability, with this change of quasi-momentum. Moreover, the statement remains
true for reflection from an imperfect surface having roughness of atomic dimen-
sions, when there is, strictly speaking, no conservation of the tangential com-
ponents of the quasi-momentum. An intuitive explanation is that the wave function

*When x > §, the integral (86.21) is governed by k < b™. Then {{k) ~ k, and the ficld E(x) decreases as
X



376 BT

of the electron varics slowly in the x-direction and so does not *““notice” the atomic
roughnesses of the surface.t

1t is noteworthy that the value of the surface impedance in the highly anomalous
skin effect is in fact fairly insensitive to the nature of the electron reflection. For
example, in diffuse reflection (when all directions of the reflected clectron are
equally probable, whatever the angle of incidence), the value of the impedance
differs from (86.23) only by a factor 9/8. The boundary condition for diffuse
reflection from a plane surface is di(v, >0, v,, v,)=0 for x = 0. Here, however,
the Fourier method is unsuitable, and the problem has to be solved by what is
called the Wiener-Hopf method.¥

§87. Skin effect in the infra-red range

We have now considered two limiting cases of the skin effect: the normal effect,
when the mean free path [ is the smallest of the three characteristic distances 8, [
and v,/w; and the anomalous effect, when the penetration depth 8 is the smallest.
Let us now take a third case, in which the smallest is

vlo<s, vlo<l (87.1)

This is reached in a natural way from the anomalous effect by further increasing
the frequency: although the penetration depth then decreases, the product wd
increases as w?*. For ordinary metals. the conditions (87.1) are satisfied in the infra-red
range.

These conditions put a lower limit on the frequency. However, the validity of the
results below, which are based on the theory of Fermi liquids, is also subject to an
upper limit of frequency: fiw < er. If this is not satisfied, quasi-particles are excited
from the depth of the Fermi distribution, and these have no meaning in the Fermi
liquid theory.

To determine the relation between the current and the electric field, we must
again go back to the transport equation. Now, however, because of the condition
@ » vel8, the term containing the time derivative is large compared with the term
containing spatial derivatives, and because of the condition w > v/l it is also large
compared with the collision integral. Neglecting these terms, we have the transport
equation in the form

%n_ gy

at eE.v 3¢ 0.
Putting d8n/at = —iwdn, we obtain from this
én = —(anylde)y, Y =eE.v/iw. (87.2)

#These statements are proved in the review article by A. F. Andreev, Soviet Physics Uspekhi 14, 609,
1972,
{See G. E. H. Reuter and E. H. Sondheimer. Proceedings of the Royal Society A, 195. 336, 1948.



The absence of the terin containing the coordinate derivatives means that there is
no spatial dispersion. In this sense the skin effect is normal again. The presence of
the time-derivative term, however, causes frequency dispersion of the conduc-
tivity. The situation here is similar to that in calculating the permittivity of a
collisionless plasma. The only difference lies in the anisotropy of the metal and in
the Fermi-liquid effects. The latter have the result that the current density is given
by an integral that depends not only on the distribution function n but also on the
interaction function f(p,p’) of the quasi-particles (the conduction electrons). It
should be noted that, because of the presence of the term ddn/dt in the transport
equation, it is not possible here to eliminate the interaction of the quasi-particles by
using the effective distribution function 8.

According to (74.21) and (74.22), the current density is expressed in terms of the
correction to the elcctron distribution function by

L dS} 7 2dS
i= cf [w(pr)+ff(p,,p,)¢(p.)v (Zﬂh)](——ﬁzﬂﬁ’ .

where v is a unit vector in the direction of the velocity vg, which is the same as the
normal vector to the Fermi surface. Substituting  from (87.2), we find the relation
between the current and the field in the form j, = o,4(w)Ep, with the conductivity
tensor

o.p = —(eHiom)NP,

., dSt 12dS (87.3)
NP = [ vl orvn + [ Fpr b [ g

The symmetry of the tensor N is determined by that of the crystal. and does not
depend on the direction of the ﬁeld as in (86.15). In a crystal with cubic sy :metry,
which we shall assume for the sake of simplicity, this tensor, and therefore oug,
reduce to a scalar: N = NP5, and

o(w)=—(e*limw)N“". (87.4)

The description of the properties of the metal by means of this conductivity can be
replaced, in the usual manner, by a description in terms of the permittivity

e(w)=1+i.47m0(w)lw=1— 47’ NP me (87.5)

The notation N*™ is used by analogy with the limiting expression (ECM. §59) for
the permittivity at very high frequencies: € = I —4me’N/mw?, where N is the total
number of electrons per unit volume of the substance. Thus N® in the infra-red
optics of metals represents the effective number of electrons; it depends on the
interaction function of the conduction electrons.

Together with N'P_it is useful to define also the effective plasma frequency

Q = (47e’N“Pm)2. (87.6)
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The conductivity is then
o=i04rw. ®7.7

The value of ) is determined only by the parameters of the electron spectrum of the
metal; as a rough estimate, therefore, it is equal to eg/h, the Fermi limiting energy,
Since the present theory is restricted by the condition hw < er, we have Q » w.

The penetration of the field into the metal is described by equation (86.4), which,
on substitution of o from (87.7), becomes

E'—(QYcHE =0.
The solution which tends to zero as x >« is
E=FEe ™, §=clQ; (87.8)

for typical metals, ¢/ ~ 107> cm. The field is therefore damped exponentially, the
penetration depth being independent of the frequency. The relation between the
electric and magnetic fields is now given (as is easily seen by means of the first
equation (86.3)) by (86.8) with impedance

{ = —iwdlc = —iwl/. (87.9)

The purely imaginary impedance denotes total reflection of the electromagnetic
wave from the surface of the metal, without dissipation. This is to be expected,
since the approximation used has taken no account of collisions of electrons, which
are the cause of dissipation.

With (87.7), the basic conditions for this theory to be valid may be written

Q> o> Qudc. (87.10)

The left---and inequality is usually compatible with hw > ©, where © is the Debye
temperature. The Fermi parameter vr and the function f in (87.3) must then be
taken not on the Fermi surface itself but for [e — e¢|> ©. It has been shown in SP
2, §65, that the electron—phonon interaction has the result that vg in this range
diifers from that in the range le —ef]<€© (which is important, for instance, as
regards the static properties of the metal at low temperatures); the same is true of
the quasi-particle interaction function f.

§88. Helicon waves in metals

The fact that an external alternating magnetic field does not penetrate into a
metal means that undamped electromagnetic waves with frequencies up to the
plasma frequency (w ~ (1) cannot propagate in a metal.

The position is quite different, however, in the presence of a static magnetic field
B. This field alters the motion of the electrons and therefore greatly affects the
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electromagnetic properties of the metal. It is important that the motion becomes
finite in the plane perpendicular to the field. In strong fields, when the Larmor
radius rg ~ cpeleB of the orbit becomes small in comparison with the mean free
path,

rg <1 (88.1)

or (equivalently) wpr > 1, where wp ~ velrs ~eB/m¥*c is the Larmor frequency and
1~ llvp the mean free time, the electrical conductivity in directions transverse to
the field is greatly reduced, tending to zero as B -, We may say that in these
directions the metal behaves like an insulator, and so the energy dissipation is
reduced in waves whose electric field is polarized in the plane perpendicular to B.
The propagation of such waves without damping (in the first approximation) thus
becomes possible. The permissible wave frequencies are limited by the condition

© < wp; (88.2)

only if this is satisfied can the electron trajectories undergo appreciable curvature
during the period of the field. thus altering the electromagnetic properties of the
metal with regard to these frequencies.

The finite motion of the electron (in the plane perpendicular to B) presupposes
that its momentum trajectory, a cross-section of the Fermi surface, is also finite.
The above discussion therefore applies to metals with closed Fermi surfaces for
any direction of B, but to those with open surfaces only for directions of B such
that the cross-sections are closed. With open cross-sections, the electron motion
remains infinite in the magnetic field, the conductivity does not decrease, and the
propagation of electromagnetic waves in the directions concerned cannot occur.

Undamped electromagnetic waves in a metal may be regarded as Bose branches
of the energy spectrum of the electron Fermi liquid. The macroscopic nature of
these waves is shown by the wavelength, which is large compared with the lattice
constant. For this reason, the excitations correspond to only a very small relative
phase volume, and their contribution to the thermodynamic quantities in the
metal is negligible.

We again write Maxwell’s equations:

curl B=4xjlc, curlE=—(1/c)aB/at, (88.3)

where B denotes the weak alternating magnetic field of the wave, in contrast to the
constant B. Elimination of B from these equations gives

curlcurl E = graddivE— AE
=—(4=lcH)djlot.

For a monochromatic plane wave, this becomes

(—k.k, + k28,,)E, = 4mriwj. c. (88.4)
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The field E is expressed in terms of the current by E, = pagjs, where pp = o o5 is
the resistivity tensor. We then obtain a set of linear homogeneous equations,

[K2pap — kokypys — 47iwBegl g = 0. (88.5)

The determinant of this yields the dispersion relation for the waves.

In §§84 and 85 we have derived the conductivity tensor for a metal (in the
residual resistance range) in a strong magnetic field, for the stationary case. Let us
now see how the results must be modified in the non-stationary case.

The periodicity of the electric field in time and space (and therefore that of the
alternating part of the electron distribution function) causes the presence of terms

adn abn _ . . _
a +v- P iwdn + ik . vér

on the left of the transport equation; cf. (74.25). Similarly to (84.7), we put 8n and
87 in the form

&n = (dnglde)eE . h, &ii = (dnylde)eE . g.

According to (74.21), the functions h and g are related by the linear integral
expression

g=h+ f f(p, pidh’ dSHvi(2mh)* = Lh.

The transport equation then becomes
aglat —[I(g)+ iwL 'g—i(k . v)gl = v. (88.6)

It differs from (84.10) in that I(g) is replaced by the expression in the square
brackets, which depends not only on the nature of the electron scattering by
impurity atoms but also on the interaction between the electrons.

Because of the condition rg <1, the term I(g) in (88.6) is much less than dg/d7, as
it was in (84.10). Because of the condition w < ws, the term iwL 'g ~ iwg is also
small. We shall impose also a condition on the wave number, kvr < wp, i.e.,

krg<1: (88.7)

the wavelength must be much greater than the Larmor radius. Then the last term in
the square brackets in (88.6) is small also. The method of solving the transport
equation by successive approximation (§ 84) then remains valid, and therefore so do
the results found there for the leading terms in the expansion of the conductivity
tensor in powers of 1/B. However, because of the presence of w and k in (88.6),
there will in general be frequency and spatial dispersion of the conductivity.

The presence of several characteristic parameters of length and time, and the
variety of geometrical properties of the Fermi surfaces, causes a multiplicity of
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phenomena relating to the propagation of electromagnetic waves in metals. We
shall consider in §§ 88 and 89 only some typical cases.

Let us take the case of an uncompensated metal with a closed Fermi surface.
According to (85.4) and (85.5), the largest component of the resistivity tensor is

Pay = —Pyx = Blec(N, — Ny); (88.8)

this belongs to the non-dissipative (anti-Hermitian) part of the tensor. This com-
ponent is entirely independent of the form of the collision integral, and therefore of
the form of the expression in square brackets in (88.6). The formula (88.8) remains
valid in the wave field, therefore.

The description of the medium by means of the resistivity tensor p,g (or the

conductivity tensor u,g) is equivalent to the use of the permittivity tensor
€.p = 4Tioplw, (lnB = wpagl4i.
The tensor € ',s here has only the components
€ 'w=—€"\ = wBl4wice(N, — Ny).

This is the same as that found in §56 for waves in plasmas, except that the electron
density N, is replaced by the difference N, — Ny The results of §56 may therefore
be applied immediately to these waves in metals, which are likewise called helicon
waves.t

The dispersion relation for them is

= cB|cos 6|/4me[N, — Ny, (88.9)

where 0 is the angle between k and B. The electric field of the wave is elliptically
polarized in the plane perpendicular to the magnetic field B. Taking the direction of

B as the z-axis (as in §56), and the plane through k and B as the xz-plane, we find
the electric field

E, = =i| cos 6|E,, (88.10)

the upper and lower signs relating to the cases N, > N, and N, <N, respectively.

§89. Magnetoplasma waves in metals

Let us now consider waves in a compensated (N, = N;) metal having a closed
Fermi surface. In addition to the obligatory conditions (88.1) and (88.2), we shall

iThe possibility of the propagation of such waves in metals was noted by O. V. Konslanlinov and V.
I. Perel’ (1960).
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assume that the inequalities
w > UF/’, w > kUF (89.1)

are also satisfied. The first of these implies that the collision integral I(g) in the
transport equation (88.6) is much less than the term iwI:"g, and the second
condition implies that the term i(k.v)g is also small. Neglecting these terms, we
have the equation

dglor—iwl Tg=v, (89.2)

which is obtained from (84.10) on replacing the term I(g) by iwl. g,

The results derived in §85 for the resistivity tensor in the stationary case
therefore remain valid, except that the small parameter in the expansion in powers
of 1/B is not rg/l but —iw/wp. There is no spatial dispersion of the conductivity, but
there is frequency dispersion.

According to (85.7), in the stationary case the leading terms in the expansion of
the resistivity tensor for a compensated metal are

pz: = constant;  pe, Py, Py B Pxz» Py: & B. (89.3)
To bring out the parameter rg/l in this tensor, however, we must ascertain how not
only B but also | occurs in its components. To do so, we write, for example, the
estimate
Pux ™~ po(l/rg)2 ~(BlecN)l[rg.
wherc po~ pe/Ne?l. Similarly

py: ~ pollrs ~ BlecN,  p.: ~ po~ (BlecN)ryll.

Now, with the above-mentioned change of expansion parameter, we find the tensor
paB(w) as

(wB/— iw)“u (wB/— iw)“xy Ay,
pap = (BlecN)| (wpl—iw)a,y (wpl— iw)a,, ay, , (89.4)
Ty —day, (—iw/wp )a:;

where all the a.; ~ 1 are dimensionless real coefficients; the quantities N and m*
(in wp = eBlm*c) are to be regarded here as parameters chosen in some manner
and having the correct order of magnitude. All the terms in (89.4) belong to the
anti-Hermitian (i.e. non-dissipative) part of the tensor. It is therefore evident that
including only these terms will give undamped waves. In the general case where the
directions of B and k are arbitrary, the wave dispersion relation is expressed by
fairly lengthy formulae. We shall consider only a particular case which illustrates
the fundamental properties of these waves.
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We shall suppose that the metal crystal lattice has an axis of symmetry with
order higher than 2, and that the field B is along this axis (the z-axis). The quantities
Gx Oy and a,, = a,, form a two-dimensional symmetrical tensor in the xy-plane,
which with the symmetry stated reduces to a scalar: a, = ayy = a,, a,y =0. The
quantities a,, and a,, form a two-dimensional vector in the same plane, and with
the symmetry stated are zero. Thus there remain only the components

Pxx = pyy = (BlecN Ywpl—iw)ay, p:: = (BlecN)(— iw/ wp)a,. (89.5)
We again take the xz-plane to contain the directions of k and B. If p,,, which is
small compared with p,,, is neglected, the dispersion relation separates into the two
equations
Aol c?— k2py =0, 4dmio/c?—k2p, =0;
here we assume that the angle 0 between k and B is not too close to i, so that

k.2 is not too small (cos 0 > w/wg). Hence we find as the dispersion relations for the
two types of wave

"= ku,Va,,
©? = kuajcos 8] Va,, (89-6)
wheret
s = Bl(4wNm*)"%, (89.7)

These are called magnetoplasma waves. The two types are respectively analo-
gous to the fast magnetosonic waves and the Alfvén waves in plasmas.t Oscil-
lations corresponding to the slow magnetosonic waves cannoi have a speed w/k
that satisfies the second condition (89.1), and therefore cannot occur in metals,

§90. Quantum oscillations of the conductivity of metals in a magnetic field

The theory of galvanomagnetic effects given in §§84 and 85 was quasi-classical,
in the sense that quantum behaviour appeared only in the electron distribution
function; the discreteness of the energy levels in the magnetic field (with closed
electron trajectories) was not taken into account. This discreteness causes,
however, a qualitatively new effect, namely oscillations of the conductivity as a
function of the magnetic field, called the Shubnikov—de Haas effect. This is
analogous to the oscillations of the magnetic moment (the de Haas—van Alphen

tWith the dispersion relations (89.6), (89.7), the condition kv < w signifies that we must have ua > ve
In attainable fields B, this can in practice be satisfied only in semi-metals (such as bismuth) with a low
carrier density.

1The possibil'ity of such waves was noted by S. J. Buchsbaum and J. Golt (1961). The theory given
here is due to E. A. Kaner and V. G. Skobov (1963).
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effect), but the theory of it is more complex because it is a transport effect and not
a thermodynamic effect. We shall consider it in terms of a model of non-interacting
electrons, leaving aside the question (which does not appear to have been in-
vestigated) of Fermi-liquid effects.

As in §84, the magnetic field will be assumed strong in the sense of the condition
(84.1), which we write in the form

wpT > 1, (90.1)
where 7 is the electron mean free time and
wg = eBlm*c (90.2)

the Larmor frequency; m* is the cyclotron mass of the electrons.f
At the same time, of course, the field must not be so strong as to violate the
quasi-classicality condition

hwy << €r. (90.3)

There may be any relationship between hwg and T.

We shall examine only the quantum oscillations of the transverse (relative to
the magnetic field, which is in the z-direction) conductivity, and assume in
order to simplify the formulae, that the crystal has a symmetry
axis (of order >2) parallel to the magnetic field. In such a crystal the
symmetric (dissipative) part of the conductivity tensor has only the components
0w = vy and oy,. The comparative simplicity of the problem for the transverse
components arises because for them the influence of collisions may (as we have
seen in §84) be regarded as a small perturbation in comparison with the influence of
the magnetic field; this is not so for the longitudinal conductivity o,,.%

As in §84, we consider a metal in the residual resistance range, so that we are
concerned with collisions between electrons and impurity atoms. Since these
collisions are elastic, electrons with different energies take part independently in
producing the electric current,

Let g(e) be the number of quantum states of an electron per unit energy range.
Then the spatial number density of electrons with energies in the range de is
n(e)g(e) de, where n(e) denotes the state occupation numbers. Let j,(e) be the
transverse current density generated by these electrons, When both an electric field
and an electron density gradient are present, the current density is the sum

jy(€) = eD(e)g(e)dn]dy + oy, (€)E;. (90.4)

The definition (SP 2 (57.6)) is m* = (1/27)35/de, where S(e, p;) is the area of the cross-section of the
constant-energy surface by a plane p. =constant; this surface is here defined in p-space, not
plh-space as in SP 2.

tFor the antisymmetric part of the conductivity tensor, the quantum oscillations occur only in the
second approximation with respect to 1/wpr.
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The first term is the diffusive charge transfer; D(e) is the diffusion coefficient (in actual
space) for electrons with energy e. The current (90.4) must be zero for the distribution

no(e — e@) = ny(e) — epdng/ de,

which corresporids to statistical equilibrium of the electron gas in a weak static
electric field with potential ¢(r) (no being the Fermi distribution). Hence we have as
the relation between oy,(€) and D(e)

oy (€)= — ezg(e)D(e)ano/ Je.

The total electrical conductivity, including the contributions from elcctrons of all
energies, is

Oy = —ezfg(e)D(e)%?de =-e’D D(Gs)aig(:—‘)- 90.5)

The summation in the last expression is over all gu antum states of the electron; s
conventionally denotes the set of all the state quantum numbers. This formula
reduces the calculation of the conductivity to that of the electron diffusion
coefficient in the absence of the electric field.

The diffusion coefficient is in turn expressed in terms of the properties of the
microscopic scattering events by a formula of the type (21.4):

D = 3 (Ay)26t,

where the summation is over the collisions undergone by an electron in the time 5t,
and Ay is the change in the mean value of the electron coordinate y in the collision
(the electron motion is finite in the plane perpendicular to the field, and in the
intuitive picture of quasi-classical orbits Ay is the displacement of the orbii centre).
Let

Nimp Ws’sa(fs - Gs')

denote the probability of an electron transition from state s to state s’ in scattering;
the delta function expresses the fact that the scattering is elastic, and the factor
Nimp, the concentration of impurity atoms, expresses the fact that scattering by
randomly distributed atoms takes place independently. The diffusion coefficient is
then

D(€;) =4 Niny 2, (3 — 3 WarB(e, — €,

where y; is the mean value of the coordinate in state s. Substituting this expression
in (90.5), we find the conductivity
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Oy = _% ezNimpz ()’s - )’s')z an;(GGS) Ws'sa(es - GI') (906)

(S. Titeica 1935, B. I. Davydov and 1. Ya. Pomeranchuk 1939).}

In practical applications of this formula the significance of s must be made
explicit. Discrete quantization of conduction electron energy levels in a magnetic
field occurs when there are closed quasi-classical trajectories in p-space (i.€. closed
cross-sections of the constant-energy surfaces), and we shall assume that this is so.
The quantum states are defined by four numbers:

s =(n, Py, P, =p,, 0), (90.7)

where n is a (large) positive integer; o = =1 denotes the value of the electron spin
component; P, and P, are components of the generalized quasi-momentum P =
p—eAlc. The vector potential of the magnetic field is chosen in the gauge
A, =—By, A, = A, = 0. Because the coordinates x and z are cyclic, the generalized
quasi-momentum components P, and P, are conserved; see SP 2, §58. The energy
levels depend on only the three quantum numbers n, p, and o they are given by

€0 (p:) = €(n, p;) + oBB&(p,), (90.8)

the function €(n, p.) being the solution of the equation

S(e, p:) = 2m(eliBlc)(n +2). (90.9)

In the second term in (90.8), B = eh/2mc is the Bohr magneton, and the factor &,(p.)
represents the change in the electron magnetic moment due to spin-orbit inter-
action in the lattice.

The conductivity tensor considered in §884 and 85 is actually the result of
averaging the exact functions o.g(B) over small quantum oscillations. In particular,
from (85.3), the transverse conductivity thus averaged is &y, * B™2. We shall show,
first of all, that this result follows from (90.6), and ascertain the relation between
the quantitics Wy in this formula and the function w(p', p) in the quasi-classical
collision integral (78.14) for electrons and impurities.

It has been noted in §84 that the condition for quasi-classical motion of the
electrons ensures also that the scattering process is independent of the magnetic
field. The scattering probability in the absence of the field, with change of
quasi-momentum from p to p’, has been expressed in the collision integral (78.14) as

w(p', p)S(e ~ €") d*p'I27h). (90.10)

In order to put this in a form suitable also for scattering in a magnetic field, it need

tIn scattering by impurities, the Pauli principle does not affect the formulae; cf. the collision integral
(78.14), in which the products nn" associated with this principle cancel.
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only be changed tc . ariables which remain meaningful for motion in the field:
w(PL, pL €' Py p., €)8(€ — €) dP, dp. del(27h) v, ; (90.11)

the derivative v, = d¢€/dp, also is understood to be expressed in terms of the new
variables. The y-coordinate in motion in a quasi-classical trajectory is related to the
generalized quasi-momentum by P, = p, + eBy/c; hence the mean value over the
trajectory is

¥ = (c/eB)[Px — px(€, p.)] = k/B. (90.12)

The conductivity ¢,, averaged over the oscillations is found from (90.6) by
replacing the summation over the discrete variable s by integration over the
continuous variable e. Using for brevity the notation

a(e, ps, p) = %I(K — k'V'w dPx dP JJovy2wh)’, (90.13)

we find
2dp.dp;,
s

@) (90.14)

- ezNim 6"0 ¥ '
o = B Iu a68(6 €') de de

the factor 2 comes from the two directions of the electron spin, and the scattering
probability is assumed independent of the spin, so that the spin component is
unchanged. The delta function is removed by the integration over €’; in that over ¢,
we can regard the slowly varying factor a as constant, and equal to its value for
€ = u, and integrate only the derivative dny/de. The result is

. Ny [ 2dp.dp} _ 1J’
Gy =Sp™ | 0 = = 52| ) -2 dp. (90.15)

Let us now take into account the discreteness of the levels. The integration in
(90.14) over the continuous variable e (with fixed P, and p,) must then be replaced
by a summation over n, with

J’... de—> thE e

where

hwg = de(n, p,) on,

as is clear from (90.9) and the definition of the cyclotron mass m*. With the
notation given above, we have

—_2_"“2 E ﬂ(fn”, pz, pz) an‘)(e"”)

X 8 (€no — €n U)ﬁwghwg‘g" ‘;’)’ z (90.16)
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because of the integration over both variables p, and p}, the function ¢ may be
regarded as symmetrical with respect to them.

The oscillatory part &,y of this expression is separated by means of the Poisson
summation formula (cf. SP 2, § 63):

IF)+ 2 F(n)= J; mF(x) dx+2 reé}l L i F(x)e?™™ dx, (90.17)

and arises from the sum over | in this formula, whereas the averaged &,, comes
from the first (integral) term.

We shall suppose that the oscillation amplitude is small in comparison with the
averaged Gyy; this imposes a certain condition on the magnetic field strength (see
(90.26)). It is then sufficient to take account of the oscillatory part in only one of the
sums over n and n' in (90.16). Using the symmetry of a with respect to p, and p.,
and defining b by analogy with (90.15), we have

—q rez S Jn (90.18)

=le=21

where J,, is the oscillatory part of the integral
I dn J’b(fnm D: )ano(enu) Be,.,, 21r|1n d

With &(n, p;) from (90.8) as a variable of integration in place of n, we integrate by
parts with respect to € (and can regard the slowly varying factor b as a constant).
The integrated term does not give an oscillatory dependence on the field (and is
only a small correction to &y,); omitting it, we have

b(e, p.)
2mlJ’ IeXp[(e w )T+ 1 ae dp de. (90.19)

Here p, = p — oBEB. and

€S(ep) 1

n(ep,)= 2mehB 2 (90.20)

(cf. (90.9)); in the argument of the function b(€,, p,), the term BEB has been
neglected in comparison with the large quantity e.

The integration over p, in (90.19) is carried out in exactly the same way as that
which occurred in SP 2 (63.8) in the study of the de Haas—van Alphen effect. The
integral is governed by the ranges near the points p, = p..(€) at which n(e, p.) (i.e.
the cross-sectional area S) has an extremum as a function of p,. The result is

j _2 =2V I exp{27iln e £ (14A)im}bex(€) dniey
2 o {expl(e— p )T+ 1}.]0%nfap, ]| de

de, (90.21)
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where

Nex(€) = n(€, Poex(€)),  bex(€) = b(€, prex(€)),

and the = signs in the exponent refer to the cases in which p.., is respectively a
maximum or a minimum of n(e, p:); the summation is over all extrema.

The tntegral (90.21) in turn is exactly analogous to the integral SP 2 (63.9),
differing only in the slowly varying factors b and dn./de = cm%/ehB in the
integrand; these factors, and |3%n/dp. 5", may be replaced by theii values at € = y,
i.e. on the Fermi surface. The integration over € and the summation over o then
lead to the final result

SN 1O €S 1 }
i %;( Do}y cos{l B a7
_ 25[2,”1/2(‘3")1/2’)“( aZs -2 A'

Tye = ABpI2E 2 <
c "Bl p,lex sinh A,

A= 2'n'lelfle, wy = eB/m;ka,

(90.22)

cos (mlémEjm),

where Sy, &x, m% and b, are taken at € = u on the Fermi surface.t

If for a given direction of B there is only one extremal cross-section of the Fermi
surface, there is proportionality between the oscillatory parts of the conductivity
oy, and the longitudinal magnetic susceptibility. Comparison of (90.22) with SP 2
(63.13) gives

. @m)himbbe N,

Oyy T 2B (90.23)

The foregoing calculations presuppose that the oscillation amplitude of the
conductivity is small in comparison with its averaged value, This requirement is
indeed the condition for the whole theory in §§84 and 85 to be applicable: it is clear
that the averaged values have real significance only if they form the major part of
the conductivity tensor.

When hwp ~ T, the oscillation amplitude is determined by the leading terms in
the sum in (90.22), with [ ~ 1, A, ~ 1. According to the definition in (90.15), the value
of b., can be estimated as b, ~ B pr. The derivative 82S/dp,” ~ 1. Hence we have
the following estimate of the oscillation amplitude:

616 ~ (hosler)?, hwp ~T. (90.24)

This ratio is small, because of the obligatory condition (90.3).

If T <hws, however, the estimate is changed. The oscillation amplitude is then
determined by the sum of a large number of terms in (90.22), having A, ~ 1, ie.
| ~ hwp/ T 2 1. The number of such terms is of the order of [ itself. In comparison
with the previous estimate, we now have an additional factor ™2 ~ (fiws/ T)", so

1The oscillations of the conductivity were discussed by A. I. Akhiezer (1939) and by B. L. Davydov
and I. Ya. Pomeranchuk (1939) for a quadratic electron dispersion relation, and by A. M. Kosevich and
V. V. Andreev (1960) for any dispersion relation,

PR 1u-Z
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that
615 ~ (hwpler) " (hewpl T2 (50.25)

The requirement that this ratio be small leads to the condition

hop < (erT)". (90.26)

PROBLEM

Determine the transverse conductivity of an electron gas with a quadratic dispersion relation
{e = p?/2m). The electrons are scattered isotropically by impurity atoms, with a cross-section that is
independcnt of the energy.

SoLuTiON, The problem amounts to the calculation of b(p:) in (90.15) and (90.23). With a quadratic
dispersion relation, p= mv, and p = 0 since the mean velocity along a closed trajectory is ¥ = 0; hence,
by (90.12), x = cPsJe. According to the discussion in the text, when calculating the mean value of
(x— '} we can regard the scattering process as independent of the magnetic field. The difference
between P and p is then unimportant: if the position of the scattering atom is taken as r=0. we have
P=p.

In the case under consideration, the scattering probability has the form voedo’/4m, where do’ is the
solid-angle element for directions of the momentum p’ after scattering, and oo is the constant total
scattering cross-section. This expression may be put in the equivalent form

{oofdmm) dp’ do' 8(e — €') de’,

where ¢’ is the azimuthal angle for the direction of [)) in the xy-plane, and it here replaces (90.11).
Similarly, we write the volume element in p-space as d’p —» m dp. d¢ de, and

px=2me— p})"? cos ¢.
We then find

2 2
n_ C O n2dede’ _ auc 2
a(e.p:.p3=—18m°f(px—px)2 gﬁ,‘f = 8e7 4me —p = p)

and

V(Zme) .
ble, p) = €' Ny fw a dpi2wh)

16w \3

2
¢ vV {(2me) (130 me — p}).

where 1 = 1/aoNimp is the mean free path,
The averaged conductivity is calculated from (90.15):
&y = c’prNIB,

where N = pi[37k* is the number density of electrons, The cross-sectional area of the Fermi sphere is
greatest at p, =0, and Se, = 7p#. Hence

b= 5¢"Nj16L
The oscillatory part of the conductivity is, form (90.23),

5 M,
6Ner @B *

- _ 2=
Gyy = B Gy

That of the magnetization, M., for the model in question is given by SP 1 (60.6).



CHAPTER X

THE DIAGRAM TECHNIQUE FOR
NON- EQUILIBRIUM SYSTEMS

§91. The Matsubara susceptibility

THE study of the behaviour of various systems in a weak alternating external field
usually amounts to the calculation of the appropriate generalized susceptibilities. In
this section we shall derive expressions relating the generalized susceptibility to an
auxiliary quantity which may be calculated by means of the Matsubara diagram
technique; this opens the way to the use of such a technique to study the transport
properties of various systems (A. A. Abrikosov, [. E. Dzyaloshinskii and L. P.
Gor’kov, 1962).

The generalized susceptibility «(w) is defined as follows (SP 1, §123). Let the
external action on the system be described by the inclusion in the Hamiltonian of a
perturbing operator

V(t) = - %f(t), ©91.1)

where % is the Schrodinger (time-independent) operator of some physical quantity
describing the system, and the perturbing generalized force f(t) is a given function
of time; we assume that the mean value of x is zero in the absence of the external
action. Then, in the first approximation with respect to f, there is a linear relation
between the Fourier components of the mean value x(t) and the force f(t), and the
generalized susceptibility is the coefficient in this relation:

%, = a(w)f.. (91.2)

According to the Kubo formula (SP 1, § 126), the function a(w) can be expressed
in the operator form

a(w)=1i J:: e (Xe(1)Xo(0) — Xl 0) (1)) dt, (91.3)

where X¢(t) is the Heisenberg operator defined in terms of the unperturbed
Hamiltonian of the system (indicated by the subscript 0), and the averaging is over
the specified unperturbed stationary state of the system, or over the Gibbs
distribution with the unperturbed Hamiltonian.¥

iThroughout this chapter we take i = 1.

391
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Let us now consider, purely formally, a system obeying the “Matsubara”™
equations of motion, which differ from the actual equations by the change of the
time t - — it the new variable 7 takes values in the finite range
—1/T<T<I/T. (91.4)
Let this system be subjected to a perturbation

V(1) = — %f(7). (91.5)

The mean value X will then also be a function of 7. We expand the function f(7) in
Fourier series on the range (91.4):

f= 3 fe, §=2msT, ©1.6

and the function X(7) similarly.t The Matsubara susceptibility is defined as the
coefficient of proportionality between the components of the two expansions:

ix = uM(gv)f\' (91'7)
Our aim is now, firstly, to obtain for ay (L) a formula analogous to (91.3) and,
secondly, to find a relation between ax({,) and the function a(w) which is sought.

For the first task, let H be the unperturbed Hamiltonian of the system. The
“exact” Matsubara operator of x is calculated as?

2M(r) = 677, 0)%M(1)6 (7, 0), (91.8)
where & is the Matsubara S-matrix:
(7,0 =T, eXp{— I VoM () df'}, (91.9)
0
and the subscript 0 denotes operators in the Matsubara “interaction represen-
tation”:§
%™ (1) = exp(rHo)% exp(—7Hy) (91.10)

and similarly for V¢™(7). In first-order perturbation theory, the expression (91.9)
reduces to

6(r,0)~1— L Vo' (') d7'. (91.11)

tFor x, which has a classical limit, we must use the technique corresponding to Bose statistics; the
expansion (91.6) is then made in terms of “even frequencies™ {;.

1All the concepts and formulae used below may be found in SP 2, §38.

§ Formula (91.8) is valid even when the initial operator V() depends explicitly on 7, although this has
not been implied in the derivation given in SP 2, §38.
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The value averaged over the Gibbs distribution is
(1) = tr{e MM (1)} (91.12)
According to SP 2 (38.6), we have
e AT = o ~RT5 (1T, 0)
. uT
~ ef”"’r(l __I VoM(T') dT'),
0
and by (91.8) and (91.11)
£40r) = 1)~ [ {50 VM ) = VoM ()5 (2}
Substitution of these expressions in (91.12) gives with the same accuracy
50 = e 8] [ 10 (5 0) - 50 00 1
1]

- J; M Ve (a)2e(r) df']}.

In the first integral, the variable 7' <7; in the second, we divide the range of
integration into those from 0 to 7 and from 7 to I/T. After cancelling, and
substituting for Vy(7) from (91.5), we see that the result may be written

uT

(1) = S FEXT2M ()%™ (7)) dr'; 91.13)

the operator T, of chronological ordering with respect to 7 places the factors in
order of increasing 7 from right to left, without changing the sign of the product.
The averaging in (91.13) is over the Gibbs distribution with the Hamiltonian He.
The result of the averaging depends only on the difference = — 7'. Finally, putting
f(7') in the form of the Fourier expansion (91.6), we obtain the required formula for
the Matsubara susceptibility:

HE

an(l) = fo (T %M (7)™ (0)) d. (91.14)

We see that ap(Z;) is expressed in terms of the Fourier component of the
Matsubara Green’s function constructed from the operators % cf. the definition in
SP 2 (37.2). Note the difference from formula (91.3) for a(w), which contains the
retarded (with respect to the time t) commutator, not the chronological product.

To deal with the second part of the problem, that is, to find the relation between
the functions a(w) and am(L), we must start from (91.3) and (91.1), and express
these functions in terms of the matrix elements of the operator £. We shall not give
the relevant calculations here, since they are practically identical with earlier similar
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ones (SP 1, §126; SP 2, §836, 37), but simply give the result:

alw)= E e BT ——‘—L——(l — ¢ wmlT), (91.15)

W~ W 10

am(ls) = E e b ”JML—(l e oml Ty (91.16)

— Wpn

Here the x,,, are the matrix elements of the Schrodinger operator X with respect to
the stationary states of the system, and wu, = E,, — E,. Comparison of the two
expressions shows that

am(és) = a(i{_‘), 4> 0. (91-17)

Since the generalized susceptibility a(w) is real on the positive half of the
imaginary w-axis, the function am({;) is real when {; > 0. It is seen from (91.16)
that aa(—4) = a¥#(L). Thus am (L) is a real even function of £, expressed in terms
of a(w) by

am (L) = allL ). (91.18)

This gives the required relation. To determine a(w), we must construct a
function that is analytic in the upper half of the w-plane, whose values at discrete
points w = i{; on the positive half of the imaginary axis are equal to am(Z); this
will give the required generalized susceptibility.

In the next chapter, the above method will be applied to the transport properties
of supergonductors.

To conclude, we shall show that from a(w) we can find the relaxation formula
for the quantity x reaching its equilibrium value x = 0. To do so, we shall suppose
that the initial non-equilibrium value of x is produced by a generalized force f(t)
acting when t <0 but not thereafter. The value of x(t) at a time t is determined by
the values of f throughout the preceding time:

x(t)= J’j aft —t)f(t") dt’,

the function «a(t) being related to the generalized susceptibility by the inverse
Fourier transformation

a(t)y= J’j a(w)e ™ dwf2;
cf. SP 1, §123. If f =0 when t >0, then
0
x(t)=[ a(t—t)f(t)ydt’

The behaviour of x(t) for large t is determined by the asymptotic form of a(t) as
t >, The Jatter in turn is determined by the singularity of a(w) that is in the lower
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half-plane and closest to the real axis. In particular, the relaxation of x by a simple
exponential law x = e ™ with relaxation time 7 corresponds to a simple pole of
a(w) at w=—if7.

§92. Green’s functions for a non-equilibrium system

Problems in physical kinetics always involve the consideration of non-equili-
brium states. Nevertheless, the application of the method described in §91 allows,
in some cases, the calculation of kinetic quantities to be reduced to that of Green's
functions for systems in thermodynamic equilibrium, and this shows the possibility
of using a diagram technique (e.g. the Matsubara) which is essentially pplicable to
equilibrium states. Of course, this possibility is always limited to physical problems
relating to states not far from equilibrium.

We will now proceed to set up a diagram technique that is in principle suitable
for calculating the Green’s functions of systems in any non-equilibrium states. The
equations then obtained for the Green's functions are similar to the transport
equations as regards their significance. As applied to equilibrium systems, however,
the same technique makes it possible to obtain the Green’s functions and the
generalized susceptibilities (at non-zero temperatures) as functions of continuous
real frequencies directly, without any need for analytical continuation; for this
reason it may prove, in complex cases, more useful than the Matsubara technique.t

Green's function for a non-equilibrium system is defined in the same way as in
the equilibrium case:

iGopo, (X1, Xo) = ([ TV (X)¥ (X))

_ {(nl‘i/,,A,(X.)‘i/f,;(Xz)ln), > t;;} (©o2.1)
—;(nl\l’/;z(XZ)\I’/u,(Xl)ln)’ H <t .
The only difference is that the averaging (denoted by (n|...|n)) is now taken over

any quantum state of the system, and not necessarily over the stationary state as in
the equilibrium case.} The upper sign here and below refers to Fermi statistics, and
the lower sign to Bose statistics; in the latter case (for a system of spinless
particles) the spin suffixes oy, o2 must of course be omitted. In the case of Bose
statistics it is assumed that there is no condensation. i.e. that the systems con-
cerned either do not have a conserved number of particles (phonons or photons), or
are at temperatures above the point at which condensation begins. In an in-
homogeneous non-equilibrium system, the function (92.1) depends on the pairs of

1This technique is due to L. V. Keldysh (1964). In some respects it resembles that developed by R.
Mills (1962) for equilibrium states.

1The definition of G in SP 2. §36, for an equilibrium system with T= 0 also involved averaging over
the Gibbs distribution. Ley us here mention once more that, according to the fundamental principles of
statistical physics, the result of a statistical averaging for an equilibrium system is independent of
whether it is carried out with respect to the exact wave function of the siationary state of a closed
system or by means of the Gibbs distribution for a system in a “thermostat”. The only difference is that
in the first case the result of the averaging is expressed in terms of 1he energy and number of particles in
the system, and in the second case in terms of lhe temperature and the chemical potential.



396 The Diagram Technique for Non-equilibrium Systems

variables X;=(t,,r;) and X, = (1, ry) separately, and not only on their difference
Xi— X; as in the equilibrium case.

The diagram technique should enable us to express the Green's function of a
system of interacting particles in terms of the functions for an ideal pas. There is,
however, a necessity to introduce other functions besides G. In order not to
interrupt the subsequent analysis, the definitions and some properties of these
functions will now be given.

For reasons which will appear in §93, it is appropriate to denote the function
(92.1) by G " thus we write this definition in the formf

lG |2‘ = (T‘i’l\i/2+)

_ (‘i/l‘i/f), t > tz;}
- {I vy, <t (92.2)
The definition
Gl = (T, ¥,
— $(\i,2+\i/|), > tl:}
IR WOR A 923
{ ah, <t (92.3)

differs from (92.2) in that T is replaced by T, which signifies that the operator
factors are arranged in the reverse of chronological order, with decreasing time
from right to left.
Two further functions are defined as the mean values of the products of
Y-operators not in chronological order: -
PR | C
iGh =¥, Gy =58, "), (92.4)

The difference in the signs in these definitions for Fermi systems is due to the
general rule that there must be a change of sign when W-operators are inter-
changed.

The second function (92.4) with t;=t, =1 is the same as the one-particle density
matrix; written in full,

FIGT(t,ry; t, 1) = Np(t £y, 1) (92.5)

(cf. SP 2 (7.17), (31.4)). Here it does not matter from which side t, tends to the limit
ti, since G~ is continuous when t, = t;. The value of iG*~ with t, =t, is related to
that of iG™" by

H{G (L t,r)— G Ht, ris t, 1)} = 6(ni — ), (92.6)

which follows from the commutation rule for Fermi or Bose W-operators.

+To lighten the notation, we shall regard the spin suffixes as included in the variables X = (¢, r, 0).
Where no misunderstanding is possible, we shall also simplify by using suffixes to represent the
arguments X : ¥y = ¥(Xy), Ge = G(X}, Xz). etc, Lastly, the averaging will be denoted by (. . .) simply, not by
(n]...|n).
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The four G functions thus defined are not independent. They are linearly related
in a way that is obvious from their definitions:

G +G"*"=G"+G* (92.7)

The functions G~ and G** are also connected by the relation of “‘anti-Hermitian
conjugacy” when their arguments are interchanged:

G;2-= - G;F*. (92-8)

The functions G * and G' are themselves anti-Hermitian:
Gy =—G3i'*, Gy =-Gi* (92.9)
The relation between these functions and the retarded or advanced Green's

functions will be important in the following discussions. These latter functions are
defined similarly to those in the equilibrium case (cf. SP 2, §36):

iGR = {(\i/l‘i/f =¥, y), Hh>t,
" 0, <t
(92.10)
iGA__:{ R ,.0‘ oL >t
* —(T RV, L <t
These two are Hermitian conjugates:
Gih=Gx*. (92.11)
Direct comparison of the definitions (92.2)~(92.4) and (92.10) gives
Gf=G ~G*=G"~G™,
ol e solan (92.12)

In the steady state with spatial homogeneity, when all functions depend only on
the differences t = t, — t, and r = r;—r,, they can be Fourier-expanded with respect
to these variables. From (92.8) and (92.11) the Fourier components satisfy the
equations

G (0, p) =~ [GCw, PI*, G*w, p)=[G*(w, p)I*, (92.13)
and it follows from (92.9) that the Fourier components G* (w, p) and G~ "(w, p) are
imaginary.

For a system of non-interacting particles the function G~ satisfies the equation

GolGYY = 8(Xi— Xa), (92.14)
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where Gy~ denotes the differential operator

At =i L i —i24 L
Gy _'at e(_ i)+ lat+2m+[.L, (92.15)
e(p)= p2/2m. and
(X1~ X2) = 8o, 0(ti —~ 1)8(r; — 12); (92.16)

the superscript (0) to G indicates that this function pertains to an ideal gas, and the
suffix 1 to Go™! indicates that the differentiation is with respect to the variables t,
and r;. The delta function on the right of (92.14) arises from the discontinuity of the
function G~ at t; = t,.1 The functions G® and G* have a similar discontinuity, and
therefore G®® and G™* satisfy a similar cquation. The function G** has a
discontinuity of the opposite sign at t; = t,, and therefore

GG = - 8(Xi— X)) (92.17)

Lastly, the functions G~ and G~ are continuous at t; = t,, and so, for an ideal gas,
they satisfy the equationst

GGy =0, GjlcY=0. (92.18)

We shall calculate all G functions for a stationary homogeneous state of an ideal
gas, with some (not necessarily the equilibrium) momentum distribution n, of the
particles. To simplify the formulae, we shall suppose that this distribution is
independent bf the spin. The spin dependence of the G functions (in Fermi
statistics) then separates as a factor 8,,,, and we shall omit this factor together
with the spin suffixes.

The ¥-operators for an ideal gas are written as ordinary expansions

Volt, 1) =7 S dpexplilp . r— e(p)t + ), (92.19)
P

and similarly for ¥¢*; see SP 2 (9.3). When these expressions are substituted in the
definitions of the G functions, it must be remembered that the only non-zero
diagonal matrix elements are those of products of particle annihilation and creation
operators with the same p:

Ay Aoady Y =
(ap ap) = Np, (upup+) =1¥ ny.
tSce SP 2, §9. The derivation given there does not depend on the assumed averaging over the ground
state of the system, and remains valid for averaging over any quantum state,
t1f the differentiation is with respect to the second. not the first, variables in the G functions, the sign
of id/a1 must be changed, i.e. the operator Gg must be replaced by Gu'*:

Go*GY ™ = 8(Xi~ Xa), (92.143)

and so on,
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Thus we find, for example,
-+ = _l_ . o . cVd}p
G, ry==x np expf{ip . r—ie(p)t +iut} —(277)”
where t = t, — 1, r = r; — . With an identical transformation of this expression into

GO (t,r)==2mi I np explip . r — iwt)8(w — € + ) dw d’p/27)*,

we see that
GO *(w, p) = £ 27in,8(w — e + p). (52.20)
Similarly,
G (w,p)=—2mi(1 ¥ n)8(w — € + p). (92.21)

To calculate GF, it is most convenient to start directly from the equation

[i i+ #]Gw"‘(t, r) = 8(D5(r),

3l

solve it by the Fourier method, and use the fact that G®(w, p) cannot have a
singularity in the upper half of the w-plane, This gives immediately

G (w,p) = [w —e(p)+ . +i0] " (92.22)

the function G™*(w, p) is found from this, in accordance with (92.13), by simply
taking the complex conjugate,
Lastly, (92.12) then gives

G™ (w,p)=[w—e(p)+ p +i0] " £ 2min,5(w — € + p)

I :
=P Ty FimE2n— Dé(w — et p). (92.23)

Note that (92.22) is independent of the properties of the state (i.e. of the
distribution n,) over which the averaging is carried out. This property of G®* (and of
Gy is not in fact dependent on the homogeneity and stationarity of the state of
the system, which were assumed in the derivation of (92.22): the function
G®(X,, X,) is necessarily dependent only on the difference X, — X,.

For an equilibrium system, n, in (92.21)~(92.23) is to be taken as the Fermi or
Bose distribution function. The G functions are then expressed in terms of T and
w; this achieves the change from averaging over a given stationary quantum state
to averaging over the Gibbs distribution.
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PROBLEM

Find Green's functions for a homogeneous slationary state of a phonon gas in a liquid.
SoLurloN. Similarly to the definitions (92.4), we have for the phonon ficld

iD= {piph). iD= {pp1), h

where 3’ = p’" is the operator of the variable part of the density of the medium. Since this operator is
self-conjugate. the functions (1) are related by

Dy: = Du. )

and they of course ugain have the property (92.9).
For a gas of non-inleraciing phonons (see SP 2 (24.10)),

p=p" =2: ,'(_pi)m(l-.kcnk P, ke sy 3)
2ul’ )

where po is the unperturbed density and u the speed of sound. Subslituting (3) in (1) and changing from
simmalion to inlegration, we have

'.Dno. '(l. - %j{(ﬁ‘ﬁ)cﬂ" ukry

sty kd'k

+ (L‘ki‘k‘)e (2—1'_)1.

or, replacing the variable of integration k by —k in the second term und expressing the mean vitlues in
terms of the occupation numbers Ni of the phonon stales,

we dk

: . _ pok ke ks
iD" (l.r)——jﬂ{N.c Y+ (1 + N Je™)e ar

The integrand (without the fuctor e’*'") is the Fourier component with respect to the coordinates.
Fxpansion with respect to lime, also, gives

iD"™ (0. k)= % 7pok{Nud(w — uk) + (1 + N )6(w + uk)}. )

For the function D' we have, according to (2),
D" (w, k) = D' "(~w, —k). %)
Two further Green’s functions are defined by

D =(Tpipy), Dy =(THip?), 6)
with
Dn =Dy, Diy =Dif. 7
For non-interacting phonons, a similar calculation gives (cf. SP 2. §31. Problem)

D" (w. k)= ~[D""** (0, K)]*

_pok 1 _ 1 o B
= {[w-—uk+i0 w+uk——i0] 27 Nub(w uk)+N-.6(w+uk)l}. [¢))]

In accordance with (7), D' “(w. k) = D' "(~w, —k).
1t follows from (8) that in the coordinate representation the function D "(t, r) satisfies the equation

2
(Za-w8)D™(tn) = mit0B 30 ©

which replaces (92.14) for the Green's functions of ordinary particles.
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The whole of the diagram technique is based on separating in the Hamiltonian of
the system the interaction operator: H = Hy+ V, where H, is the Hamiltonian for a
system of non-interacting particles. The diagram technique is a perturbation theory
with respect to V.

For a non-equilibrium system, the technique is constructed in the same way as in
the equilibrium case with T = 0.f The Green's function G =G~ is expressed in
terms of the W-operators in the interaction representation (i.e. for an ideal gas) by

iGy = (S—lT[‘i"m‘i’st]), (93.1)

where
§= 8~y =Texp(~i | Vult) d:), 93.2)

and V(t) is the operator V in the interaction representation. The averaging in (93.1)
is over some state of the system of non-i iteracting particles. It will be convenient
to assume that this is a stationary homogeneous state but not the ground state; we
shall see later that the initial state can be eliminated, and the theory formulated so
that the equations are independent of it. There is a difference here from the case
T =0, where the averaging is over the ground state. This differerce is very
important: the averaging is over the ground state. This difference is very important:
the averaging of the operator $-! cannot be separated from that of the other factors
as in the derivation of SP 2 (12.14) from (12.12), because a non-ground state is not
transformed into itself by the operator $7', but into a superposition of other excited
states, which may be intuitively regarded as the result of all possible processes of
mutual scattering of quasi-particles.}

The cxpressnon (93.1) is to be expdnded in powers of V. It is convenient first to
transform S°' , using the unitarity of $ and the fact that the operator vV is
Hermitian:

§'=§"=F exp(i J' V() dt); (93.3)

the symbol T, which denotes anti-chronological ordering, has been defined in § 92.

Expanding S and $-' in series and substituting in (93.1), we obtain a sum of
various terms, in each of which an averaging is to be performed by means of
Wick's theorem, and a diagram is associated with each way of contracting the
V-operators in pairs.$

TThe following discussion is essentially based on that in SP 2, §§12 and 13.

1For the same reason, the diagram technique given in SP 2, §§12 and 13, is not in general applicable,
even when T =0, for the case where alternating external fields are present (i.e. when V depends
explicitly on the time even in the Schrodinger representation): the alternaling fields excile 1lie ground
state of the system, It must be emphasized, however, that the technique described here is valid even
when an alternating field is present.

§In the macroscopic limit, the validity of Wick's theorem does not depend on lhe homogencous
stationary state over which the averaging is carried out; see SP 2, § 13, end.
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3

First of all, as in the “ordinary” diagram technique with T =0, only the
connected diagrams (not containing separate vacuum loops) need be considered.
The vacuum loops cancel out, as is easily seen by examining the first few diagrams,
which show the general principle involved.

If all the contractions that yield a connected diagram are made in the factor
TE,¥,*S in (93.1), we obtain terms represented by the ordinary diagrams described
in SP 2, §13, though of course with a different specific form for the functions
corresponding to the continuous lines. These are diagrams in the coordinate
representation; the change to the momentum representation is unsuitable for
non-equilibrium states (when the G functions depend on the variables X, and X,
separately). Other terms arise from contractions involving also ¥-operators from
$7'= 8", In each order of perturbation theory, they are obtained from the ordinary
terms on replacing any factor V from § by a factor from S*. Such terms are
represented by diagrams of the same graphical form but with a somewhat different
rule for reading them. The changes result from three causes: (1) in S* the
interaction operators appear as +iV, not —iV as in S; (2) all the ¥-operators in S*
are always to the left of the operators in the product T¥,¥,*S; (3) within the factor
S, the operators are ordered as a T (not T) product.

Let us now consider how these changes affect the construction of the diagram
technique in the simple case of a system of particles (fermions, say) in an external
field U(t.r)= U(X).

The first-order terms in the expansion of the expression (93.1) are

- 0

— —_— —
(w,@;(- i [ VU, d4x,)> + ("Fi [ VU, doXs . ww)

2
-

The second term in this sum is characteristic of the situation in question; on
averaging over the ground state, only the first term would have to be considered. In
the first term, all four ¥-operators are in the T product; their contractions in pairs
according to
| S—— |
TY, Yl—7YUpd) (93.4)
(SR

give factors G and G . In the second term, the W-operators contracted are
not mutually ordered by T or T:
=~ +
TUY U TG ), (93.5)
(I

their contractions give factors G*~ and G977; +iU; replaces —iUs.
The graphical elements differ from those occurring in the ordinary diagram
technigue by having additional symbols + or — at the ends of the lines. Broken

lines with + or — at one end (a vertex of the diagram) denote factors +iU(X) or
—-iU(X):

----- o= HiU(X), —---—=—iU(X) (53.6)
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(cf. SP 2,8 19). Continuous lines with + or — at each end are associated with the various
G functions:

- - I+ P
-— = IG:g)

(0}« ~
-—
=1Gy,

I+ 2+ — 93.7)

o - 2+ (o1
-~ = /Gy,

-—
, = 16y,

The numbers at the ends of the lines show the arguments of the functions (the
variables X; and X)).
The two terms (93.4) and (93.5) are then represented by the diagrams

- 2= - 2-

The two outer ends of the continuous lines are marked —, these being corrections
to the functions G™. Integration is implied with respect to the variables cor-
responding to the vertex of the diagram.t In analytical form,

G = f{tG‘“"‘ GO (—iUy) +iGY G " iU,} d*Xs. (93.9)

In the next (second) order of perturbation theory, the correction to the functions
G s given by four diagrams:

SN e

(the numerals are omitted). The signs + or — at each vertex of the diagram relate to
the ends of all three of the lines that meet there. < ¢

Similarly, the correction terms in the other G functions are represented by
diagrams with other signs at the two outer ends of the continuous lines. For
example, in the first order the function G™* has two diagrams:

- \ v (93.11)

- + +

tMore precisely, mlegrallon over dit d*x and summation over a pair of like spin suffixes. The latter will
be regarded here as included in the integration over d*X.
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Thus the diagrams in the Keldysh technique are obtained from those in the
ordinary technique by assigning additional indices + or ~ in all possible ways to
their vertices and free ends. This rule remains valid in the diagram technique for
other types of interaction.

For a system with a pair interaction between particles, in the ordinary diagram
technique the interaction potential of two particles is associated with an internal
broken line. We now assign to the ends of such a line a further pair of like signs +
or —:

1+ 2+ =iU(X.—-Xz)EiS(t,—tz)U(r,—rz),
(93.12)

For example, the first-order correction to the functions G ~ for a system with pair
interaction is represented by a sum of four diagrams:

Q *Q (93.13)

77N T | |
AV U/ U PE R
e I S

- +

instead of the two diagrams SP 2 (13.13) in the ordinary technique. The continuous
line forming a closed loop is again associated with a factor No(u, T) (the ideal gas
density) for either sign of the vertex.

It has already been mentioned that the Keldysh diagram technique is applicable
also to equilibrium systems with T# 0. Let us suppose that there is no external
field, and change from the coordinate to the momentum representation, expanding
all G functions as Fourier integrals. Then each line in the diagrams is, as usual,
assigned a definite 4-momentum, and the functions U(Q) and G“P) in the
momentum representation are associated with these lines by the same rules.

When T =0, the Fermi distribution function is '

n,=1 for p<ppg
=0 for p>pr
Hence, from (92.20) and (92.21). we have for a Fermi system with T =0
GO *(P)=0 for p>ps GO (P)=0 for p<pg

and all the diagrams for G~ that contain ‘“‘plus” vertices are identically zero. Thus
the Keldysh diagram technique, as applied to equilibrium systems, becomes the
ordinary diagram technique directly when T =0, unlike the Matsubara technique.

§94. Self-energy functions

Like any ‘“‘reasonable” diagram technique, the Keldysh technique allows the
diagrams to be summed in *‘blocks”. The most important of these are the self-
energy functions.
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This concept arises (SP 2, § 14) in considering Green’s function diagrams that
cannot be divided into two parts joined only by one continuous line. We can
separate the factors iG' corresponding to the two end lines of such a diagram and
express it (in the coordinate representation as a function of the two arguments X,
and X,) in the form

f lG‘]‘?(" lzu)ng!_» d“X} d4X4'

The function — iZy, which stands for the whole of the inner part of the diagram, is
called a sclf-energy function. The exact self-energy function, denoted by —iZ, is the
sum of all possible diagrams of this type. In accordance with the fact that in this
technique each vertex in the diagram has to be given the sign + or —, there are four
exact self-energy functions, corresponding to the signs of their “exit” and “‘entry”
vertices: they are denoted by 2 , =", 2 “and ='.

The exact G functions are expressed in terms of the exact £ functions by
identities which may be written graphically for G as

e b e b ) e

(94.1)

fp—— 2T

and similarly for the other functions; the thick lines are exact G functions and the
ovils I functions (¢f. SP 2 (14.4)). In analytical form.

Gir =G + [ {6 3765 + 68356y
+GRSHGE + G S G 4%, X, 54.2

with three more equations for the other G functions.
These equations may be compactly written by means of the matrices

G- Gt PR Yl "
G= (G+~ G) s= (2 2) (94.3)

Then the four equations such as (94.2) can be written jointly as one matrix equation

G,=G%+ f GiZuGyn d* X d*X,, (94.4)

the factors in the integrand being combined by the rule of matrix multiplication.
The equations (92.14)-(92.18) satisfied by the ideal-gas G functions are similarly
written jointly as

GilGY = 0.5(X,- X)), (94.5)
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wheret

=(1 0)
o:=\g -1/

Let us now return to (94.4) and apply the operator Gt to each side. Using (94.5),
we obtain a set of four integro-differential equations written jointly as one matrix
equation:

! I

6ilGo=0:50X~ XD+ [ 0.5 d'X, (94.6)

This equation may be written in an equivalent alternative way, by noting that in the
diagram form (94.1) the thick lines may just as well be on the left instead of on the
right. In (94.2), therefore, the factors in each term of the integrand may be written
in the order G ZsG%Y. By applying the operator Ga* (see the last footnote to § 92)
to the resulting equations, we find

Gil* Gy = 0.5(X,— Xo) + f GusS o, d'X,. ©94.7)

The self-energy functions themselves can be expressed as a series of skeleton
diagrams whose graphical elements are thick continuous lines corresponding to
exact G functions. For example, in a system of particles with pair interaction,

)
$

| !
| i e — N — —
SR et TN + ; + ; \ N (94.8)
i - - e - \\ ,’,
- Q + I””’ + ““\\\—— +
SiEe S e~ AL (94.9)
:
t

and similarly for £** and Z*7; the further terms of the series contain diagrams with
a larger number of broken lines.i Thus the equation (94.4) or (94.7) constitutes a
complete (though very complicated) set of equations for the exact G functions.
Equations (94.6) do not involve the functions G* which depend on the choice of
the “zero” state of a system of non-interacting particles. Thus there is no depend-

tThe symbol o, taken from the standard notation for the Pauli matrices, has of course no reference to
spin here.

$Cf. SP 2 (14.9), (14.10); all the diagrams of the firsl or second order listed there are among the
skeleton diagrams (94.8).
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ence on that choice.t But the occurrence of differential operators in the equations
makes their solutions indefinite. This is manifested by the presence of the functions
G in the integral equations (94.4).

The set of equations (94.6) has, however, the disadvantage that it does not
explicitly take account of the linear dependence of the G functions shown by
(92.7). To avoid this disadvantage we must make a linear transformation of the
matrix G in such a way that we can use (92.7) to reduce one of its elements to zero.
This is done by means of the formula

G’'=R7'GR, (94.10)
where

Regplh D gl 7))

It is easily seen that the transformed matrix is

. [0 G*
G——(GR F), ©4.11)
where
F=G"+G =G +G™. (94.12)

When the matrices G and = are transformed in this way, equation (94.4) remains
invariant.
The transformed matrix X is

= RSk~ (5) 20'*)’ (94.13)
with the notation
O=3"+3*, SR=37"4+3%, Z'=37"+3I" (94.14)
This may be proved by direct calculation, using the equation
IH+TT=-E+2), (94.15)

vyhich follows from (92.7) and is easily derived by equating to zero the expression
GG+ G**—G™*—G*) formed by means of equations (94.6).

tAn important comment is needed here. When there is no external field, the functions Go depend only
on the difference Xj— X2, and the functions G given by a series expansion in terms of the Go would
have this property also. After the elimination of Go, however, we can also consider solutions of (94.6)
that depend on Xi and X; separately.



Now expanding the transformed matrix equation (94.4), we obtain three equa-
tions. One of them is

G=G4+ f GO*SAGH d X d* X, (94.16)

The corresponding equation for G® gives nothing new, since it is simply the
Hermitian conjugate of (94.16). That equation, although it contains the function
G'"* pertaining to an ideal gas, does not depend on the “zero™ state. since G®4
does not do so, as noted in §92.

Lastly. the third equation derived from (94.4), for the function F, contains terms
involving the function F™, which does depend on the “zero” state. These,
however, are reduced to zero by the differential operator Gm', since Go F = 0. The
resulting equation is

Gol Fp= f {QGRh+ X Fu} d' Xa. 94.17)

Equations (94.16) and (94.17) constitute a complete description in principle of the
behaviour of a non-equilibrium system. The second of them is an integro-differen-
tial equation, and forms a generalization of the Boltzmann equation: here it should
be remembered that by (92.5) and (92.6) the functions G * and G' , and therefore
F. are directly related to the particle distribution function in the system. The
solution of (94.17) is arbitrary to the same extent as that of the transport equation.
However, (94.16) is a purely integral equation and therefore brings no further
arbitrariness into the solution.

There is nevertheless a fundamental feature of equations (94.16) and (94.17) by
which they differ in general from the ordinary transport equation: they contain not
one but two time variables, ¢, and t-. We shall show in §95 how this difference is
removed in the guasi-classical case.

§95. The transport equation in the diagram technique

We shall use a simple example to show how the passage is made from equations
of the type (94.16), (94.17) to the ordinary quasi-classical transport equation. Let us
consider a slightly non-ideal Fermi gas at temperatures T ~ €r, assuming the
quasi-classicality conditions to be satisfied: the time intervals 7 and distances L over
which all quantities vary significantly satisfy the inequalities

T€F> 1, Lpp»l, (951)

cf. §40. Although no new result is obtained in this case, of course, the analysis has
some instructive features that will be useful in more complicated cases.

The quantized transport equation must determine the one-particle density matrix
p(t,r1,r2).T To go to the quasi-classical case, it is appropriate to use the mixed

tAs in §40, we assume that the eleclron distribution is independent of the spin. and omit the spin
factor 8s,.. from p.
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coordinate-momentum representation, taking a Fourier expansion with respect to
£ = r; —r; but retaining the coordinate dependence on r = }(r, +r2). Here r; = r +1£,
r.=r— 3£, so that the Fourier transform is

%n(t.r, p)=fe"p‘§p(t.r+%§,r~§§) de (95.2)

The inverse transform is
l try—r: 3
ot = [ em (e, e, P g5 (95.3)

The integration of a(t,r,p) with respect to the coordinates gives the particle
momentum distribution function, us is seen from the expression for this integral in
terms of the original density matrix;

N,= J n(t,r,p)d’x = J\"J e Pt p) dixg AP (95.4)

The integration with respect to momenta gives the coordinate distribution, i.e. the
spatial number density of particles, as we again see from the expression in terms of
the density matrix:

N, )= f n(t,r.p) d’p = Np(t,r, 1) (95.5)

The function n(t, r, p) itself, in the general quantum case, cannot be regarded as the
coordinate and momentum distribution function simultaneously: this would con-
tradict the fundamental principles of quantum mechanics, and in any case the
function n(t,r, p) defined by (95.2) is in gencral not even positive.

The function n(t,r,p) does, however. have the literal sense of a distribution
function in the quasi-classical approximation. To see this, let us consider the
operator of some physical quantity pertaining to an individual particle and depend-
ing on r and p: f = f(r,p)=f(r, —iV).T By definition of the density matrix, the
mean value of f is

f= f ot v, t)]rrger d°,

where fl acts on the variable r;. We substitute p in the form (95.3), and use the fact
that with the conditions (95.1) n is a more slowly varying function of r; than the
factor exp(ip.r;). It is therefore sufficient to differentiate only the latter, which
amounts to the change —iV,—p. The expression for f then becomes

i f=-d 1 dp 95.6
f—:/-v.—ff(r,p)rl(t,r.p)d \’Eﬂ_—}. (95.6)

tWe shall take the particular case where all the operators ¥ are to the righl of r. In the quasi-classical
approximation, this is not an importani poinl.
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which (since f is arbitrary) corresponds exactly to the definition of the classical
distribution function.

We will now obtain the equations for the Green’s function G™* (X, X,) which is, by
(92.5), most closely related to the density matrix. We use for this function the
“four-dimensional” mixed representation

G '(X,P)= f eTEGTHX 435, X —1F) d'E, (95.7)

s

—

where P = (@, p), X = (t, 1), E = (¢ &), t =}t + 12), &= t,— . Then
n(t,r,p)=—1i f G*(X, P)dw/2w; (95.8)

the integration over dw/27 is equivalent to putting t; = t,.
After these preliminary definitions, let us derive the transport equation. We take
the — + component of equations (94.6) and (94.7), and subtract term by term:

(Gt = Ga)Gii == [ (S5 G5 + 325G + GSH + G52 %, (95.9)
The operator acting on the function G337’ on the left is

- - N d 1
Fx I -
Goz Gol = '(at,+ at;) 7 (Al Az)

-

We now tike Fourier components (95.7) on each side of (95.9) and put t, = t, (or,
equivalently, integrate over dw/2m). Using (95.8), we find that the left-hand side of
(95.9) becomes

dn p dn

ot T m ar

which is the required form of the left-hand side of the transport equation for the
distribution function n(t,r,p). The right-hand side of (95.9), after Fourier trans-
formation, must therefore give the collision integral C(n).

The change to Fourier components on the right-hand side must take account of
the quasi-classicality conditions. The integral in (95.9) is a sum of terms of the form

[ 2% X906 06, X d*x,

We express the factors ¥ and G as functions of the differences and averages of the
“*4-coordinates”:

[ 200= 56, X0+ X066~ X J06+ Xa) X
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In the change to Fourier components with respect to the first arguments, the
important ranges are |ry—ri|, |r3—r~ l/p for the coordinate differences. and
[ti— s}, [t3— t2] ~ 1€ for the time differences. According to the conditions (95.1),
and G as functions of their second arguments vary only slightly in these ranges.
We can therefore approximately replace those arguments by X = XX, + X):

. -

T , 1y

f 2K~ X, X)G (X = Xay X) d°Xs,

— ~i

2

and can then take the Fourier representation for a given value of X. The right-hand
side of (95.9) then becomes

Cn)=- f ENGT+GCM+E T +2"G Y dol2

= f (-G +37 G} dof2w, (95.10)

where all the functions in the integrand have the same arguments (X, P)=
(t,r; w, p); in the second expression, we have used the relations (92.7) and (94.15).

Let us apply formula (95.10) to the model of an almost ideal Fermi gas discussed
previously (SP 2, §§6 and 21). As there, we shall arbitrarily suppose that the
potential U(r;—r;) of the interaction between particles satisfies the condition for
perturbation theory to be applicable; in the change to the real interaction (which
does not satisfy this condition) it is sufficient to express the result in terms of the
scattering amplitude.

Having in view the determination of the collision integral in the first non-
vanishing approximation of perturbation theory with regard to the particle inter-
action, we may suppose that the exact G functions in (95.10) are related to the
distribution function n by the same formulae (92.20), (92.21) as in an ideal gas; this
implies the neglect of small corrections, due to the interaction, in the gas particle
energy € = p’/2m.} The expressions (92.20) and (92.21) relate, strictly speaking, to
the homogeneous steady state of the gas, but, in the quasi-classical case, because of the
slow variation of n with coordinates and time, we can use the same expressions with n,,
regarded asa functionn(t, r, p), with t andr as parameters. The integration withrespect
to w removes the delta functions, leaving

C(n) = iE“*(e M, PS5 t, l')[l - n(t’ r, P)]
+iX" (e~ u, p; t, N)nlt, r, p). (95.11)

It is clear from the form of this expression that the first term describes the “gain”
of particles, possible only when 1—n# 0; the second describes the “loss”, which is
proportional to n. It remains to calculate the self-energy functions ™% and £*

1This approximation enables us to neglect the remaining components of (94.6), i.e. to regard them as
satisfied identically in the relevant approximation.
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The first non-vanhshing contribution to these comes from the second-order
diagrams (cf. (94.9)); for example,

”
<> -
- + - +
| | | |
-/Z“ = | e | + I e Il
{ ! | [ (95.12)
| 1 | |
- e 14 +
P A
(a) (b}

where Pi=P + P;—~ P'. When U is replaced by U (see below), the contributions
to T from these two diagrams are related by =, = — 2%, (the minus sign comes from
the closed loop in diagram (a), and the factor 2 from the spin summation in that loop;
compare the analogous calculations in SP 2, §21). Expanding diagram (b) in
analytical form, we find

iZ27%(P)= f G (PG (P)G(P)U(p — p) d*Py d* P27

In a degenerate gas, the particle wavelength (~1fp) is necessarily large in com-
parison with the range of the interaction forces. because of the condition for the
gas to be rarefied (see SP 2, §6); this enables us to replace U (p; —p’) by its value
forp;~—p'=0:

UOEJ U(@) d’x.

Substituting the expressions (92.20) and (92.21) for G™" and G*~, and eliminating
the two delta functions by integration with respect to the “‘time’> components of the
4-vectors P; and P’, we see that the first term in (95.11) in fact coineides with the
“gain” term in the collision integral (74.5) (w = 27 UgY). The calculation of =* is
similar, and the second term in (95.11) coincides with the “loss” term in the same
collision integral.



CHAPTER XI

SUPERCONDUCTORS

§96. High-frequency properties of superconductors. General formula

ForMULAF have been derived in SP 2, 8§51, which relate the current in a
superconductor to the vector potential of the electromagnetic field there. Here,
these formulae will be generalized to case of a field varying in time. As in SP 2,
the investigation will be based on the BCS model, the electrons in a metal being
regarded as an Isotropic gas with a weak attraction between the particles.t

As always in metals (and the more so in superconductors), the displacement
current may be neglected in Maxwell’s equations:

curl H = 47jlc. (96.1)
Hence, in this approximation,
divj=0. (96.2)

To describe the field, we choose the gauge in which the scalar potentizl ¢ = 0. The
linear relation between the Fourier components (with respect to time and coor-
dinates) of the current density and the vector potential of the field is written

Jolw, k)= — Q(w, k)(auﬁ - kukB/kZ)Ag(wa k), (96.3)

which satisfies identically the equation (96.2), i.e. the condition k. j(w, k) = 0. The
longitudinal part (parallel to k) of the vector A does not appear in (96.3), nor
therefore in the equations at all, so that it can be taken as zero, with the assumption
that k. A(w, k) = 0. With this choice of A, the relation between the current and the
field reduces to

i(w, k) = ~ Q(w, K A(w, k). (96.4)

Our object is to calculate the function Q(w, k). This is a generalized suscep-
tibility, and to solve the problem we use the method described in §91. We formally
include in the Hamiltonian of the superconductor a “vector potential” that depends
on the Matsubara variable 7 (and on the coordinates):

AT 1) = A(L, K)e™ 5, [ =2asT. (96.5)
tThe results in §§96 and 97 are due to J. Bardeen and D. C. Mattis (1958) and to A. A. Abrikosov, L.

P. Gor’kov and 1. M. Khalatnikov (1958).
fIn this section we put i = 1.

413
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Using Gor’kov’s equations, we calculate the correction linear in A to the Matsubara
Green's function:

G(1y, 142 T2 12) = GOT = 1o, 11— 1)+ G715 T2 1) (96.6)

because of the “homogeneity in 7”° and the spatial homogeneity of the unperturbed
superconductor, ¥ depends only on the differences of its arguments. The current
density j(7.r) is expressed in terms of the Green’s function by

; 2
a 7 ! ’ N
i) = = [V = NG00 7, O ierrerno = AT, (96.7)

where N is the number density of particles.t With the field (96.5), this relation has
in practice the form

(1) = ~ Qu(, K)A(7, 1) (96.8)

The coefficient Qu is the Matsubara susceptibility, and by (91.18)

QUlLl, k) = Qu (L k). (96.9)

To determine the required function Q(w, K), it is necessary to make an analytical
continuation from the points o = i|{] to the whole of the upper half-plane.

The calculation of Qy is similar to the calculations in SP 2, §51. In the potential
gauge with div A= 0, there is no correction to the gap A in the energy spectrum,
and the linearized Gor’kov equations for the Green’s functions 4 and ¥ are

AN a =i
—_—t—— + I agil) ot
[ 27 Im y.]‘g (,r;7, )+ AF (7, 1)

=.._i€_ [7710) VO O
mCA(T,r).Vg (r—7,r—1),

(96.10)
J JA G o Ao L
[«')"r+2m+“']" (7,157, t)— A Y7, r; 7', 1)

ie =
=—A(r,1) . VF VY7~ 7", r~ 1)
e (1) . V¥ (r-3",r—7r)

With a field of the form (96.5), we can at once separate the dependence of 4"

and ™ on the sums 7+ 7" and r +r', putting
G = g(r — 7', r~r') expliik. (r + )~ §il, (7 + 7] (96.11)

$Cf. SP 2 (51.17). In making comparisons with the formulae in SP 2, §51, it must be remembered that
e s now a positive quantity, the unit charge.
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and similarly for " with f in place of g. After this change, the first equation
(96.10), for example, becomes

[— (%“%ifs) +§!,;(V+%k)2+p.]g+Af
= — ;nl"%‘ A({S, k) eXp[%ik . (r - r’) — %iCs(T — T')] . Vg(ﬂ)'

We now expand all quantities in Fourier series with respect to 7 — 7’ and Fourier
integrals with respect to r—r':

gan=T 3 j 8L, p) explip . r = igir] d*pl@ 7y (96.12)

and so on. We then obtain for the Fourier components a pair of algebraic
equations:

[0~ @+ 007+ e )+ 7 )

=€ ¢ 1 !

- me p- A({S, k)(gw)(gs’ !’gs: P ;k),
1 (96.13)
[ it 4400~ 50+ B+ ] @ - A7 )

- _izp.A(;s, KFOLs 3L p — 1K)

The “unperturbed” Green’s functions ¢ and %@ are expanded in Fourier series
with “odd frequencies” (2s'+ 1)wT. It therefore follows from (96.13) that the
“frequencies” - take the values

to=Q2s'+1—-s)aT.

The functions 9 and F are (see SP 2 (42.7), (42.8))

GNL, P) = — (L + LS+ €Y,

. o (96.14)
FULp) = DI+ €),
where
2
=== u~vplp—pr), €=N+n% (96.15)

the constant A is assumed real. By using these formulae, we can easily put the
solution of equations (96.13) in the form

8L D)= -5 p - AU PHEUPIGOP) + FUAPYFOUPI},  (96.16)
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where

P.= ({r =it p=ik). (96.17)

With (96.7), (96.11) and (96.12). we obtain for the current density

2T d'p _Ne
.0 = E f PO P) o~ e AU K),

g being given by (96.16). As the vectors j and A are transverse to k, we average in
the integrand over the directions of the vector p, in the plane perpendicular to k.
The functions 4 and ™ in (96.16) do not depend on the direction of p,;
averaging of the factor p,(p_.A) converts it to Ap’sin’i0, where 8 is the angle
between p and k. We thus have the following final expression for the Matsubara
susceptibility:
Ne?
QM(Q,k)———rF E plsin? @ x

mic e

x [4O(P )G P) + FOP)FNP)] dpl2m). (96.18)

Let us now make the analytical continuation of this function from the discrete
series of points Z, =2s7#T to the whole of the right-hand half of the complex
{-plane, i.e. to the upper half of the w-plane (o = i¢). This amounts to the analytical
continuation of the integrand in (96.18): let us consider its first term, for
example:

W)=T X G+l 1)

=T

5

v

Gu(2s'+ DaT)G (28" + D)7T — &) (96.19)

For brevity, we omit the index (0), and replace the arguments p. = p * ik by suffixes
*. This expression may be written as the integral

Ium(L) = 41?§ 4.(2)9-(z — ;) tan(z/2T) dz, (96.20)

taken along the three closed contours C;, C; and C; in Fig. 32, which together
enclose the infinite set of poles of the factor tan(z/2T) at the points z = 2s'+ )#T
(marked by strokes in the diagram). The residues of the integrand at each pole give
corresponding terms in the sum (96.19); at infinity, 9(z) « 1/z, and the integral
therefore converges. In choosing the contours, we have used the fact that 9(z) is
analytic in each of the two half-planes:

GR(iz), rez>0;
(p = *
() {G"(l‘z), rez <0,
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S
AY

y J_J
u_
rj]

1

FiG. 32,

where G* and G* are analytic functions, the retarded and advanced Green’s
functions (see SP 2. § 37); the imaginary z-axis is in general a cut for the function
%(z).

We now rotate the contours so as to pass vertically on either side of the cuts
re z =0 and re z = {; (Fig. 33; the infinitely distant parts which close the contours

©

C C, Ca Cs

!
i

Fi1G. 33.

are not shown). On the pair of lines C;, C, we change the variable of integration by
putting z = iw’, and on C;, C; we put z — {; = iw’. Then, when {; >0,

36)= ~ 7= [ f1an 22163~ GG - i)
+tan ""—ﬁi [GR(w) ~ GAw)]GR (0’ + i{s)} do’. (96.21)
In the derivation of this equation, £, has been fixed as 27sT. For such values,
iw' + ¢ iw’ !

= tan 2 = j tanh —.

tan =5 2T 2T

The fact that the expression (96.21) is analytic for all {; > 0 is then evident from the
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fact that G* and G® are analytic in the corresponding half-planes. Now putting
it, = w, we have for the analytically continued functiont

J(w)=Ty(—iw)
i I
= A I tanh zw—T {IGY(w") — GHNGA(w' — w)
+[GR (@) — GA0]GR (' + w)} dw'. (96.22)
The second term in the integrand in (96.18) is analytically continued in a similar

way, and the result differs from (96.22) only in that G® and G* are replaced by F*®
and F*2.1 These functions are (see SP 2, § 41)

GR( )_ "‘PZ + UPZ
w’p_w—e+i0 w+e+ il
| (96.23)
A 1
+R 8 —
F e, p) =5, [w+e+i0 w—e+i0]’

where

u?

)=l = ate).

P
The functions G* and F* are the same with the sign of i0 changed. Hence
GR—G*=2im G* = ~ #[128(w — €) + v, 8(w + €)],
F*R~ F* = (7A2€)[8(w — €) — §(w + €)],

and the integration in (96.22) amounts to the removal of the delta functions.
After some simple but laborious algebra we arrive at the final expression§

2 2
Q(w, k)= Ee——;;:’—iz p? sin? 8 tanh —% x

mc 2T
n+n-+A2][ 1 1 ]
X{[1+ €€ e+—e;—w—i0+e+—e-+w+i0
1,,.1,_+A2][ 1 1 ]} d3p
+ —_—
[l €€ e++eg—w—i0+e++e +w+i0 (277)3’ (96.24)

+This method of analytical continuation is due to G.M. Eliashberg (1962).

1The definition of the Green's function F* (corresponding to the temperature function ) is given in SP
2, §41. The definitions of F** and F** differ from that of F* in that the T product is replaced by the
commutator, the relationship being similar to that between G*, G* and G.

§Mention has been made (SP 2, §51) of the need for caution in calculating sums and integrals of the
form (96.18), because of the slowness of decrease of the integrand. With the order of operations used
here, this difficulty is avoided, as is confirmed by the fact that the final expression (96.24) satisfies the
necessary condition: Q =0 when A=0 and & =0 (a normal metal in a static field): see 1he second
footnote to §97.
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where

1 . .
ne=5 - (PEK —p, e=A+nl (96.25)

The two terms in the braces in (96.24) are quite different in origin and
significance. The first is an odd function of p, and the integral of it is therefore zero
for T=0, when tanh(e./2T)=1. This part of Q is related to the collisionless
dynamics of elementary excitations. Its imaginary part, which exists for all @ and
k, is related to the collisionless Landau damping.

The integral of the second term is not zero even when T = 0. This part of Q is
related to the formation or break-up of Cooper pairs. The poles of the integrand in
this part are at €.+ ¢- = * . For them to exist (and so for there to be dissipation
because Q has an imaginary part), the frequency must exceed 24, the Cooper pair
binding energy.

§97. High-frequency properties of superconductors. Limiting cases

Let us now examine the general formula (96.24). The number of limiting cases
here is very large on account of the presence of four independent parameters how,
fikeg, A and T, which can be in various relationships to one another. Several of
these limiting cases will be considered.

When fiw > A, the gap in the superconductor spectrum is unimportant. Putting
A =0 in the first approximation, we should obtain the formula for the transverse
permittivity of a normal electron Fermi gas; we shall not pause to give the relevant
calculations.

LLONDON CASE
Let us take the London limiting case, in which
fikvg <A, (97.1)

where A, is the value of A(T) when T =0. We shall assume that A< T, thus
excluding the range of very low temperatures. The frequency will be regarded as
small, in the sense that w < kv
As k-0,
et A,
€€ )
The second term in the braces in (96.24) is therefore small, and may be neglected.
In the first term, the first square bracket is equal to 2; since the second square
tThe relation between Q(w, k) and the transverse permittivity ¢(w, k) is ascertained as follows.
Expressing the current density in terms of the polarization vector by — iwP = j, and the vector potential

A in terms of the clectric field by E = iwAlc, we can rewrite (96.4) as P= —~ cw 2QE. This shows that

- cQlo? = (& — N4m
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bracket is an odd function of p, we can then write

7 2 2 3
Neé* B p’sin” @ d’p
Q(w, k)= —‘TJ’[‘d“h 2T tanh 2'1'] €~ e — hw — 10 2mh)*

We have tanh (¢/2T) = 1 — 2n((€), where
ne=[eT + 11! 97.2)

is the distribution function of elementary excitations in a superconducting Fermi
gas (a Fermi distribution with zero chemical potential), and thus put

tanh ﬁ — tdnh 2T 2[no(e,) — no(e-)]

=~ —2hk .Y 6"0/66,

where
v =03¢e/dp = nplme.
Then
e (ang k.vp?sin® d’p
Qo k)= mc mzc de k.v—ow—i0 2mh)* ©17.3)

When w = 0, this expression agrees, as it should, with the London value N,e}/mc,
where N,(T) is the density of superconducting electrons.f We can therefore
rewrite (97.3) in the equivalent form

we’ [ang  p’sin’@ d’p
de k.v—w—i0Q2mh)*

N
Qlw, k) =2 (974)

The second term in this expression represents the contribution to the permittivity
from the elementary eXcitations in the Fermi gas.i

When o < kv, we may neglect o in the denominator of the integrand in (97.4):

sirl2 6dcosf [ ang p*
me | 4 ch’k cos 0 —i0 de mp

Q(w, k)= dp. (97.5)

#This is easily shown by means of the formulae given in SP 2, §40, for the calculation of p; = mN.
The function Q{0.k) tends to zero (as does N;) when T— T, as already mentioned in the last footnote
to §96.

iThis may be seen by comparing (97.4) with formula (2) in §31, Problem 2, for the transverse
permittivity of a collisionless electron plasma. In making the comparison, it must be noted that the
London case corresponds to the quasi-classical limit, so that the formula for a degenerate gas differs
from that for a Maxwellian plasma only in the form of the distribution function and the dispersion
relation e(p).
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The integral with respect to cos 6 is calculated from the residue at the pole
cos 0 = i0, and is equal to im. The integral with respect to p, written as

dngp’e
de m da.

diverges logarithmically when |n|<A. With a cut-off at ||~ wAJker (where kv ~
w), we find with logarithmic accuracy

A
[i@] pih .2 dn
=)

de whfkve T)
Thus

_N,é? ; 2 pFho log(kvglw)
Qo k)= T S Tk + (e T 1 1) (57.6)
The imaginary part of Q determines the dissipation; a negative sign of this parl
corresponds to a positive imaginary part of the permittivity.
The expression (97.6) becomes invalid when T— T, and N; and A tend to zero.
The principal contribution to the integral with respect to p in (97.5) here comes
from the range n ~ T > A. and in it we may put A= 0. The result is

New

Q(w ky=-—i. 47' mc kLF

where N = p£[3%’ is the electron density. This expression simply represents the
anomalous skin effect in a normal metal, with the dispersion relation € = p¥/2m.t
PipPARD CASE

In a static magnetic field, the Pippard limiting case corresponds to the inequality
hkvg > Mg~ T.. 971.7)

To consider an alternating electromagnetic field, we add the further condition
kte > . (97.8)

The calculations in this case are considerably simplified by first subtracting from
Q(w, k) (96.24) its static value Q(0, k); this is equivalent to omitting the constant
term Nel/mc and subtracting from each term (e»*e-+ hw)™' in the integrand a
similar term with w = 0. The difference Q(w, k)~ Q(0, k) is found to be proportional
to 1/k. The Pippard-case Q(0, k) has a similar dependence on k:

Lﬁ_ 47Ne? 342
Q(O k) - wk’ ﬁ __f— 4h Atanh o= 2T > (97-9)

+See (86.16). In making the comparison, it is important that K in this case is independent of ¢, and
that Q relates j to A, not to E as o does in (86.16).
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see SP 2 (51.21). We can therefore write Q(w, k) in the form
c
Q(w, k)= Tk B+ y(w)], (97.10)

where y(w) is a function that may be calculated and is zero when w = 0. Because of
this dependence on k, the formula SP 2 (52.6) for the penetration depth & remains
valid, if we replace 8 by B8 + y(w). However, since y(w) is complex (see below), it
is natural to use here not § itself but the related surface impedance {(w) = — iwd/c.

In the integral which gives the difference Q(w, k)— Q(0, k), the important range
is that of small values of cos 6, as in the calculation of Q(0, k) in SP 2, §51, and the
integral converges rapidly as cos 6 increases; we can therefore put sin 8 = 1, and
extend the integration with respect to cos 6 from ~e to oo

The integral is transformed by means of

d’p =2zp*dpd cos 6 =2wpfmdnd cos 8
(n= pY2m — ), and new variables of integration are used:

x; = €.]D, x2=e€_[A.
We have
N+t n-=27m, ms—n-=~ hkvr cos 6.

The integration over dn d cos 8 can therefore be replaced by one over dv.dn [kvp
from —e to « for each of the variables 7. and n-. All terms in the integrand which
contain the product 5,n- and are therefore odd functions of these variables then
give zero on integration. We can then change to integration from 1 to = with
respect to each of the variables x, and x,, putting

€L€E_
hkven,m-
_ 4A2x,x; dx,dx;

fkve [(xT— DxI— DI

dndcos 6 —4 de.de_

These transformations lead to the result

Ne? A
y(w)=—37 Fz—:m],

i dx,dx xA

JZJ' J’ _pdxdx: X8y

D= DI M 2T
x{( +1)[ L + L —p_= ]
X1z X~ X—@ =0 X —x+ @ +i0 T X — X3

+(x,x2—1)[ 1- + 1 2 ]},

x,+x2—~ & —i0 x,+x2+d)+i0_x,+x2

(97.11)
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where @ = hw/A. we shall consider only the imaginary part of this expression.
which determines the absorption of energy from the field.

The imaginary part of the integrands in (97.11) is separated by means of the rule
(29.8), and the delta functions are then eliminated by integrating with respect to one
variable x; or x,; it is necessary here to verify that the point at which the argument
of the delta function is zero does in fact lie in the range of integration. A simple
calculation gives, when w >0,

x(x+@)+1 (x+a)A xA
J"'=imJ = I (x 1)”2[(x+ )2 1]112[ nh 2T hZT]d
+7 J’l = ’;$Iza)[(x x)— ) K tdnh T d 97.12)

the second term occurs only when @ > 2. Similarly, we can easily show that
J'(—®)=TJ"(®). The integral (97.12) depends on two parameters A/T and ho/A,
which may bear various relations to each other and to unity. Let us consider some
of the possible limiting cases.

Let T =0. Then the first integral in (97.12) is zero; the second is non-zero when
w >24; that is, there is an absorption threshold at the binding energy of the
Cooper pairs. The presence of this threshold, which is a direct result of the gap in
the spectrum, is a specific property of a superconductor.

Near the threshold, when @ —2<1, x is close to unity throughout the range of
integration. Putting ® —2= 8, x — 1 = 28. we find

J”*%’mﬁj’ VEZ(I——Z— =78 = 736 ~ ).

Collecting the above formulae, we have the following expression for the imaginary
part of Q at T =0 near the absorption threshold:

. 37'Net A
Q"= ~"Zmc ok (2A0 1)‘ 97.13)

If the temperature is not zero, let us consider the case of low frequencies hw <€A,
and assume that A(T) ~ T (thus excluding both temperatures near zero and those
near T.). The second integral in (97.12) is then absent. In the first integral, the
important range is x —1~ & <1. Expanding the difference of two tanh in the
integrand in powers of @ and using the variable x — 1 = u, we find with logarithmic
accuracy

]"~_7ﬁ"_ sh’z - du =_@ sh'zAl A
2T OM AT J, VIu(u+a)y 2T %" 27 %83

The result is then

Q'= ——8-—m—C-—I;ETcosh‘ ,7T logh (97.14)
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§98. Thermal conductivity of superconductors

The physical nature of electronic thermal conduction in superconductors is
similar to that of thermal conduction or viscosity in Bose superfluids. In both cases
we are concerned with the transport coefficients of the normal component of a
quantum liquid, which forms a set of elementary excitations therein. Here we shall
consider this topic also in the BCS model (B. T. Geilikman 1958).

We start from the transport equation for the distribution function of quasi-
particles in a superconductor where there is a temperature gradient:

vi——_—-—=C(n), (98.1)

where v = de/dp is the quasi-particle velocity. The energy of a quasi-particle is
€ =[vi(p — pe)’ + DTN, (98.2)

and itself depends on the temperature through the energy gap A(T). Hence, when a
temperature gradient is present, the energy € also becomes a function of the
coordinates, and — de/ar represents the force acting on a quasi-particle. This is the
source of the second term on the left of (98.1).

As usual, we put n = ny(e) + én(r, p), where

ne(e) = (T + 1) (98.3)

is the equilibrium distribution function. Retaining only the terms in no on the left,
we have as the equation for n,

Vir ar’ aT  de aT

ang e @ﬂz[ano ang de
dr dr dp

]v.VT.

The difference of terms containing the derivative of A is zero in the square
brackets, leaving

€ dng

T oe

_v.VT €
V-V = e T e T

The collision integral depends on the quasi-particle scattering mechanism. We
shall consider the case where the principal mechanism is elastic scattering by
impurity atoms at rest, and assume this scattering to be isotropic. Then the collisiort
integral reduces (cf. (11.3)) to

C(n)= —vén,

where v = vN;,,0¢ is the effective collision frequency, Niy, the number density of
impurity atoms, and o, the transport cross-section for the scattering of a quasi-
particle by an impurity atom. The latter quantity is a constant, of the order of
atomic dimensions.
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The transport equation thus becomes

v.VT € ang _ 8n

v Tae 1’ %8.4)
where | = 1/Nin,0 is the constant mean free path.
The heat flux is calculated as the integral
q= IGVSn . 2d%pl(2wh), (98.5)

the factor 2 coming from the two directions of the quasi-particle spin. The
distribution function n = ny+ 8n is also related to the normal electric current in the
superconductor, with density

Coi_ e 2d% .
| ISl Pl m J’pan (27‘_'!)3 e(N NS)VS)

in the model under consideration, j = — ei/m, with i given by (77.7).

The thermal conductivity is defined in terms of the heat flux with j=0. In the
present case, however, this condition does not call for any change in equation
(98.4). The reason is that the total current density in the superconductor is
§ =i +is, the sum of the normal and superconducting currents. The current j, that
occurs in the presence of a temperature gradient is automatically balanced (in an
open circuit) by the superconducting current j, = — j,. An important point here is
that the movement of superconducting electrons does not involve any transfer of
heat. The equilibrium distribution function of quasi-particles against the “back-
ground” of the superfluid flow with velocity v, = — j/eN; differs from (98.3) in that
€ is replaced by e +p.v, (cf. §77); this change would also have to be made in the
transport equation (98.1). The velocity v, is proportional to j,, and therefore to the
small gradient VT'; hence the above change would give rise only to second-order
small terms on the left of the transport equation, and these would in any case have
to be omitted in arriving at (98.4).

Substituting 8n from (98.4) in (98.5), we find, after averaging over the directions
of p, the thermal conductivity

J’ 20"0247’[) dp
T

k=T de Qah)y

or, with v dp = de, p*=pg,

"’F ) [ (98.6)

Finally, after some obvious substitutions,

2ipFh J’ u®du
K= 37'2h TZ (euAIT+ 1)(equ7T i 1)- (98-7)
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When T =0, A— A, the conductivity tends to zero:

— 2’DFZA2 -AIT
“TIEWT ¢
When T— T, A—0, it is seen from (98.6) to tend to the limit

_4lpAT [ _IpFeT
K= 3T ), o€ de="Tgp

corresponding to the case of a normal metal.

(98.8)



CHAPTER XII

KINETICS OF PHASE TRANSITIONS

§99. Kinetics of first-order phase transitions. Nucleation

THE basic ideas of the thermodynamic theory of nucleus formation in a phase
transition are as follows (SP 1, §162).

The change from a metastable to a stable phase occurs as the result of fluctuations
in a homogeneous medium, which form small quantities of a new phase, or nuclei. The
energetically unfavourable process of creation of an interface, however, has the
result that when the nucleus is below a certain size it is unstable and disappears
again. Only nuclei whose size a is above a definite value a., (for a given state of the
metastable phase) are stable; this is called the critical size, and nuclei of this size
will be called critical nuclei.t They are assumed to be macroscopic objects
containing large numbers of molecules. The entire theory is therefore valid only for
metastable states that are not too close to the limit of absolute instability of the
phase; as this limit is approached, the critical size decreases to a value of the order
of molecular dimensions.

With a purely thermodynamic approach, one can put only the problem of
calculating the probability of occurrence in a medium of fluctuational nuclei of
various sizes, the medium being regarded as in equilibrium. This is a point of
fundamental importance. Since the state of the metastable phase does not actually
correspond to complete statistical equilibrium, this treatment applies only to times
much less than the critical nucleus formation time (reciprocal probability per unit
time), after which the change to the new phase occurs in practice, and the
metastable state ceases to exist. For the same reason, the thermodynamic cal-
culation of the formation probability is feasible only for nuclei with size a < a.;
larger nuclei develop into the new phase. That is, such large fluctuations are not
among the group of microscopic states which correspond to the (metastable)
macroscopic state under consideration.

Instead of the thermodynamic probability of nucleation, we shall refer to a
quantity proportional to this, the ‘“equilibritm” (in the sense mentioned) dis-
tribution function for nuclei of various sizes existing in the medium, denoted by
fo(a); fo da is the number of nuclei per unit volume of the medium with sizes in the
range da. According to the thermodynamic theory of fluctuations,

fO(a) x exp{_Rmin(a)/T}r (991)

tIn SP 1, §162, only nuclei of the new phase which have just this critical size were considered.

427
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where R,,, is the minimum work needed to form a nucleus of a given size. This is
made up of volume and surface parts, and for a spherical nucleus with radius a it 1s

8wa’a

Rmin= - 3acr

+4waie,

where a is the surface tension coefficient and the critical radius a, is expressed in
terms of the thermodynamic quantities for the two phases; see SP 1, §162,
Problem 2. The value a = a. corresponds to the maximum of R,;.(a), and near it

Roin = imaal — 47ala — a)- (99.2)

The maximum of R, corresponds to an exponentially sharp minimum of the
distribution function. Neglecting the much slower variation with a of the coefficient
of the exponential, we have

fola) = folu) expldmala — as)’ T}, 99.3)

wheret
fola,) = constant X exp{ —4waa’/3T}.

From the above discussion, the value a = a., corresponds to the limit beyond
which large quantities of the new phase begin to be formed. More precisely, we
should refer not to a limit point a = a., but to a critical range of values of a near
that point, with width 8a ~ (T/4wa)"2. The fluctuational development of nuclei in
this size range can still, with appreciable probability, throw them back into the
subcritical range, but nuclei beyond the critical range will inevitably develop into a
new phase.

Since the thermodynamic theory is limited to the stage before the actual phase
transition, it cannot provide information about the course of this process, for
instance the rate of the process. That would require a kinetic analysis of the
development of the nuclei, which ultimately merge into the new phase.f

Let f(t, a) be the required “‘kinetic” size distribution function of the nuclei. The
“elementary process” which changes the size of a nucleus is the attachment to it,
or the loss by it, of one molecule, and this is to be regarded as a small change, since
in the present theory the nuclei are macroscopic objects. We may therefore
describe the growth of the nuclei by a Fokker-Planck equation:

aflat = — dslaa, (99.4)

tThe coefficient of the exponential in fo(a.) cannot be expressed in lerms of just the macroscopic
properlies of the phases. For a quahlatlve estimate, we may suppose that this factor is propomonal to
the particle number density N, in the main phase (1) and to the derivative dVIda where W is the number
of particles in a nucleus of the new phase (2). Putting Ny~ /vy, ¥ ~ aljvy, where vy and v: are the
volumes per molecule in the two phases, we obtain as an estimate of 1he constant a&/vv2.

iThe theory given below is due to Ya. B. Zel’dovich (1942).
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where s is the flux in “‘size space™:

s = — B df|9a + Af. 99.59

The quantity B is a “nuclear size diffusion coefficient”; A is connected with B by a
relationship which follows from the fact that s is zero for the equilibrium dis-
tribution. With the latter in the form (99.1), and neglecting the slow variation of the
coefficient of the exponential, we find

A = — BRy(a)lT. (99.6)

Let us now find the stationary solution corresponding to a continuous phase-
transition process. Then s = constant, and this constant flux (in the direction of
increasing size) is just the number of nuclei passing through the critical range per
unit time and unit volume of the medium, i.e. it defines the rate of the process.

We can rewrite the expression (99.5) for the flux by expressing it, using (99.6), in
terms of the ratio f/f, instead of f itself. Then the condition of constant flux
becomes

~ Bfo = (flfo) = s (99.7)

Hence
flfo= —3s J’g—;o + constant.

The constant here, and s, are found from the boundary conditions for small and
large a. The fluctuation probability increases rapidly with decreasing size, and small
nuclei therefore have a high probability of occurrence. The stock of such nuclei
may be regarded as made up so quickly that their number continues to have its
equilibrium value, despite the constant depletion by the flux s. This is expressed by
the boundary condition f/fo— 1 as a - 0. The boundary condition for large a can
be established by noting that above the critical range the function f, defined by
(90.1) (which is actually not valid there) increases without limit, whereas the true
distribution function f(a) of course remains finite. This situation is expressed by
the condition f/fo=0, imposed somewhere above the critical range; precisely
where, is of no importance (see below), and we shall arbitrarily apply it as a — .t
The solution which satisfies both the above conditions is

fifo=s I i da/Bf,, (99.8)

and s is determined by

s = J'O " dalBfo. (99.9)

+Similar argumems have been used in solving a different problem (§ 24).
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The integrand has a sharp maximum at a = a.,. Using the expression (99.3) near
that point, we can extend the integration with respect to a — a., in (99.9) from — e to
=, regardless of precisely where (outside the critical range) the upper limit in (99.8)
and (99.9) is taken, i.e. precisely where the boundary condition is imposed. The
result is

s =2V (a/T)B(ac)foac)- (99.10)

This is the number of *“viable” nuclei (i.e. those that have passed through the
critical range) formed in stationary conditions per unit time and per unit volume of
the metastable phase, expressed in terms of the equilibrium number of critical
nuclei given by the thermodynamic theory.

For the distribution function f(a) itself, formula (99.8) in the subcritical range
gives simply f(a) = fi(a). Above the critical range, (99.8) tells us only that f <f,, in
accordance with the boundary condition stated. It is evident from the physical
picture of the process that in this range the distribution function is constant: having
reached that point, the nucleus becomes steadily larger, with practically no change
in the reverse direction. Accordingly, we can here neglect the term containing the
derivative df/da in the flux (99.5), writing s = Af. From the significance of the flux
s, the coefficient A acts as a velocity in size space, da/dt. The growth of a nucleus
beyond the critical range, however, takes place in accordance with the macroscopic
equations, by means of which the derivative da/dt can be independently deter-
mined:

A = (daldt)mucro (99.11)

the subscript indicating the result of such a calculation.}
From (99.6), we then find

B@ = ~ganga) (i)

T da
B 87a(a — au) (‘d_t-)m.xcro. (99.12)

Strictly speaking, the function B(a) thus calculated pertains to the range a > der,
whereas we are interested in the value of B(a.) for substitution in (99.10).
However, since B(a) has no singularity at g = a.,, the function just found can be
used at that point also. As a— a., the derivative (da/dt)macro tends to zero (the
nucleus is in—unstable—equilibrium); division by a — a., gives a finite result.
Formula (99.12) makes it possible in principle to calculate the coefficient B(ac)
and hence the rate of formation of nuclei, without using a microscopic treatment.

tThe question may arise of the correspondence between (99.11) and the “‘microscopic™ definition
(21.4), according to which the rate ¥ 8af8t (summed over elementary growth cvents) is not A itself bui
the sum A = A+ B'(a). But the derivative B'(a) is small (outside the critical range) in comparison with
the value (99.6), which includes the large factor Rmo/T, and must be omitted. Quantities of this order
have already been neglected in deriving (99.6), when the coefficient of the exponential in (99.1) was
regarded as constant.
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For example, in the case of boiling we have to apply the hydrodynamic equations
to consider the growth of a vapour bubble in the liquid; for precipitation of a solute
from a supersaturated solution, we have to deal with the growth of a precipitated
grain as a result of the diffusion of the substance to it from the surrounding
solution.

PROBLEM

Determine the “size diffusion coefficient™ for the precipitation of a substance from a supersaturated
(but nevertheless weak) solution; the nuclei are assumed to be spherical,

SOLUTION, The thermodynamic formulae are as follows. The critical radius at which a nucleus is
precipitated from a supersaturated solution is

Qe = 200" (" — pué);
see SP 1, §162, Problem 2. In the present case, pé and v* are the chemical potential and molecular
volume of the substance of the nucleus, and pu’ the chemical potential of the solute in solution:
u'=Tlogc+ (P, T), where ¢ is the concentration, With the concentration co- of the saturated
solution above a plane surface of solute: T log co=+ ¢ = p6, we have
u’'— =T log(c/cox) = T(c — co=) Coxi
the latter equation is valid for weak solutions. The critical radius is therefore
Aer = 200’ col T(c — €ox). (0
The formula
Cos = Co<{1 +2av’[Ta)
= o=+ (aala)(c — cox) (2)
gives the saturation concentration co, above a spherical solute surface with radius a.
The substance reaches the nucleus as it grows, beyond the critical range, by diffusion from the

surrounding solution. In a steady state, the spherically symmeiric concentration distribution c(r) round a
nucleus of radius a is given by the solution of the diffusion equation

. | 3’ _dc{r) _
DAC(!‘)— D;?ﬂ.‘(r)—T=0.

with the boundary conditions c(=) = c (the given value of the concentration of the supersaturated
solution) and c(a) = co.. Hence

c{r)= ¢ —{c— cou)afr,
and the diffusional flux towards the nucleus is
I =4ar'Ddcldr
= 4zDa(c — cos)
= 47D(c = coXa — aq);
in the last equation, formula (2) is used.

If the concentration is defined as the number of dissolved molecules per unit volume, then I is the
number of molecules deposited on the surface of the nucleus per unit time. We have

(dafdt)maceo = Iv'[4 70
= (Dv'la*)(a — au)(c - cox)
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and, from (99.12),

B(a.) = TDV'(c — co-)87aa

= Dvcofdmal.

§100. Kinetics of first-order phase transitions. Coalescence

The treatment in §99 of phase-transition kinetics relates only to the initial stage
of the transition: the total volume of all nuclei of the new phase has to be so small
that their formation and growth have no appreciable effect on the ‘“degree of
metastability™ of the main phase, and the critical size of the nuclei, determined by
the degree of metastability, may be regarded as a constant. In this staze there is a
fluctuational formation of nuclei of the new phase, and the growth of each nucleus
is independent of the behaviour of the others. We shall refer to the particular case
of solute precipitation from a supersaturated solution; the degree of metastability is
then the degree of supersaturation of the solution.

In the later stage when the supersaturation of the solution becomes very slight,
the nature of the process is quite different. The fluctuational formation of new
nuclei has now practically ceased, as the critical size is great. The increase in the
critical size accompanying the steady decrease in the degree of supersaturation has
the result that the smaller among the grains of the new phase already formed fall
below the critical range and redissolve. Thus a decisive role at this stage is played
by the “swallowing up” of small grains by large ones, which grow as the result of
the dissolution of the small ones (coalescence). This stage will be discussed in the
present section. It is assumed that the initial concentration of the solution is so
small that the precipitated grains are far apart and their direct “interaction” may be
neglected.t

We shall consider a solid solution in which the precipitated grains are at rest and
grow only by diffusion from the surrounding solution. In order to illustrate the
method and the basic qualitative features of the process, we shall also make a
number of other simplifying assumptions, neglecting the elastic stresses round the
precipitated grains, and assuming that these are spherical.

The equilibrium concentration of the solution at the surface of a grain with
radius a is given by the thermodynamic formula

Coa = Co-1 +2av'[Ta), (100.1)

where cy. is the concentration of a saturated solution above a plane surface of the
solute, « the surface tension coefficient at the phase interface, v’ the molecular
volume of the solute; see §99, Problem. The concentration is defined in terms of
the volume of the substance dissolved in unit volume of the solution. With this
definition, the diffusive flux i = Dac/ar at a grain surface is equal to the rate of

tThe theory given here is due to I. M. Lifshitz and V. V. Slezov (1958).
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change of the grain radius:
daldt = D[ac|or], -q

where D is the solute diffusion coefficient. Because the concentration is assumed
small, this rate is so small that the concentration distribution round the grain can be
regarded as equal, at each instant, to the steady distribution ¢(r) corresponding to
the relevant value of a:

c(r)=c—(c— co)ajr,

where ¢ is the mean concentration of the solution. Hence the diffusive flux
i(r) = Da(c — cg,)/r? and, with (100.1),

i(a) =daldt
= D(c— cpa)la
D o
-2 (6-%)-

where the parameter o =2av'ce./T and the quantity A=c —cg is the super-
saturation of the solution. The quantity

a.(t) = ol A(t) (100.2)

is the critical radius: when a > a,, the grain becomes larger (da/dt > (), and when
a < a it dissolves (da/dt <0). In the following analysis, up to the final result, we
shall measure time in units of a2(0)/Do, where a.(0) is the critical radius at the
point where coalescence begins. Thus we have the equation

do 20 (1_1
T a). (100.3)

Next, let f(t, a) be the grain size distribution function normalized so that the
integral

N(@)= J:f(t, a)da

is the number of grains per unit volume. Regarding v, = da/dt as the rate of
movement of the grain in size space, we can write the continuity equation in that
space as

g‘[+—~(fv) 0. (100 4)
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Lastly, the conservation of the total quantity of solute is expressed by
A+ g =constant=Q, qg(t)=37 I a’f(t, a) da, (100.5)

where Q is the total initial concentration and q the volume of precipitated grains
per unit volume of the solution.

Equations (100.3)-(100.5) form a complete set of equations for the problem
concerned. They can be transformed so as to involve variables that are more
convenient for the analysis.

We use the dimensionless quantity

x(t) = ac(t)/a.(0). (100.6)

As t - o, the supersaturation A(t) tends to zero, and the critical radius cor-
respondingly tends to infinity. Hence, as t varies from 0 to «, the quantity

7 =3logx(t) (100.7)

also varies monotonically from 0 to «, and we shall take this as a new time
variable. As the unknown function in (100.3) we take the ratio

u = ala.(t). (100.8)
The equation then becomes
di’ldr = y(u — 1)~ 1?, (100.9)
where
v = y(r) = dt|x* dx > 0. (100.10)

Going on now to analyse the equations, we shall first show that as 7 — o the
function y(7) must tend to a particular finite limit,

The right-hand side of (100.9) has a maximum at u?=3}y, where its value is
v3Gy)"” = 1]. Thus, depending on the value of v, the rate du’/dr as a function of u
may have any of the three forms shown in Fig. 34. When y = yo = 27/4, the curve
touches the abscissa axis at u = uo=3/2.

Each point on the abscissa axis representing the state of a grain moves to the
right or to the left, according to the sign of the derivative du’/dr. When y > v,, all
points to the left of u, move to the left and disappear on reaching the origin. The
points with u > u; move to the point u,, approaching it asymptotically from the
right or from the left. This means that all grains with u > u,, i.e. with radius
a > u,d.,, would reach asymptotically the size a = a..u;, which tends to infinity with
a.r; the total volume g of precipitated grains would thus also tend to infinity, so that
the equation of conservation of matter (100.5) could not be satisfied. When y <y,
all points move to the left and disappear on reaching the origin after a finite time; in
this case, g(7) = 0, and equation (100.5) again cannot be satisfied.
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au3 r>% Y <Yo Y=%
dr

Yo

F1G. 34.

Thus the function y(t) must tend to the limit v, and must do so from below: if it
did so from above, or if y = y, exactly, all points with u > u, moving to the left,
would still become “stuck’ at u = u, (where du*/dr = 0), and equation (100.5) could
not be satisfied, as in the case y() > y,. We must therefore have

y(1)=F1- X)), (100.11)

with € > 0 as 7 —» «, The points approaching from the right pass more and more
slowly through the “hold-up” point u = u,. Their rate of passage is governed by the
function e(7), which must again be determined from the equation of motion (100.9)
and the equation of conservation of matter (100.5).

Near the point u = 1y, equation (100.9), with y from (100.11), is

du
-t

With a new unknown function, the ratio z = (u —3)/e of two small quantities, we
can write this equation as

3dz_ _ . 3,3 ( =d(1/e))
redr F gty \nT 4 ) (100.12)

Analysis of this, similar to that of (100.9), leads to the conclusion that as 7 — = the
function n(7) must tend asymptotically to a finite limit mo=2/V3, the value for
which the right-hand side of (100.12) as a function of z touches the abscissa axis at
the hold-up point zy =V 3/2. The asymptotic equation 1 = 7 gives the limiting form

(1) =V32n (100.13)
When 72> 1, the correlation term in (100.11) may be neglected. The equation
1/y = x2dx/dt =4/27 then gives the limiting form of the time dependence of the

critical radius:

x(1) = ac{1)] ac(0) = (41/9)'", (100.14)
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Since + = log x?, the condition for (100.14) to be applicable, expressed in terms of
the actual time t, is log? t > 1. It is noteworthy that, although the relative magnitude
of the corrections to vy, decreases rapidly with increasing 7 and the first ap-
proximation (100.14) becomes more and more nearly exact, the behaviour of the
solution near the hold-up point is governed by just these corrections.

Let us now calculate the grain size distribution function. The distribution
function in the variables u and 7 is related to that in t and a by

o(r,u)du = f(t,a) da, f=¢la.. (100.15)

The continuity equation for this function is

o 0 o =
Tet+(vp) =0, v, = duldr. (100.16)

The rate v, is given by (100.9), with y = 27/4, everywhere except in a neighbour-
hood (~ €) of u,:

—du_ 1
vy == 3uz(u D (u +3). (100.17)
The solution of equation (100.16) has the form
o(nuy=xlr— ()l —v,, (1) =J’ dufv,, (100.18)
0

where y is a function to be determined,

We have seen that all points representing grains move from right to left on the
u-axis, pass through the neighbourhood of the hold-up point, and spend a longer
time there if they arrive later. This neighbourhood thus acts as a sink for points
with u > uy and as a source for the range u < u,.

The distribution function to the right of u, as v - o, is determined by the points
arriving from infinity, which correspond to grains in the “tail” of their initial (7 = 0)
distribution. Since the number of grains in that distribution of course decreases
rapidly (in practice exponentially) with increasing size, the distribution function in
the range u > up (outside the immediate neighbourhood of ug) tends to zero as
T—> o,

In the equation of conservation of matter (100.5), the term A(7) > 0 as 7 >,
Expressing the integral ¢ in terms of the variables v and u, with a® = u’x*a3(0) =
1’e"a’(0), we find

Ke’I u’¢p(7, wydu=1, « =47raﬂ,(0)/3Q; (100.19)
0
here ¢ is to be substituted from (100.18), with v, from (100.17).7 It is immediately

+We shall not pause to prove that the relative contribution to the integral from the neighbourhood of
uo, where (100.17) is not valid, tends to zero as ¢ — .
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evident that the expression on the left of (100.19) can be independent of 7 only if x
has the form

x[r— ()] = Ae”™),

The function 7(u) is calculated by elementary integration, and the result is

o5, 1) = Ae"P(u), (100.20)
where
4 2 _ 2
P(u)=%?/§%%[—)ﬂié&_1‘u—‘)#3-], u<i (100.21)

P)=0, u>3
The constant A is determined by substituting (100.20) back into (100.19); numerical

evaluation of the resulting integral gives A = 0.9/«. The function P (u) is necessarily
normalized to unity:

ug 32 e-r(u) —co
I P(u)du=[ du=—I e’ dr=1.
v 0 U 0

The number of grains per unit volume is therefore

N =J' * o(5 1) du = Ae" = 9AJAt. (100.22)
0

It is easy to find also the value it averaged over the distribution (100.21). To do so,
we consider the integral

Iuop(u)(ll— Idu =J' * gty — 1) u =J'° e"[u(r)— 1}dr.

0 — Uy —
Substitution of u(7)—1 from (100.9) gives

4 R du¥(7) _4. 70—
77 ] € [u (1) + ar ]d7—27[u (t)e’}2.=0.

Thus
ug ug
i =I P(u)u du =I P(u)du =1,
0 0

i.e. a = a.(t), the mean size being equal to the critical size.
We can assemble the above formulae and rewrite the results in terms of the
original variables—the grain radius a and the dimensional time t. The mean grain

PK -
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radius increases asymptotically with time according to
a = (4oDt/9)"". (100.23)

The grain size distribution is given at any time by (100.21): the number of grains
whose radius is in the range da is P(a/a) da/a. The function P(u) is non-zero only
when u <3, and is shown graphically in Fig. 35. The asymptotic distribution is
independent of the initial distribution at the start of coalescence. The total number
of grains per unit volume decreases with time according to

N(t) = 0.5Q/Dot. (100.24)
The supersaturation of the solution tends to zero:
At) = (9(72/Dt)"". (100.25)

To see the significance of these relations, note that in the above treatment the
total volume of the solution is regarded as infinite, and the total amount of solute is
therefore infinite also. In a finite volume the process is of course complete after a
finite time, when the whole of the solute has been precipitated into one mass.

§101. Relaxation of the order parameter near a second-order phase transition

It is well known that the change in state of a body in a second-order phase
transition (phase transition of the second kind) is described by the order parameter
m, which is non-zero on one side of the transition point (in the “unsymmetrical”
phase) and zero on the other side (in the “symmetrical” phase). The discussion in
SP 1, Chapter XIV, related to the properties of bodies in thermodynamic equili-

P(v)
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1
o5}
1
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brium near transition points. Let us consider the relaxation of the order parameter
in a system not in equilibrium.

The equilibrium value of the order parameter, denoted here by 7, is determined
by minimizing the corresponding thermodynamic potential. In order to deal with
cases of spatial homogeneity and inhomogeneity, we shall use the potential Q, a
function of the temperature T and the chemical potential yu (for a given total
volume of the body); cf. SP 1, §146.

In a spatially homogeneous body, the value of 7 is determined by the minimum
of (T, p, n) (the thermodynamic potential per unit volume) as a function of 5 with
given T and u.:

aQan=0. (101.1)
If this condition is not satisfied, a relaxation process occurs, in which 7 varies with
time and tends to 4. In a state not far from equilibrium, i.e. when 94Q/dy is small
but not zero, the relaxation rate (the derivative dy/dt) is also small. In the Landau
theory, where fluctuations of the order parameter are neglected, we must suppose
that the relation between these two derivatives amounts to a simple propor-
tionality:
dyldt = — yaQl]dn, (101.2)
with a constant coefficient y (L. D. Landau and I. M. Khalatnikov, 1954).

In the Landau theory, the thermodynamic potential near the transition point has
the form

Q=Q(«T, p)+ (T - T)an*+ by, (101.3)
with a positive coefficient b. If the unsymmetrical phase corresponds to T<T,,
then a > 0 also; see SP 1 (146.3). The equilibrium value of the order parameter in
the unsymmetrical phase, i.e. the solution of equation (101.1), is

7 =[a(T. — T)2b]¥2 (101.4)
The relaxation equation (101.2) becomes
dyldt = = 2y[(T — To)an + 2b7%],

or linearizing with respect to the small difference én = n— 1,

dnldt = — 8qlg, (101.5)

where

70=l4ya(T.—T), T<T. (101.6)

As t -, the difference §n must tend to zero; hence we must have 7,> 0, and
therefore y > 0.
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The relaxation in the range T > T, is treated similarly. Here % =0, and the
linearized expression for the derivative is

0Q)an = —2a(T — Tc)é.
Accordingly, (101.6) is replaced by
o= 12ya(T~T.), T>T. (101.7)

The quantity 7, is the relaxation time for the order parameter. We see that it
tends to infinity as T — T,. This is of fundamental importance for the whole theory
of phase transitions. As already noted in SP 1, §143, it ensures the existence of
macroscopic states corresponding to incomplete equilibrium for given non-equili-
brium values of . The theory given in §§ 101 and 102, which treats the relaxation
of the order parameter independently of that of other macroscopic characteristics
of the body, depends on this property for its significance.

In a spatially inhomogencous system, we have to consider the total ther-
modynamic potential, given by the integral

Q:‘_'J’{Q()""H(T—Tr)'nz"" bn'+g(Vn)}dV; (101.8)

see SP 1 (146.5). The corresponding equilibrium condition is found by varying the
integral with respect to 7 and equating the variation to zero. Integrating by parts in
the gradient term, we get as the condition of equilibrium

2a(T = To)n + 4bn’ — 288n ~ Snlyro— 2808y = 0;

we have taken the particular case of the unsymmetrical phase with T <T.
Correspondingly, there is an additional term in the relaxation equation:

d6m {817 }
gom _ _[O9M _ 1.
a1 70 2vgAdn . (101.9)

For each of the spatial Fourier components of the function §7(t. r), this gives
1 )
— 0= = ===+ 2ygk’. (101.10)
Tk

We see that the relaxation time for components with k # 0 remans finite as T~ T,
but increases with decreasing k.

Lastly, if we include in {} the term — nh which describes the effect of an external
field on the transition (see SP 1 (146.5)), the relaxation equation becomes

aén

= —8—n+2'ygA8'q+'yh. (101.11)
ot To
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If the field is assumed periodic,
h x ei(k.r—w(),
we then obtain
with the generalized susceptibility
x(@,K)= yl(7i' — iw). (101.12)

This expression has a pole at w = —iry', in accordance with the general statement
made at the end of §91. When o = 0 and k = 0. it reduces to x(0,0) = 1/4a(T. — T),
in agreement with SP 1 (144.8).

According to the fluctuation—dissipation theorem, the generalized susceptibility

(101.12) determines the spectral correlation function of the fluctuations of the order
parameter by the formula (in the classical limit fiw < T)

(51)uk = 2T]w) im x(w, k) = 2yTI(w? + 7). (101.13)
This is the space-time Fourier component of the correlation function

(61(0, 0)87(t, r)); the mean values of the products of Fourier components of the
fluctuations are related to (89%).x by

{5nuidnuw) = (27)'8(0 + ") (K + K)(6n Dk

Integration of (101.13) over dw/27 gives the spatial Fourier component of the
single-time correlation function (§7(0, 0)87(0, r)):1

(50 = [ (57 )us deof 27

= T/[2gk + 4a(T. - T)]. (161.14)

§102. Dynamical scale invariance

The theory in § 101 does not take account of fluctuations of the order parameter.
Its applicability is therefore restricted by the same conditions as for the Landau
thermodynamic theory of phase transitions. These conditions are not satisfied in a
neighbourhood of the transition point, the “fluctuation” region.

In this region, the kinetic properties of the body, like the purely thermodynamic
properties (see SP 1, § 148), can be described by a set of critical indices (or critical

TIn compa_ring (101.14) with SP 1 (146.8), it must be remembered that the latter formula relales 10
components in the expansion as a Fourier series in a finite volume V, not as a Fourier integral.
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exponents) which specify the manner of variation of quantities as the transition
point is approached. It proves possible to derive certain relations between these
indices by extending to include kinetic effects the hypothesis of scale invariance
formulated for the thermodynamic properties in SP 1, §149; this generalization is
termed dynamical scale invariance.

The nature of the singularity of the thermodynamic quantities at the transition
point depends on the number of components of the order parameter describing the
transition, and on the structure of the effective Hamiltonian formed from them (see
SP 1, §147). For the kinetic quantities, the range of possible cases become more
various because of the different possible forms of the ‘“equations of motion”
describing the relaxation. Let us first consider the simplest case, that of an order
parameter having only one component (B. 1. Halperin and P. C. Hohenberg 1969).%

A way to determine the relaxation behaviour that is possible in principle, but not
in practice, is to calculate the exact (including fluctuations) generalized suscep-
tibility x(w, k; T) for the order parameter % under the action of the external field.
The time variation of % during the relaxation is governed (as was explained in §91)
by the singularities of y as a function of the complex variable w. If the singularity
nearest the real axis is the simple pole at w = —iv"'(k; T) on the imaginary axis,
each Fourier component of the order parameter decays exponentially, with relax-
ation time 7(k; T). As well as the critical indices which determine the behaviour of
the thermodynamic quantities, we use two indices y and z which describe the
function y(w, k; T):

7o [T-T]* when k=0, (102.1)
LI when T=T, (102.2)

with y >0, z > 0, since the relaxation time becomes infinite for k =0, T = T,.

It is plausible to assume that, near a second-order phase transition (in the
fluctuation range), the relaxation time is independent of the temperature if it is
measured in units of 7= 7(0; T) and the lengths 1/k are measured in units of r.(T),
the correlation radius for fluctuations of the order parameter. Thus 7(k; T) must
take the form

w(k; T)=|T - T.|” f(kr.), (102.3)

where f depends on the temperature only through r.(T) in the product kr., and
§(0) = constant.

Since r. >« when T — T, in accordance with the definition of the critical index
z we must have f(§) « €7 as £ > «. The temperature dependence of 7 can then be
separated as the product

IT— T |T - T.|",
+This is the case, for instance, in the relaxation of the magnitude of the magnetization vector in a

ferromagnet near its Curie poinl, where strong relativislic interactions fix the cryslallographic direction
of the vector.
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where v is the critical index for the correlation radius:t
re « [T—T[™ (102.4)
But 7 must remain finite as T — T, (with k# 0). Hence it follows that we must have
y=zv. (102.5)

Thus the assumption of scale invariance enables us to relate the two indices in
(102.1) and (102.2).

As in the static case, there is good reason to suppose that the critical indices are
the same on both sides of the transition point. This is because the spatial
inhomogeneity (k# 0) blurs the phase transition, in the sense that it eliminates the
singularities of all quantities at T =T,, in this respect, the inhomogeneity
influences the phase transition in the same way as an external field. In other words,
the point T = T, is no longer distinctive, so that there is no reason to expect a
difference between the values of z as T tends to T, from above and from below.
By virtue of the relation (102.5), the same is then true of the index y.

We can similarly relate z to the other critical indices. Let us consider, for
instance, the dependence of the susceptibility ¥ on w when k=0, at the point
T = T.. According to scale invariance, the function y(w, k; T.) may be put in the
form

x =|T — T[f(wm, kr.), (0, 0)= constant,
where 1 is the critical index for the susceptibility when k=0 and @ =0. For k =0
and T — T, the susceptibility must tend to a finite limit (if w#0). Since 7o x
[T — T.[™, we find that this implies
fEQ) = g™ as £,
The required dependence of y on w is therefore
x *w ™ for k=0, T=T. (102.6)
In the case considered, then. the demands of scale invariance enable us to
establish a relation between the kinetic and thermodynamic critical indices, but not
to determine the former entirely from the latter.

§103. Relaxation in liquid helium near the A-point

Let us now consider “degenerate” systems in which the order parameter has n
components 7; but the effective Hamiltonian depends (in a homogeneous system)

+The notation for the critical indices of the thermodynamic quantilies here and below is the same as in
SP 1, §148.
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only on the sum of the squarcs of these components. That is. if the set of the 1; is
regarded as an n-dimensional vector, the effective Hamiltonian is independent of
the direction of the vector.

A typical example is a purely exchange ferromagnet, whose energy is in-
dependent of the direction of the magnetization vector. Another example is a
superfluid (liquid helium), in which the order parameter is represented by the
condensate wave function

= =Vnee: (103.1)

sce SP 2, §826 and 27. This complex quantity is a set of two independent
quantities, but the energy of a homogencous liquid depends only on the squared
modulus |Z[ = n,, the density of the condensate.

The specific properties of degenerate systcms are due to the presence in their
vibrational spectra of a soft mode, a branch which results from variations in the
direction of the ‘“‘order parameter vector”; the frequency of these is zero at the
phase transition point. Their dispersion relation can be found from the macroscopic
equations of motion, and must satisfy the requirements of scale invariance. As we
shall see, this allows the kinetic critical indices to be expressed entirely in terms of
the thermodynamic ones. We shall do this for the case of liquid helium (R. A.
Ferrell, N. Menyhard, H. Schmidt. F. Schwabl and P. Szépfalusy 1967).

In this case, the soft mode is second sound. Near the transition point, it consists
of combined oscillations of the superfluid velocity v, and the entropy; the normal
velocity oscillation amplitude in second sound is v, ~ vpJpn, and near the phase
transition point (the A-point) it is small, like p,. The superfluid velocity is related to
the phase of the condensate wave function, v, = hiV®/m, so that oscillations of v,
imply oscillations of the phase, i.e. of the direction of the order parameter vector.
The dispersion relation for these oscillations is

w = Uk, (103.2)

where
= V(TSpl Copn) =~ V(T,S3p Cop) (103.3)
is the speed of second sound (S being the entropy and C, the specific heat per unit
mass of the liquid): near the A-point, T and S may be replaced by their values T,

and S, at that point, and p, (the density of the normal component of the liquid) by
the total density p.7

tThe speeds of first and second sound in liquid helium are calculated (see FM, §130) as the roots of

the dispersion relation
4« 2 ap) p,Ts’] pTS? (ap)
- —) + + —1} =o.
uw—u [(ap s puCy pnCo \3p/s

Outside the immediate neighbourhood of the A-point. the thermal expansion coefficient is small. and
therefore so is the difference C, — C,, so that we can put C, =~ C.. As T > T, C, becomes noticeably
different from C,, but p, - 0, and we then arrive at (103.3).
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As T — T,. the density p, tends to zero according to
ps % (T, — T)*®, (103.4)
where « is the critical index for the specific heat:
C, «|T,—T|™*; (103.5)

see SP 2 (28.4). The way in which u, tends to zero depends on the sign of o. If
a >0, so that C, - =, we have

uy x (T, — TY" B, o >0.

If u <0, C, tends to a finite limit (the critical index defines the behuviour of only
the singular part of the specific heat near the transition point); then

u % (T, — T)Y* ¥, & <0. (103.6)

We shall suppose here that o <0, as in fact seems to be true for liquid helium
(o = —0.02).

The damping of second sound is governed by the imaginary part of the
frequency. Far below the A-point, this imaginary part is small, but it increases as
the A-point is approached, and in its immediate neighbourhood (kr. ~ 1) becomes of
the order of unity (im w ~ |w[). At a sufficient distance above the A-point, we have
an ordinary damped thermal wave (the solution of the thermal conduction equa-
tion), with the dispersion relation

w= iKkzlpCp, (103.7)

where « is the thermal conductivity.
We now apply the hypothesis of scale invariance, according to which the
dispersion relation near the A-point must have the form

o = k'f(kr.).

This may also be written ast

T““) (103.8)

o=k (S

with a different function f, v being the critical index for the correlation radits.
The validity of the dispersion relations (103.2) and (103.7) is not restricted by any
condition of distance from the A-point, but at a given temperature it is limited by

iThese relations must be valid in the fluctuation region, which means that the inequality [T - Ti| < Tx
must always be satisfied. There is evidence, however, that in liquid helium this inequality must actually
be satisfied with plenty to spare, implying that the theory should involve some small numerical
parameter.
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the condition kr. <1: the wavelength must be much greater than the correlation
radius, since otherwise the macroscopic equations on which these relations are
based cease to be valid.

Let us first consider temperatures below the transition point. The requirement
that for kr. <€ | the dispersion relation be linear in k determines the limiting form of
f(€) in (103.8):

fE o (=& as £ -
The temperature dependence of the dispersion relation is found similarly:
w o k(T, — Ty, (103.9)
Comparison of this with (103.6) gives
v(z—1)=(2—a)l6.
The critical indices v and a are related by 3v = 2— a (see SP 1 (149.2)); hencet

z =3/2. (103.10)

As T —> T, the frequency must tend to a finite limit, and therefore f(0)=
constant. Thus the dispersion relation for second sound at the A-point itself is

w « k% (103.11)

The imaginary part of w is of the same order of magnitude as the real part. When
T # T,, the dispersion relation (103.11) is valid for short waves such that kr, > 1.

Lastly, let us consider the tempcrature range T > T,. Here, when kr, <1, w must
be a guadratic function of k. This implies that

fE) o £ as &> oo,
Then
w o« k3T - T,)"2.

Comparison with (103.7), expressing v in terms of «, gives the temperature
dependence of the thermal conductivity:

k x (T~ T,) &=, (103.12)
This tends to infinity as T — T, approximately as (T — T,)'".
Second sound involves oscillations of the phase @ of the condensate wave

function. Hence 1/im o also represents a phase relaxation time. When k - 0 it of

Hf @ <0, z=3/(2— a).
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course tends to infinity: in a homogeneous liquid, the change in phase does not lead
to a change in energy, and phase relaxation is therefore not possible.

The relaxation time for || =Vn,, the condensate density, is not in general the
same as the phase relaxation time. However, from the sense of scale invariance we
can say that the two times agree in order of magnitude when kr, ~ 1. According to
(103.9), this time is

. ~;(l'75 o ro(Ty = TY ™Y o (T, = T)™.

With z from (103.10),

7o (T, — T) ™ (103.13)
The relaxation time for the condensate density remains finite as k > 0, and does
not tend to infinity like the phase relaxation time. The temperature dependence

(103.13) of the condensate density relaxation therefore remains valid when k=0
(V. L. Pokrovskii and I. M. Khalatnikov 1969).t

tIf @ >0, we should obtain 7 = (T, — T)™, in exact agreement with the result (101.6) of the Landau
theory. This agreement, however, is to some extent accidental.
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